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LINKING AND ITERATION SIGNS IN PROVING BY
MATHEMATICAL INDUCTION
Samuele Antonini1, Bernardo Nannini2
1
2

University of Pavia, Italy

University of Florence, Italy

We focus on the role of signs in the process of constructing proofs by
mathematical induction of high-achieving post-graduate students. Using a
multimodal semiotic perspective, speech, written inscription (symbols,
drawings, etc.), and gestures are analysed, and two particular categories of
signs are identified and observed: linking signs and iteration signs. We analyse
what these signs reveal and how the students use them to formulate a conjecture
and to structure the proof by mathematical induction.
INTRODUCTION
The analysis of signs offers an interesting access to mathematical thinking and
has promoted the discovery of interesting processes with important didactical
implications. In the last decades the semiotic analysis has been integrated by the
study of gesture that has enriched research in different areas of mathematics
education and, recently, the studies on argumentation and proof (see, for
example, Edwards, 2010; Arzarello and Sabena, 2014; Krause, 2015; Sabena
2018). In particular, Arzarello and Sabena show that gestures can contribute
“not only to the semantic content of mathematical ideas, but also to the logical
structure that organizes them in mathematical arguments” (Arzarello & Sabena,
2014, p. 76). Along the same line, Krause (2015) analyses the gestures produced
during an activity involving reasoning by induction by grade 10 students who
had not studied mathematical induction at school and states that gestures “give
visual access to the structure of a reasoning action” (Krause, 2015, p. 1432).
The study presented in this paper is part of a wider research on proving by
mathematical induction of post-graduate, undergraduate and secondary students.
In particular, in this paper, we focus on signs in post-graduate students’
processes involved in the generation of a conjecture and of proof by induction.
THEORETICAL FRAMEWORK
In a multimodal perspective, we consider that thinking and learning processes
involve simultaneously different kinds of signs (mathematical symbols,
diagrams, sketches, language, gestures, etc.). Arzarello (2006) considers these
different kinds of signs as an inseparable unit and defines a semiotic bundle as a
dynamic structure consisting of different semiotic sets and relationships among
them. Two main types of analysis are carried out on a semiotic bundle: a
synchronic analysis of relationships between different kinds of signs activated
1
2020. Inprasitha, M., Changsri, N. & Boonsena, N. (Eds). Proceedings of the 44th Conference of the International Group for
the Psychology of Mathematics Education, Interim Vol, pp. 1-10. Khon Kaen, Thailand: PME.

simultaneously and a diachronic analysis of evolutions of signs activated over
the time.
In this paper, we analyse the semiotic bundle made of three semiotic sets speech, written inscriptions (symbols, drawings, etc.) and gestures - in the
production of a conjecture and of a proof by mathematical induction. The
analysis of complex units of signs has enabled the identification of new
interesting processes in argumentation and proof. In particular, Sabena (2018, p.
554) provides empirical evidence that “gestures may contribute to carrying out
argumentations that depart from empirical stances and shift to a hypothetical
plane in which generality is addressed”. Sabena, Radford and Bardini (2005)
observe that a deictic gesture used by a grade 9 student to point at a figure on
the sheet becomes a gesture in the air and identify a crucial role of a progressive
detachment of gestures from a sheet in generalization processes. Similarly,
Krause (2016) proposes a classification of gestures in three levels (concrete,
potential, and general) according to their detachment from a concrete
inscription. Gestures of level 1 refers concretely “to something actually
represented in a fixed diagram” (e.g. pointing to the sheet). Gestures of level 2
potentially “depict new entities in an established diagram” but they need to be
considered as embedded in it (e.g. gesture of rotating a figure). Gestures of level
3 are general gestures performed in the gesture space. They are detached from a
concrete level and their interpretation is general, i.e. not dependent on a
“present referential frame” (Krause, 2016, p. 138).
In our study, we also refer to the classic distinction of gestures into iconic,
metaphoric, deictic and beats (McNeil, 1992). We will use these classifications
and synchronic and diachronic analyses to investigate processes of construction
of a proof by induction.
Linking and Iteration Signs in Mathematical Induction
A proof by mathematical induction of a proposition nN, P(n) consists in a
proof of the base case P(0) and of the inductive step nN, P(n)→P(n+1).
Referring to the theory of natural numbers and to the logic theory, we know that
the validity of the base case and of the inductive step guarantees that P(n) holds
for all natural numbers. Usually, a non-formal explanation is that from the
propositions P(0) and P(0)→P(1) it follows P(1) by modus ponens; from P(1)
and P(1)→P(2) it follows P(2), and so on. In other words, this process can be
iterated to cover all the natural numbers. In this paper we aim to investigate
signs that reveal and support the construction of the inductive step and the
iteration in the generation processes of a conjecture and of proof. Constructing
the inductive step requires the consideration of two cases (P(n) and P(n+1)) and
their relationships. The iteration requires the consideration of the possibility to
repeat the inductive step. Thus, in particular, we look for and analyse:
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•

signs produced or used to refer to two or more entities (objects,
mathematical objects, problems, situations, etc.) and to their
relationships, where these entities are seen in connection with two
consecutive natural numbers. For these we use the term linking signs;
•
signs that refer to iteration, or that are composed by a repetition (in
time or in space) of linking signs, or that refer to a repetition of them.
For these we use the term iteration signs.
Examples of linking signs can be found in usual algebraic manipulations. For
instance, in the construction of the proof of the formula for the sum of the first n
consecutive natural numbers it is common to use the sign (1+2+…+n)+(n+1).
This sign links the case n with the case n+1 and prepares the proof of the
inductive step. Some examples of the iteration signs are the verbal “and so on”,
or the image of falling dominoes.
In this study, our goal is to look for the presence of linking and iteration signs,
and to investigate what they reveal, in the process of generating a conjecture
and a proof by induction, and considering not only mathematical symbols but a
wider variety of signs, as speech, written inscriptions, and gestures.
METHODOLOGY
This is a qualitative study based on interviews in which students were asked to
solve 4 problems and then to speak about mathematical induction. Data consist
of audio, video recordings, and of written inscriptions produced by the students.
The subjects were 1 high-achieving post-graduate student in the Master’s course
in Mathematics and 4 doctoral students in Mathematics. They were interviewed
individually by the second author of this paper, for approximately 70 minutes
each. They were neither aware of our interest about their written inscriptions
and gestures nor of our focus on proof by mathematical induction. In this paper
we will refer to the following problem:
“Consider a 2nx2n chessboard. What is the maximum number of squares which
can be tiled with L-shaped pieces composed of 3 squares each?”
The solution is that it is possible to tile the entire 2 nx2n chessboard except for
one square, for any natural number n. This can be proved by mathematical
induction on n.
CASE ANALYSIS
Giuditta is a post-graduate student in the Master’s course in Mathematics. In the
first 10 minutes of the interview she produces some drawings and recognises
that for reasons of divisibility it is not possible to completely tile any
chessboards. By minute 10:00 she has sketched an 8x8 chessboard (n=3) and
determined a tessellation which covers every square except one. The
interviewer then asks her if this property is also valid in other cases, for
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example in the case 16x16. In the transcript, Giu stands for Giuditta and with
italics we describe gestures in the moments when they occur.
1

Giu:

2

Giu:

16 by 16 (with her left middle finger and the tip of the pen in the
right hand she points to two vertices of the 8x8 chessboard drawing,
Fig. 1a).
but, then I have another three (she keeps her left middle finger on
the vertex, and with the pen in the right hand she indicates
respectively to the right, upper right, and above the drawing of the
8x8 chessboard, Fig. 1b,c,d) of these (she points with the pen to the
drawing of the 8x8 chessboard) squares here (she moves the tip of
the pen along the perimeter of three imaginary squares in the three
places she has indicated before, Fig. 2).

The synchronic analysis of the bundle produced in line 1 reveals an interesting
element. In this moment, on the sheet there is the drawing of the 8x8 chessboard
and no other written inscriptions referring to a 16x16 chessboard. Giuditta says
“16 by 16” and at the same time points to two vertices of the drawing of the 8x8
chessboard (fig. 1a). She refers to something through her speech and to
something else through her gesture: this is a case of speech-gesture mismatch
and Goldin-Meadow (2003) highlights the cognitive potential of a mismatch in
the representation of a new idea. In this case, pointing at the drawings of the
8x8 chessboard is co-timed to saying “16 by 16”. The bundle and the mismatch
offer Giuditta the possibility to represent simultaneously two different
chessboards (8x8 and 16x16).

Figure 1: Gestures in line 2.
The diachronic analysis allows us to look at the evolution of signs. In line 2,
Giuditta produces signs connecting the chessboards. She keeps the left hand still
on the drawing of the 8x8 chessboard (deictic gesture of level 1) and with the
right hand she points to three places on the sheet (fig. 1b,c,d). Then she moves
the tip of the pen along the sides of three imaginary squares in the three places
she has just indicated. In summary, four 8x8 chessboards are represented: one
by a written inscription, and three by speech and gesture (fig 1 and 2). These
gestures represent something new into the inscription and are therefore gestures
of level 2. The bundle speech-inscription-gesture represents a 16x16 chessboard
composed by four 8x8 chessboards and, as a unit, can be considered a linking
sign referring to the two chessboards and to their relationships. This linking
sign, at this point, allows Giuditta to access the connections between the
tessellation problem in the case n=3 (8x8) and in the case n=4 (16x16):

4

Fig. 2: Pointing with the left hand to the drawing of a 8x8 chessboard, Giuditta
follows with a pen (without marking) the perimeter of 3 squares.
3

Giu:

And then there would be left out one, one, one and one (she points
to the drawing of the 8x8 chessboard on the sheet and to the other
three she has in mind) [omissis]. And so I would think to put three
of them together, somehow. And then, there would always be one
left out?

Giuditta conjectures that the 16x16 chessboard can be tiled except for one small
square (a square 1x1) and imagines doing it by using the tessellation of the four
8x8 chessboards. In each of them, one small square would be left out, thus 4
squares in total, but three of them can be covered with an L-shape tile.
Therefore, also the 16x16 chessboard would be tiled except for one little square.
Her linking sign has a crucial role in the conjecture generation. In particular it
enables Giuditta to anticipate the fact that the 16x16 chessboard can be tiled
using the tessellation of the smaller one “somehow” (she doesn’t know in which
way and the conjecture is expressed as a question). At this point, Giuditta
focuses on verifying her conjecture for n=1, n=2 and then for n=0. Differently
from her reasoning in line 3, these cases are each tiled independently, without
connections between them. Then she claims to be convinced of the truth of her
conjecture. In argumentation process, new signs enrich the bundle:
4

Giu:

So, what I was thinking (the drawing of the 4x4 chessboard, Fig.3a,
is extended into a new drawing, Fig. 3b) was that to come, to move
forward from n=1 (she makes an arc-shaped gesture in the air from
left to right, Fig.3c,d) to n=2 (with her left middle finger she points
to a drawing of a 2x2 chessboard) practically (with the right hand
she points specifically to three squares of the drawing of the 2x2
chessboard, see arrows in Fig. 3e) I have to put another three
identical little squares (she draws two lines on the drawing in Fig.
3b obtaining the drawing of Fig. 3f).

5

Figure 3: Gestures and written inscriptions in line 4 (a,b,c,d,e) and in line 5 (g).
Fig. 3e indicates where Giuditta points to on the sheet.

In this excerpt, Giuditta produces three linking signs that become the object of
her exploration. The first is the drawing of a big square (fig. 3b) as extension of
the drawing of the chessboard 4x4 (already on the sheet, fig. 3a). The second is
the gesture in the air from left to right (fig. 3c,d). The third is the bundle
composed by the deictic gesture with her left middle finger pointing to the
drawing of the 2x2 chessboard and the gesture made by the right hand referring
to the action of adding three small 1x1 squares to build a 2x2 chessboard up
from a single square. The gesture from left to right is iconic and refers to a path,
but can also be interpreted as a metaphoric gesture of level 3. This gesture is
detached from a concrete inscription and it is co-timed to the verbal “to move
forward from n=1 to n=2”. This gesture appears here for the first time and does
not refer to any drawings, any chessboards or tessellations. With this, Giuditta
doesn’t refer to the specific aspects of the relationship between a smaller
chessboard and a bigger one, neither to the relationship between tessellations.
Rather, the gesture represents metaphorically the transition between two cases,
i.e. the inductive step. The structure of the argumentation is thus emerging. The
analysis of the bundle shows the genesis of linking signs with different levels of
generality and in reference to different cases: the verbal “from n=1 to n=2”; the
written inscription linking the drawings of the 4x4 and the 8x8 chessboards
(from n=2 to n=3, see fig. 3a,b,f); the gesture (level 2) linking the drawing of
the 2x2 and 1x1 chessboards (from n=1 to n=2, see fig. 3e) and the metaphorical
gesture (level 3, see fig. 3c,d). Giuditta is progressively shifting her focus from
the tessellation of some specific chessboards to the links between these
tessellations. Now, the produced linking signs allow her to establish the
inductive relationship. In fact, at this point Giuditta shows how she could
tessellate the 8x8 chessboard (except for one square) using a tessellation of the
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4x4 chessboard and placing a tile in the central part of the chessboard (fig. 3g).
After a few minutes, she concludes:
5

Giu:

And this, I can do it in general (after a circular gesture around the
drawing of a 4x4 chessboard, with the right hand she makes a spiral
movement that widens as the right hand rises and concludes with
spreading both the hands, Fig.4a,b,c,d,e and Fig. 4f for a summary).

Figure 4: Gesture in line 5. The fig. 4f summarises the whole movement.

Giuditta does not write anything and she uses very few words: “and this, I can
do it in general”. However, her gesture reveals the structure of argumentation
and give us access to her reasoning. The gesture is articulated in four
components.
The first component is the same gesture she has produced several times since
line 1 when she linked the 8x8 and the 16x16 chessboards; now this gesture
represents the action of constructing the 8x8 chessboard using the 4x4
chessboards.
The second component consists of contracting the previous gesture and moving
away her right hand from the sheet in two directions: upwards and outwards.
The upward direction takes the gesture from level 2 to level 3. It is the first time
that Giuditta produces this gesture in the air. The shift through levels and her
words indicate the generality of the actions of tessellation. Moreover, the
gesture grows wider away from her body to indicate the construction of bigger
chessboards (in mathematical terms, n is increasing). Until now, the left hand
has remained still with a finger of the drawing of the 4x4 chessboards (which
could represent the starting point of the recurrence; in fact she has already
directly verified the cases of the smaller chessboards).
The third component consists in moving the right hand to the right - making the
metaphoric gesture of a link, as seen in figure 3c,d - and moving the left hand to
the left: the link between the chessboards of different sizes, represented before
by an iconic gesture, here becomes an inductive step represented by a
7

metaphoric gesture. These first three components, consisting of a sequence of
different linking signs, constitute a unique iteration sign, which in its complete
form is a gesture of level 2-3: it starts on the sheet, in which the base of the
induction is represented, and rapidly moves away from the sheet becoming a
gesture of the level of the general (level 3).
Finally, the fourth component consists in keeping her hands still in the air, as if
they contain the space in which the iteration gesture took place. This space, to
use an expression of McNeil (1992, p. 173) when describing an iconic gesture
that indicates a point in space, is not empty but “full of conceptual
significance”. In our case, this space is the location that contains the
argumentation and its logical structure.
CONCLUDING REMARKS
The multimodal perspective and the notion of semiotic bundle (Arzarello, 2006)
has allowed us to identify and to analyse linking and iterative signs, and to
observe and study the genesis of a proof by mathematical induction. Our
analysis confirms the results presented in other studies (Arzarello & Sabena,
2014; Krause, 2015; Sabena, 2018) regarding the role of gestures in providing a
logical structure to argumentation.
In the first excerpt, the speech-gesture mismatch (synchronic analysis) shows
that the subject focuses simultaneously on two cases (8x8 and 16x16
chessboards). The bundle evolves and new signs are produced (diachronic
analysis) to connect the two objects. The bundle is composed by different kinds
of signs with mutual relationships. Only when we consider the bundle as a unit,
we can see the linking sign representing a 16x16 chessboard as composed by
8x8 chessboards. This and other signs lead the subject to establish the
connection between the problem of tessellating a chessboard and the same
problem on a bigger chessboard, and then to construct the inductive step.
During the production of the argumentation, a repetition of linking signs
produces an iterative sign and the complete detachment of the gesture from the
sheet shows the transition to the general (Krause, 2016). The gesture contracts
progressively, from iconic (referring to the extension of a chessboard into a
bigger one) to metaphoric (referring to the inductive step), from level 2 (level of
concrete) to level 3 (level of general). The iterative sign reveals that Giuditta
constructs the entire recurrence even if it is not formally necessary (having
proved the base case and the inductive step). The still hands at the end show the
transition of argumentation from process to object.
The contraction of linking signs reveals a change of the focus. For Radford,
“contraction is the mechanism for reducing attention to those aspects that
appear to be relevant […] We need to forget to be able to focus” (Radford,
2008, p. 94). The contraction of Giuditta’s gesture shows that she “forgets” the
tessellation and focuses on the relationships between tessellations. Following
8

Radford (2003), the contraction of linking signs is a process of objectification of
the inductive step.
Moreover, the repetition of linking signs is an example of catchment. According
to McNeill (2005), a catchment is due to the recurrence of consistent
visuospatial imagery in the speaker’s thinking, and indicates and provides the
discourse cohesion. Arzarello and Sabena (2014) show that catchments
contribute to support the students in structuring a mathematical argumentation.
Our analysis seems to confirm their results.
Finally, further research is necessary to identify linking signs in symbolic
manipulation and to study the evolution of linking signs within the bundle from
the proving process to the written proof.
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Family background predicts success in mathematics education in many
countries – and particularly in Germany. Mathematical modelling with its
authentic and realistic contents may be of importance for inequality research.
Based on the German National Assessment Study, correlation comparisons,
variance and regression analyses indicated that socio-economic status,
migration background, and language use are more strongly related to
mathematical achievement (excluding modelling) than to modelling
achievement. Mathematical modelling might, therefore, contain facets which
contribute to the reduction of social disparities.
INTRODUCTION
Family background determines educational success. Studies have repeatedly
shown a connection between students’ migration background, language use and
socio-economic status (SES) on the one side and their achievement in
mathematics on the other (e.g., OECD, 2013). This issue is of importance to the
German education system. While on OECD average social disparities in
mathematics sank over the last years, in Germany they rose again (OECD,
2013; 2019). Thus, Germany has a relatively low level of educational equity
about mathematics. The German National Assessment Study – conducted by the
Institute for Educational Quality Improvement (IQB) – identified a learning
disadvantage in mathematics of almost three years for students from families
with lower SES (Pant, Stanat, Schroeders, Roppelt, Siegle & Pöhlmann, 2013).
Mathematics education should, hence, create conditions and provide learning
opportunities that reduce social disparities. German educational standards
describe mathematics education in which mathematical knowledge is applied
functionally and flexibly in context-related situations. Therefore, in addition to
content, general mathematical competencies are central to mathematics
education in Germany (KMK, 2003). Mathematical modelling is one of those
competencies. It includes solving realistic and authentic problems (Maaß,
2010) and thereby differs from dressed-up tasks with extra-mathematical
contents.
However, empirical research does not come to consistent conclusions regarding
background-related barriers and strategies in modelling processes. On the one
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hand, Cooper and Dunne (2000), amongst others, pointed out that lower SES
students overemphasize everyday experiences while processing tasks with realworld content.
According to them, the SES is more important for realistic tasks than for purely
mathematical tasks. On the other hand, Schuchart, Buch and Piel (2015) showed
that the item context was not systematically related to the response rate of lower
and higher SES students. The present study approaches this issue quantitatively
by analyzing and comparing the effects of different family background factors
on the response rates of modelling and non-modelling tasks.
THEORETICAL FRAMEWORK
For quite some time, research has been addressing the mechanisms through
which family background is related to student’s education outcomes. From a
sociological perspective, according to Bourdieu's habitus theory (1984),
individuals find themselves in a social space which limits their scope of action.
This scope forms the way individuals think and act and it constitutes the
foundation on which social inequality is built. It is passed on through
socialization and by this, certain behaviors and values are being internalized.
Empirical studies identified many factors that produce social disparities and
then contribute to its consolidation and reproduction. Students from families
with higher SES on average “benefit from a wider range of financial […],
cultural […] and social […] resources that make it easier […] to succeed in
school” (OECD, 2016, p. 206). Regarding family communication, higher SES
parents place higher value on reasoning and discussing, whereas lower SES
parents focus more on conformity (Heath, 1983). By different socialization,
higher SES parents are comparatively better able to prepare children for
educational requirements (Schuchart et al., 2015) and pass on their social
advantages to their children. Besides, teachers tend to educate lower SES
students’ mechanical behaviors or give them routine instructions (‘Do it this
way’), while they tend to teach students with higher SES to think (Anyon,
1981). Further, teachers might underestimate the mathematical capacity of
lower SES students, if they attribute students’ problems to their cognitive ability
and not to their background (Schuchart et al., 2015). Also, teachers may
communicate differently with students of different social classes, since lower
SES students are often less well equipped to interact with teachers and
institutions (Calarco, 2011). This is accompanied by the tendency that higher
SES students request and hence receive more help from teachers. They can use
their working time more efficient (ibid.) and thereby create their own
advantages. In this way, students, parents, and teachers contribute to the
consolidation and reproduction of social disparities. Thus, it is hardly surprising
that PISA refers to socio-economic heterogeneity as being a challenge for
teachers and education systems (OECD, 2016).
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Mathematical Modelling
The German educational standards comprise six general competencies which
students are expected to develop in secondary level: (i) Arguing; (ii) problemsolving; (iii) modelling; (iv) using descriptions; (v) dealing with symbolic,
formal and technical elements, and (vi) communicating (KMK, 2003).
Regarding mathematical modelling, students are supposed to translate the
respective situation into mathematical terms, structures, and relations, to work
within the mathematical model, to interpret and to check results with respect to
the corresponding situation (ibid.). While modelling tasks in general contain
solving realistic problems, they might differ in terms of authenticity, realism,
involved modelling activities, level of openness, etc. (Maaß, 2010). An example
for a modelling task that could occur similarly in the test described below is
given by Figure 1.

In the picture you can see the
historical city hall of Muenster.
How high is the city hall
approximately?
……………… m
Write down your assumptions
and your approach.

Figure 1: Modelling problem “city hall”
The illustrated historical building really exists and estimating sizes by using
reference values are part of everyday life. The mentioned problem is thus
authentic and realistic. It is open since the students are free in choosing the
object of comparison, for example, the man with the white shirt. The task
involves modelling activities, including making assumptions about the average
size of a person and interpreting the mathematical results in a meaningful way.
Therefore, there is not a single solution, but rather an interval of results that can
be evaluated as correct. This ensures the comparability and evaluability of
students’ results.
13

DESIGN AND METHOD
The following research question derives from the current state of research:
•

Is mathematical achievement in modelling and non-modelling
differently connected to students’ family background?
This study is based on data from the German National Assessment Study 2012,
which was conducted by the IQB. In total, a representative sample of 24731
ninth-grade students across Germany participated in the mathematical part of
this standards-based assessment (Pant et al., 2013). We compared students’
achievement in mathematical modelling with their achievement in other
mathematical competencies. We predicted achievement by students’ SES. As
SES is often related to migration background, language proficiency and
language use (OECD, 2016; 2019), which in turn may affect mathematical
achievement, we used these variables as additional predictors.
The test booklets were assembled under a multi-matrix design, so that each
student worked on 24 to 60 out of 349 items. Based on specified evaluation
criteria for each item, student solutions were coded dichotomously as ‘correct’
or ‘incorrect’. A global score for mathematical competency – including all items
– was estimated for every participant on a one-dimensional dichotomous Rasch
Model (Warm, 1989). The estimation results in a metrical measure namely the
Weighted Likelihood Estimate (WLE). For the present study, we further
estimated person parameters (WLE) using the same statistical model for the
achievement in modelling and the mathematical achievement excluding
modelling. We will refer to them as modelling achievement and non-modelling
achievement. The estimates are based on two nonoverlapping subgroups of
items: Items targeting modelling according to the German educational standards
and items targeting other mathematical competencies. The first subgroup
contains 41 out of the 349 items.
Students’ family background was assessed using student questionnaires. In this
study, we used the HISEI (Highest International Socio-Economic Index of
Occupational Status of both parents) to measure families’ SES. It is determined
by the professions of the parents and takes income and educational level into
account. By means of the HISEI, it is possible to capture the SES of occupations
by putting them on a one-dimensional hierarchical scale from 10 (e.g., kitchen
helper) up to 89 (e.g., medical doctor), with a higher HISEI indicating higher
SES (Ganzeboom, de Graaf & Treiman, 1992). Students’ migration background
was operationalized ordinally via the countries of birth of the parents. For the
language use, students were asked how frequently they speak German at home
(see Table 1). Though, the data on family background has missing values, since
in some German states it was optional for students to fill out the questionnaire.
Further, part of the sample (𝑛 = 14 793) completed a C-Test to measure their
language proficiency in German (Robitzsch, Karius & Neumann, 2008).
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Variable

Operationalization

Distribution

SES
(𝑛 = 17810)

HISEI ∈ {10, … , 89}

Migration
background
(𝑛 = 18663)

Both parents were born in Germany
One parent was born in another country
Both parents were born in another country

𝑀 = 51.40
𝑆𝐷 = 20.47
14710 (76%)
1780 (10%)
2713 (15%)
14025 (81%)
3251 (19%)

Language use Mostly/ only speaking German at home
(𝑛 = 17276) Sometimes speaking another language at home
Or never speaking German at home
Table 1: Background variables

To answer the research question, we conducted linear regressions and singlefactor variance analysis (ANOVAs), measured and compared the percentage of
explained variation by means of 𝜂2 and 𝑅2 (Cohen, 1988). In order to do so, we
compared dependent correlations with one common index (i.e., the correlation
coefficients are calculated from a single sample and the correlations are
overlapping with one common variable) according to Hittner, May and Silver
(2003). They indicated that Type I error depends not only on sample size and
population distribution, but also on the intercorrelation (between modelling and
non-modelling achievement) 𝑟3 and the discrepancy between predictor-criterion
correlations 𝑟1 and 𝑟2 (see Figure 2).
RESULTS
Table 2 summarizes the results of the ANOVAs and linear regressions.
Dependent
variable

Independent
variable

Method

Explained
variation

Modelling
achievement

SES

Linear
regression
ANOVA

𝑅2 = .06 1

1045.66 𝑝 < .001

𝜂2 = .02 2

190.60 𝑝 < .001

ANOVA
Linear
regression
ANOVA

𝜂2 = .03 2
𝑅2 = .12 1

224.63 𝑝 < .001
2355.77 𝑝 < .001

Nonmodelling
achievement

Migration
background
Language use
SES

df

F

Significance

Migration
389.55 𝑝 < .001
𝜂2 = .04 2
background
Language use ANOVA
474.76 𝑝 < .001
𝜂2 = .05 2
Table 2: Explained variation in modelling and non-modelling achievement by
family background

It appears that all family background variables can explain variation in
modelling and non-modelling achievement. Also, all background variables have
a higher effect on non-modelling achievement than on modelling achievement.
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Figure 2: Comparison of the correlation between SES and modelling
achievement with the correlation between SES and non-modelling achievement
Figure 2 shows the results of comparing the correlation coefficients. Analysis,
based on Hittner’s et al. (2003) correlation comparison yielded that the
correlations 𝑟1 and 𝑟2 vary significantly from each other (𝑛 = 15 711, 𝑧 =
14.8, 𝑝 < .001). The magnitude of the intercorrelation (IC) is high (𝑟3 >
.6) and the effect size is .09. With a power of 1 − 𝛽 = 1, a statistically verified
small correlation difference can be assumed. The same applies for migration
background and language use with an effect size of .04 for both variables (𝑛 =
16 446, 𝑧 = 6.7, 𝑝 < .001, 1 − ß = 1, 𝐼𝐶 > .6; 𝑛 = 15 138, 𝑧 = 6.3, 𝑝 <
.001, 1 − ß = 1, 𝐼𝐶 > .6). Repeating the analysis controlling for language use,
migration background and language proficiency still yields a significant
difference in partial correlations between SES and the two mathematical
achievement variables with a small effect size of .09 (𝑛 = 7 384, 𝑧 = 7.7, 𝑝 <
.001, 1 − ß = 1, 𝐼𝐶 > .5). Further analysis show that this difference cannot be
explained by the fact that modelling tasks are, on average, more likely to
contain extra-mathematical content. In fact, in our data SES correlates more
closely with the response rates of tasks with extra-mathematical content
compared to purely mathematical tasks (𝑛 = 17 810, 𝑧 = 2.3, 𝑝 < .05, 1 −
ß = .75, 𝐼𝐶 > .7).
DISCUSSION AND CONCLUSION
The current study shows that SES, migration background and language use are
more strongly related to mathematical achievement (excluding modelling) than
to modelling achievement. However, only for SES the correlation comparisons
reveal an important, albeit small, difference. In addition, even when controlling
for migration background, language use and language proficiency, SES is less
closely correlated with modelling achievement. SES appears to be less
important for modelling tasks than for non-modelling tasks. Considering that
modelling tasks are on average more realistic than non-modelling tasks, one
could expect that SES is also less important for tasks with extra-mathematical
content than for purely mathematical tasks. Though, in our data SES seems to
be more important for tasks with extra-mathematical content than for purely
mathematical tasks (see also Cooper & Dunne, 2000). Therefore, in our data the
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difference between 𝑟1 and 𝑟2 from Figure 2 cannot be explained by more
realistic nature of modelling tasks. In conclusion, SES appears to be less
relevant for modelling tasks, even though they contain realistic content.
At this point it remains uncertain which characteristics of the tasks cause these
correlation differences and must be explored in further investigations.
Moreover, even though SES is less closely correlated to modelling achievement
than to non-modelling achievement, it is still important for the explanation of
variation in modelling achievement. Methodologically, it must be mentioned
that the contents of the extra-mathematical and the purely mathematical tasks
differed from each other (in our study as well as in Cooper and Dunne’s study).
Further, considering the limitations of our study regarding the teaching of
mathematics, the results should be interpreted with caution, since performance
tests only provide very limited implications for mathematics teaching.
Furthermore, our sample is representative only for ninth-grade students.
In sum, our study indicates that mathematical modelling contains aspects which
may contribute to the reduction of social disparities in mathematics education.
Since modelling plays a more underrepresented role in classroom practice than
it would be desirable (Blum & Borromeo Ferri, 2009), these results may
strengthen the importance of modelling in mathematics education. Future
quantitative and qualitative studies should analyze these aspects in more detail,
especially within the scope of classroom practice. This study does not aim to
place mathematical modelling above other competencies. Rather, it should
encourage to confront students from all social backgrounds with authentic and
realistic mathematical problems. With a view to the empirical findings
mentioned at the beginning, especially lower SES students might profit from
mathematical modelling.
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TEACHERS’ INTERPRETATIONS OF THE CONCEPT OF
PROBLEM—A LINK BETWEEN WRITTEN AND INTENDED
REFORM CURRICULUM
Ewa Bergqvist, Tomas Bergqvist
Umeå Mathematics Education Research Centre, Umeå University, Sweden.
Over the last decades, there has been an on-going international reform for
school mathematics, which has, not surprisingly, been difficult to implement.
This study focuses on teachers’ interpretation of formal written curriculum
documents, especially whether their interpretations align with how a concept
(the concept of problem) is conveyed in the documents (in Sweden). The results
show that the formal written documents are vague, but that it to some extent
conveys the concept of problem as “a task for which the solution method is not
known in advance to the solver.” The interviews show that about 53 % of the
teachers interpreted problem as “any task,” and that teachers’ interpretations
therefore are not aligned with how the concept is (albeit vaguely) conveyed in
the documents.
INTRODUCTION
During the last 25 years, the descriptions of school mathematics have gradually
changed all over the world. The main message of this reform is to complement
content goals (such as algebra) with competency goals (such as problem
solving) and this idea can be found in many international reform frameworks
(e.g., NCTM, 2000; Niss & Jensen, 2002). In many countries the formal written
(national) curriculum documents now use these kinds of competency goals to
formulate goals for student learning in mathematics (e.g., in Singapore, SME,
2012). Many researchers argue that in the heart of doing mathematics you find
problem solving (e.g., Schoenfeld, 1992) and problem solving is sometimes
considered as the most important part of the reform. There is a lot of research on
the implementation of educational reforms, for example, in Norway (e.g.,
Gundem, Karseth, & Sivesind, 2003), and in North America (e.g., Fullan,
2001). One main result is that educational reforms most often do not give the
desired effect in schools (Hopmann, 2003) even when the teachers themselves
believe that their teaching reflects the new ideas (e.g., Stein, Remillard, &
Smith, 2007, p. 344). It is therefore important to understand how the different
parts of the curriculum chain are connected. The purpose of this study is to
deepen the understanding of the connection between written and intended
curriculum in mathematics. The study will compare how a central standardsbased reform concept is conveyed in the Swedish formal written curriculum (the
policy documents) with how it is interpreted by Swedish teachers’, that is, the
intended curriculum. In particular, we focus on the concept of problem and on
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Sweden, as one of the countries that has been part of the standards-based
reform.
CURRICULUM CHANGE
The word curriculum has many different meanings in research. In this article we
use a framework suggested by Stein et al. (2007), including the written (the
printed page), the intended (as planned by the teachers), and the enacted (actual
implementation in the classroom) curriculum. Research has shown many
possible reasons that a reform does not result in change in teacher practice, that
is, that change in the written curriculum does not result in change in the enacted.
One possible reason is that the reform message is not clearly conveyed to the
teachers (Fullan, 2001). Another is that the teachers are not supported enough to
carry out the change (Fullan, 2001). Different parts of the chain between written
curriculum and student learning have been studied extensively (see e.g., Stein et
al., 2007), but in comparison there is not much research on teachers’
interpretation of the formal written curriculum.
DEFINITIONS OF PROBLEM AND PROBLEM SOLVING
Problem solving has had an important role in many areas of research, for
example, in cognitive psychology as the “paradigm for the higher cognitive
processes” (Kintsch, 1998, p. 2). There are, however, many possible different
definitions of problem and problem solving, and this has often been discussed
(see e.g., Schoenfeld, 1992; Xenofontos & Andrews, 2014). In the words of
Stigler and Hiebert (2004), “the word ‘problem’ clearly means different things
to different people” (p. 13).
A traditional definition of the concept of problem is that it is any task including
both routine and non-routine tasks (Schoenfeld, 1992, p. 337). This definition is
in line with definitions presented in both English and Swedish dictionaries.
Within mathematics education research, this traditional definition is often
questioned: “In education it is important to distinguish a problem from a simple
question to which the answer is known without any need for reflection” (Borba,
1990, p. 39).
Another definition that is more common today is to see a mathematical problem
as a task for which the solution method is not known in advance for the solver
(see e.g., Blum & Niss, 1991). In addition, this is a common definition in
standards-based reform, which is central to this study (e.g., NCTM, 2000).
Lester (2013) summarizes that although there have been many different research
areas that have focused on problem solving, in general, “they all agree that a
problem is a task for which an individual does not know (immediately) what to
do to get an answer” (p. 247).
Another suggested definition of problem is word task, that is, a task with verbal
text describing a situation or a context (see e.g., Borasi, 1986). A real-world
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task, that is a task with a real-world context or an applied task (se e.g., Chen,
1996) is also a suggested definition. In conclusion, even though most
researchers presently define problem in line with a task for which the solution
method is not known in advance for the solver there are many different
definitions of and opinions regarding what a problem is.
TEACHERS’ INTERPRETATIONS OF THE CONCEPT OF PROBLEM
That many mathematics education researchers use the same definition of what a
problem is, does not necessarily imply that teachers would agree. Few studies
focus on how teachers actually define what a problem or what problem solving
is (Xenofontos & Andrews, 2014). Grouws, Good, and Dougherty (1990)
interviewed 24 teachers and summarized their conceptions of problem solving
into four categories: solving word problems (6 teachers), solving real-world
problems (3 teachers), solving problems (10 teachers) and solving thinking
problems (6 teachers). The third category is described as following a “step-bystep adherence to predetermined guidelines” and “involved computations or
setting up equations” (p. 137), which we interpret as including any task and,
perhaps in particular, routine tasks. Another study examined a representative
random sample of 63 Finnish third grade elementary teachers’ conceptions
about mathematical problem and problem solving (Näveri, Pehkonen, Hannula,
Laine, & Heinilä, 2011). On the multiple-choice question, “What is a problem?”
most of the teachers (70 %) answered that it primarily is a word task. For a
smaller group of teachers (24 %) “problem is a task for which the solution is not
known” (p. 5). In conclusion, teachers’ definitions of the concept of problem
varies, and also vary between cultures, but are generally not in line with the
most common definition within mathematics education research.
PURPOSE AND RESEARCH QUESTIONS
The purpose of this study is to deepen the understanding of the connection
between written and intended curriculum in mathematics. The study will
therefore compare how the concept of problem is conveyed in the Swedish
formal written curriculum (the policy documents) with how it is interpreted by
Swedish teachers. The research questions are:
1. What meaning of the concept of problem is conveyed in the Swedish
formal written curriculum in mathematics?
2. How do Swedish mathematics teachers interpret the concept of problem
when it is used in the formal written curriculum in mathematics?
METHOD
The method consists of an analysis of the written Swedish formal written
curriculum, in relation to research question 1, and another analysis of teachers’
interpretations of curriculum documents, in relation to research question 2, as
described below.
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Categories for Analysis
The analyses use four categories of possible definitions of the concept of
problem, chosen since they represent the four most common definitions within
mathematics education research, as presented in the Background. The categories
are:
1. any task (including routine tasks)
2. tasks for which the solution method is not known in advance to the solver
(i.e., non-routine tasks)
3. real-world tasks, that is, tasks set in a context or applied tasks
4. word tasks, that is, tasks with verbal text describing a situation or a
context
All these definitions make sense in a mathematics. However, note that the
categories are not disjoint, since categories 2-4 are subsets of category 1.
Data Collection and Analysis of the Formal Written Curriculum
To answer the first research question, the Swedish formal written curriculum for
mathematics in primary and lower secondary school and for upper secondary
school valid at the time of the interviews (Utbildningsdepartementet, 1994) are
examined. For upper secondary school, we analyze one text describing
mathematics in general, common to all courses, and the text describing course
A, since it is the only compulsory course for all students. We also include the
official Commentary documents written by experts engaged in the writing of the
formal written curriculum for mathematics for primary and lower secondary
school (Emanuelsson & Johansson, 1997). There were no other official
documents explicitly concerning mathematics valid at this time.
The formal written curriculum is searched for all instances where the word
problem is used. The search includes the word problem, as well as any
compound word including the word problem, such as problem solving (Sw.
problemlösning). All instances are then analyzed in two steps. First, and most
importantly, by examining each instance in search for definitions, explanations,
and examples. Second, by examining whether the wording in the instances are
in line with one or more of the definitions of problem (1-4) or if any instance
has a wording that conflicts with any of these.
Data Collection and Analysis of Teachers’ Interpretations
This part of the data collection was carried out within a larger project (see
Boesen et al., 2014) in which almost 200 teachers were observed and
interviewed. The selection of schools was “based on stratified random sampling
and was carried out by the Swedish Schools Inspectorate” (Boesen et al., 2014,
p. 77). The data in this particular study consists of answers to one specific
interview question from 126 upper secondary mathematics teachers and 61
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primary and lower secondary school teachers, in total 187 teachers. During the
interviews the teachers were presented quotes from the formal written
curriculum and one quote included the word “problem”. The quote presented to
the upper secondary school teachers was: “Pupils use appropriate mathematical
concepts, methods, models and procedures to formulate and solve different
types of problems”. The quote shown to the primary and lower secondary
school teachers was similar. The teachers were then asked: “How do you
interpret the word problem?”
The analysis was carried out in three steps. First, the researchers separately
analyzed the answers from the upper secondary school teachers (126 answers)
using the categories presented above. The researchers made the same
categorization for 103 of these, which indicates a reasonable inter-rater
reliability. Second, the researchers discussed the 23 answers for which they did
not initially agree, which resulted in more detailed instructions regarding how to
interpret the categories. Third, the remaining 61 answers) were analyzed by the
second researcher.
RESULTS
The Concept of Problem in the Written Curriculum
The first research question is: What meaning of the concept of problem is
conveyed in the Swedish formal written curriculum in mathematics? In the
documents for primary and lower secondary school) the word problem is used
21 times as it is or in compound words. In the documents for upper secondary
school, it is used 25 times.
First, and most importantly, examining the 46 instances, our main result is that
there is no definitions, explanations, or examples of what a problem or problem
solving is.
Second, that 37 of the 46 instances are compatible with all the definitions used
in the analysis (1-4). Typical examples are instances saying that a problem can
be solved, understood, developed, formulated, and that different methods can be
used to solve problems, and all these are reasonable regardless of definition
used. The other nine instances have wordings that are to some extent in conflict
with one or more of the definitions. For example, the wording “mathematical
problem solving is a creative activity” is in conflict with the definitions that
include routine tasks. In summary, the concepts are undefined and used in a
vague or even contradictory way. This is also the case for most other concepts
in the Swedish formal written curriculum (Bergqvist & Bergqvist, 2017).
In the Commentary, the development of problem solving is described as a
central purpose of all mathematics education (Emanuelsson & Johansson,
1997). The word problem is not explicitly defined but is used under the headline
Problem solving: “Sometimes it is not even a genuine problem since the needed
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calculation method is given through the context or the chapter heading...”
(Authors’ own translation. Emanuelsson & Johansson, 1997, p. 18). For a
genuine problem “the needed calculation method” is not “given through the
context or the chapter heading”, which indicates that a “genuine problem” is of
type 2, tasks for which the solution method is not known in advance to the
solver. Our conclusion is that in the Commentary a problem is conveyed as
category 2, but that the wording is vague.
The answer to research question one is that the conveyed meaning of the
concept of problem in these documents is unclear. The concept is not defined,
explained, or exemplified in any text, but it is to some extent conveyed as being
of type 2, tasks for which the solution method is not known in advance to the
solver (or non-routine tasks).
Teachers’ Interpretations of the Concept of Problem
We present 187 teachers’ interpretation of the word problem in the written
curriculum. Four categories (1-4) of possible interpretations were predefined
and 151 of the 187 teachers gave answers that could be placed within these
categories (see Table 1).
Interpretation of
problem

Primary and
Upper secondary
lower secondary teachers (126)
teachers (61)

All teachers
(187)

1. Any task

49% (30)

55% (69)

53% (99)

2. Task for which the
solution method is not
known in advance

10% (6)

15% (19)

13% (25)

3. Real-world task

3% (2)

8% (10)

6% (12)

4. Word task

10% (6)

7% (9)

8% (15)

5. Other

28% (17)

15% (19)

19% (36)

Table 1: Percentage (number) of teachers making interpretations of
the concept of problem in line with each of the predefined categories.
The most common answer was that a problem is any task (99 teachers). This
was expressed in a few different ways, but the most common answer (given by
61 teachers) was “uppgift”, which is Swedish for “task.” Other answers
categorized as any task were “something to be solved” and “everything is a problem.” In category 2, 18 of the 25 teachers used expressions close to the
definition in this study, like “unfamiliar tasks”, “when you don’t know how to
solve it,” and “when you can’t see the answer.” The remaining 7 used
expressions that were not as close to the definition, for example, “many
solutions”, but we chose to include them to avoid underestimating the category
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that is most common among researchers. Twelve teachers used expressions that
were categorized as real-world tasks. In this category, statements like
“applications”, and “real life tasks” were placed. Fifteen teachers said that a
problem is a word task. They all used either the expression “text task” (Sw.
textuppgift) or the expression “reading task” (Sw. lästal or läsuppgift). The
expressions put in category 5, other, were of different types, for example,
“problems are mathematical problems”, and “it can be on different levels,
different for different students.” In general, these answers were hard to interpret.
Three teachers in this group answered: “I don’t know what a problem is.”
The answer to research question two is that there is a large variation in how
Swedish mathematics teachers interpret the concept of problem, but that more
than half of the teachers interpret it as any task.
DISCUSSION
The purpose of this study is to deepen the understanding of the connection
between written and intended curriculum in mathematics, and the study has a
particular focus on the concept of problem. The results show that the formal
written documents and the Commentary are vague, but that they to some extent
convey that a problem is a task for which the solution method is not known in
advance to the solver. The interviews show that about 53% of the teachers
interpreted problem as any task, and that the rest of the teachers interpreted it in
many different ways. The teachers’ interpretations are therefore not aligned
with how the concept is (vaguely) conveyed in the documents.
In the formal written curriculum, problem is a very central concept, and it is
implied that a significant part of the students’ work in mathematics should be
devoted to solving problems. Different interpretations of the word problem
could therefore lead to very different teaching practices. One example is that
Swedish students spend a large part of their time (two thirds of the lessons)
during mathematics classes working with the textbook (Boesen et al., 2014).
Interpreting problem as any task means that the students already spend twothirds of their time on problem solving. A teacher interpreting problem as a task
for which the solution method is not known in advance to the solver, would have
to examine the textbook tasks and probably add different kinds of tasks from
other sources in order to ensure that their classroom practice meets the goals of
the written curriculum. In this case, different interpretations of the written
curriculum would result in large variation regarding both the intended and the
enacted curriculum. Under these circumstances, the formal written curriculum
cannot be said to clearly guide the teachers’ practice, a situation in line with
previous research (e.g., Hill, 2001). In this study we asked teacher to explain
what a problem is, but not what problem solving is. Initially it was assumed that
problem solving would be considered to be the same thing as solving problems.
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However, three teachers suggested that problems to be solved during problem
solving are of a different kind than problems in general.
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MATERIAL ABILS AN IMPULSE
FOR MATHEMATICAL ACTIVITIES IN PRIMARY SCHOOL
— A SEMIOTIC PERSPECTIVE ON A GEOMETRIC
EXAMPLE
Lara Billion and Rose Vogel
Goethe University of Frankfurt, Germany
In this paper, a semiotic perspective on mathematics learning is taken, focusing
on diagrammatic work and thus on diagrammaticity. With this theoretical
approach, action on diagrams, which include designing, manipulation and
experimenting with diagrams on paper, on the computer screen or with physical
material, are examined in more detail. It is assumed that the actions on
diagrams show the mathematical interpretation of actors, which can be used to
draw conclusions about their mathematical awareness. With the help of Vogel’s
(2017) adaptation of the context analysis according to Mayring (2014),
mathematical interpretation processes from young learners are reconstructed
using a geometric example of actions on physical material.
INTRODUCTION
The semiotic perspective on mathematical learning makes it possible to focus
more strongly on materialised actions and to use these as a starting point for the
identification of the learners’ mathematical interpretation processes and thus to
make them accessible for research in mathematics education. The material
arrangement — often initiated by the formulated work task and the
materialisations given therein (on paper, on the screen or in form of physical
material) — is interpreted as a mathematical diagram and represents the
beginning of diagrammatic work. In diagrammatic work, diagrams are
interpreted mathematically, and rule-guided actions are performed in the
diagrams. The implicit or explicit interpretation of diagram rules depends,
among other things, on the selected material and problem arrangement. Which
possibilities of reconstruction open up for research into mathematical
interpretation processes and thus mathematical learning through this semiotic
perspective will be presented in the following using a geometric example from
primary school.
THEORETICAL FRAMEWORK
Mathematical Learning from Semiotic Perspective
From a semiotic point of view, learning of mathematics is seen as a perceptible
action. These actions include dealing with diagrams, manipulating and
experimenting with diagrams as well as inventing new diagrams (Dörfler, 2006)
“A Diagram is a representamen which is predominantly an icon of relations and
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is aided to be so by conventions.” (CP 4.418). The relations and conventions of
a diagram become clear through the interplay of different inscriptions.
Inscriptions can be signs on paper, illustrations on screen or consist of tactile
material (Gravemeijer, 2002). In order to do mathematics with diagrams, the
implicit and partly conventionalised rules in which the relation of the diagram
are expressed must be interpreted by the learners. Only by this interpretation
rules become usable for manipulations and the learners can experiment with the
diagram. Through a rule-guided transforming of the diagram, a learning space is
opened up for the learners, in which the learners can apply existing
mathematical knowledge but also can gain new mathematical knowledge, and
thus mathematical learning takes place. These insights include, for example, the
determination of characteristics, the discovery of previously unknown
relationships or the calculation of a result. Learning mathematics can thus be
seen as interpreting and acting with diagrams (Dörfler, 2006).
Semiotic Perspective on Actions on the Material
The semiotic perspective on mathematical learning, especially the
diagrammaticity described above (Dörfler, 2006), is another way to grasp
actions on materials theoretically. The widespread view of material in
mathematics teaching is that it is used to construct mental images (Lorenz,
1993; Dörfler, 1991). The material is usually assigned the function of
representation. These representations of mathematical objects, which are
concretely available through the materialisation, can be used for actions.
Materialisations from a semiotic perspective do not stand for a mathematical
object but allow to make mathematical experiences through manipulations and
their interpretations. “[…] the number line does not represent Z in an objective
manner. However, the number line can be used to think ‘about’ whole numbers
and their operations and relations.” (Dörfler, 2000, p. 103)
Therefore, in this paper actions are to be understood as what learners do in order
to design diagrams (on paper, on the screen or in form of physical material), to
manipulate them according to certain rules (also conventionally shaped) and to
experiment with them. The central assumption for this paper is that actions on
diagrams show the mathematical interpretation of the actors, from which their
mathematical knowledge and mathematical cognitive processes can be deduced
(Dörfler, 2000). Thus, the actions are the starting point for the reconstruction of
the mathematical interpretations of the diagrams of the learners. Through
actions, further inscriptions can be designed as part of the diagram on which the
learners perform further actions and which they can take into interaction with
other learners. Thus, the action itself is temporary, and the resulting inscription
(manifestations on the material) can be interpreted as a diagram and
manipulated by the learners. In this way, further actions emerge from actions,
which can lead to mathematical awareness (Dörfler, 2000).
29

RESEARCH DESIGN AND GOALS
The Study “MatheMat — Mathematical Learning with Materials”
The study “MatheMat — Mathematical Learning with Materials” focuses on
primary school children’s actions on various material (digital and physical)
(Billion, 2018). In four learning situations, primary school children deal with
the representation of data, and in another four learning situations they deal with
geometric quantities (e.g. volume and surface). Each learning situation is
realised on the one hand with physical material and on the other hand with
digital material. In total, 32 children (16 child pairs) from third and fourth grade
participate in the study. Each child pair works on one geometric and one
statistical problem, working once with digital and once with physical material.
The processing time of one problem is about 45 minutes. The processing of the
primary school children was recorded with two video cameras. One camera
records the long shot, and the second camera focuses on the actions on the
material. Specially selected video sequences from the learning situations are
transcribed in order to be able to analyse them qualitatively. For this paper, the
geometric learning situation “Relationship between surface and volume of
similar cubes”, which is realised with physical material, is selected.
Learning Situation “Relationship Between Surface and Volume of Similar
Cubes”
As in all learning situations, prompts are available to the fourth-graders.
Prompts are challenges or short questions that activate learners’ mathematical
concepts and knowledge, induce the execution of processes and stimulate
cognitive and metacognitive strategies (Bannert, 2009). The learning situation
starts with the same prompt for all learners. This prompt intended to stimulate
with a question to produce similar cubes using an edge model. In this way, the
concept of similar cubes can be clarified at the beginning.
In order to structure this first approach, at the beginning the learners are asked
to consider a similar but larger cube and then to build it. In this way, learners
intuitively but also systematically generating rules for the construction of
similar cubes. Plastic sticks of different lengths are available to the learners to
build the edge model, which they can plug together with corner connectors.
Furthermore, in the arranged learning environment (see Fig. 1) they can use a
wooden cube, which is introduced as a unit cube, and a flat square grid with the
grid size of one side area of the unit cube. After processing the start prompt,
further prompts are available to the learners. The order of processing is
determined by the children.
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Figure 1: Prompts and the material arrangement from the selected learning
situation
The prompts are written on paper cards
that are spread out on the table in front of
the learners. Each prompt contains the
same information text, which clarifies
basic concepts, a work assignment usually
in the form of a question and a request for
the children to reflect on their learning
process or to note down results. The
learners can flexibly decide which prompt
they want to work on. If they do not
understand the question of the prompt,
they can put it in the back and work on
another prompt first. Using the prompts,
learners are asked to check how many
unit cubes fit into and how many unit
squares fit on all sides of the edge models
of similar cubes and what patterns can be
discovered.
Figure 2: Prompt with which the children work in the transcribed scene
To determine this, learners can use the square grid and the unit cubes, indicating
the volume and surface in unit cubes or squares. The learners have the
instruction to record their observations, findings and results either verbally or in
writing e.g. in the form of a table.
DATA ANALYSIS
For the analysis of the data, selected sections of the video material are
transcribed. For this purpose, those places in the data material are selected
where the child pairs working with digital or physical material use at the same
place in the order of processing (e.g. the third place) the same prompt. In the
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transcripts, all action on the material and gestures of the children are reproduced
in detail.
On the basis of the theoretical explanations, the following research question will
be pursued in this paper: Which mathematical interpretations of the learners can
be reconstructed on the basis of their actions on physical material during their
processing of the learning situation “Relationship between surface and volume
of similar cubes”?
Methodological Approach — Analysis of the Mathematical Interpretation
The basis of the qualitative reconstruction of the learners’ mathematical
interpretations of the diagrams and their actions on them is the adaption of the
context analysis (explication) according to Mayring (2014) for mathematical
learning processes made by Vogel (2017). Here, the explication of a linguistic
expression is transferred to the reconstruction of mathematical concepts. This
adaption (Vogel, 2017, pp. 68–69) is specified for the reconstruction of
learners’ interpretations as follows.
Step 1 – Determination of evaluation unit: As a starting point for the context
analysis, a transcript passage is selected in which a mathematical
(diagrammatic) action is described that is significant in the situation and that
matches the research question and in this case is interesting for the
reconstruction of the learner’s individual interpretations.
Step 2 – Explication 1 — mathematically and diagrammatically intended
actions of the evaluation unit: (E1.1) Determining mathematically and
diagrammatically intended actions by prompts and chosen material based on
mathematical contents. (E1.2) Analysis of the transcription passage with regard
to the shown actions and the interpretation of the actor expressed therein by
contrasting them with the intended action. (E1.3) Compilation of the previous
findings.
Step 3 – Explication 2 — narrow context analysis: (E2.1) All actions which are
directly related to the transcript passage to be explained are compiled. (E2.2)
Pursuing actions are searched in the transcript, which provide further
dissociations for the actor’s interpretations. (E2.3) These transcript passages are
the starting point for in-depth analyses. The description of the mathematically
intended actions from Explication 1 as a frame of reference may need to be
extended at this point.
Step 4 – Explication 3 — broad context analysis: Further explanatory material
of the transcript is compiled, such as non-transcribed sections of the
videographed learning situation. These will be used for a more in-depth
continuation of the reconstruction.
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Step 5 – Conclusion: Now, the reconstructed aspects of the mathematical
interpretations of the selected actor during the different phases of the analysis
are described in summary.
The following context analysis of the learning situation “Relationship between
surface and volume of similar cubes” cannot be shown completely due to lack
of space. Therefore, the broad context analysis (step 4) is not explicitly shown
here. Selected results from this analysis are integrated into the conclusion (step
5).
Analysis of the Individual Interpretation of a Child
A transcript (scenes 01 to 29) of the editing of the prompt “volume table” by
two fourth-graders is created (see Fig. 2), in which the learners are to determine
the volume of similar cubes. The learners have already determined the volume
of cubes with edge length two and three (scenes 05 to 07). The selected passage
of the transcribed dialogue of the child couple (scene 15, 33:17 min) reflects
exactly the actions of Mia to be explained in this analysis.
1
2
3
4
5
6
7
8

Mia:

No no no no stop stop
Mia places the plastic stick with length 4 back on the square grid
perpendicular to the edge of the table.
She still touches the stick with the index finger and thumb of her left
hand.
She removes her fingers from the stick.
She takes three more sticks with length 4, lying between the green
and red sticks, between thumb and index finger of the left hand.
She places the first stick from her hand perpendicularly at the back
end of the already lying stick as seen from the girl.
She places the second stick from her left hand again perpendicularly
at the end of the stick she just placed.
She places the last stick from her hand perpendicularly on the first
stick lying on the square grid and the last stick placed on it.

Step 1: In this scene, Mia places a square of sticks with length 4 on the square
grid. In the further analysis, we will focus on Mia.
Step 2 – Explication 1: (E1.1) In the learning situation, edge models of similar
cubes are considered. The focus of the selected prompt (see Fig. 2) is
determining the number of unit cubes (volume determination) that fit into
similar cubes of different sizes. A suitable action for processing would be the
construction of edge models for cubes of different sizes. By positioning the
edge model on the square grid and using the unit cube, the volume can be
determined. For example, the squares on the square grid can give orientation
how often the unit cube fits into a row, a plane and finally into the complete
edge model. To build an edge model of a cube, sticks of equal length must be
selected for the twelve edges. In perpendicular prisms, the three edges that meet
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in a corner are aligned at right angles to each other. The so-called spatial tripod
(Müller, 2004, p. 30), which stands for the three-dimensional coordinate system,
is materialised in the form of a plastic corner connector. The edge lengths can
be measured using the unit cube or the square grid. It is also possible to
determine whether the different sticks are of the same length by placing them
next to each other. (E1.2) By selecting sticks of the same length, it becomes
clear that Mia considers that edges of equal length are necessary to make a
cube. In total, Mia selects four sticks of equal length, which she places on the
square grid. She places the sticks on the square grid so that the ends of the sticks
meet at a 90° angle. It can be assumed that due to the square grid and the
available corner connections, Mia can interpret the conventionalised
materialisation of a right angle in the plane and in space and use it for the
construction of cube edge models. It is not clear at this point whether she uses
the square as the basic side area for the edge model or whether she just does not
extend what is lying. (E1.3) In the actions from this transcript, it becomes clear
that she deliberately selects sticks of the same length and places them on the
square grid in such a way that they are at right angles to each other, which
becomes clear in the square grid. It can be assumed that Mia has interpreted the
convention of sticks of equal length and the observance of right angles for the
construction of a square and uses it in her actions.
Step 3 – Explication 2 — narrow context analysis (Analysis in sections): In
scene 20, Mia grabs four sticks of length 5, and in the following scene, she
places these four sticks on the square grid at right angles to each other, creating
a square. At this point, it is still not clear if she will extend the square further. In
scene 22, Mia taps the square grid five times with her stretched finger, moving
her finger to the right after each tap. Then, she taps the square grid five times
again and moves her finger down after each tap. Meanwhile, she counts from
one to five twice. In comparison to the intended actions, it becomes clear that
Mia does not use the unit cube to determine the area or volume but works with
the square grid. In the following scene, Mia expresses the calculation five times
five is twenty-five and then twenty-five times five. Already in the narrow
content analysis, it becomes apparent that Mia recognises rules in the material
arrangement, uses them to work on the mathematical problem and transfers her
two-dimensional actions to the space.
Step 5 – Conclusion: It can be seen in Mia’s actions that she uses the available
material (sticks, corner connections, unit cubes and square grids)
diagrammatically. The implicit rules and conventions for building cubes of
different sizes as a basis of determining the volume are used by Mia to process
the problem. Including the broad context analysis (see Fig. 1, left picture), it is
noticeable that she reduces her actions in the course of the situation and still can
make the same interpretations. No longer does she have to build a cube, nor
does she move the unit cube in the built edge models, but she can infer the
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volume of the cube from the base area using the internalised rules and
conventions.
DISCUSSION
Based on the actions, Mia’s individual interpretations of the diagrams and the
interpretations of the actions on the diagrams can be reconstructed. By using
different rules, such as the necessity of equal edge length for the representation
of a cube, it becomes clear that Mia recognises this rule and uses it for
processing the problem. Working on the problem, this diagrammatic work has
to be applied several times and is incorporated into the work with other
diagrams, e.g. determining the volume or filling in the table (see Fig. 2). It is
noticeable that the actions decrease with the internalisation of the
conventionalised set of rules. Thus, in the broad context analysis it becomes
clear that Mia initially executes the actions, such as building an edge model,
completely (see Fig. 1, left picture). Later, she only lays the base area of the
cube and extrapolates from this area to the volume. For this purpose, further
analyses will be carried out to see whether the actions and thus the
interpretation of the diagram for the same problem situation, but with digital
material, differ from the interpretations reconstructed here.
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The aim of this paper is to analyse a symmetry and art workshop from a STEAM
perspective. The theoretical framework of the Meta-Didactical Transposition is
taken as a reference. The sample consists of seven Primary School teachers. A
qualitative methodology is followed that is developed in four phases: learning,
planning, implementation and reflection. The results show that the teachers are
not flexible in dealing with the different conceptions of symmetry and the
creative aspect of the workshop. In general, there is a positive attitude towards
the interdisciplinary character of the workshop, despite the fact that they were
not able to connect both disciplines in a balanced way.
INTRODUCTION
Recently, the ‘A’ of art has been included in the acronym STEM (Science,
Technology, Engineering, Mathematics). The main goal of STEAM education is
to make the students grasp the connections between different pieces of
knowledge incorporating an artistic vision into the activities from a creative and
emotional point of view (Henricksen, 2014; Yakman & Lee, 2012).
In particular, what is the relationship between Visual Arts Education and
Mathematics? One reason for asking this question is that “on the one hand,
mathematics is art, and on the other hand, working in art has a mathematical
basis” (Hickman and Huckstep, 2003, p.1). Mathematics and art are two
disciplines that have a close relationship since immemorial times. In order to
motivate students to study mathematics, the connections between art and
mathematics, in particular geometry, have been exploited in many works in
mathematics education (Fenyvesi, K. & Lähdesmhäki, T., 2017; Lavizca, Z. et.
al., 2018; Portaankorva-Koivisto, P. & Havinga, M., 2019) showing them that
these have been used for aesthetic reasons in the history and modern art.
Recently, the recommendations for including the arts and creativity in the
teaching of mathematics significantly increased all over the world along with
demands to move from paradigms of teaching concepts and methods in a purely
disciplinary way to an interdisciplinary and integrated education that shows
connections, is based on complex problems and promotes critical and creative
thinking (Council of the European Union, 2018). These recommendations come,
in general, from outside the school. In particular, from EU and other
transnational institutions and from labour market. That recommendations oblige
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the curriculum developer who wants to meet such promising but ambitious
goals to take the issue of teacher training education seriously. Indeed, in order
to make this new approach become a structural innovation in schools, a change
of perspective would be necessary, first of all in teacher education: the teachers
need to be prepared to carry out properly the classroom activities, becoming
aware of their non-renounceable features and pursuing their goals with their
more traditional ones in the complexity of the real classrooms.
In this paper a STEAM training workshop for Primary School teachers is
analysed, emphasizing the disciplines of mathematics and art. The aims are to
attend how the teachers react to the activities proposed and how they implement
them in the classroom. Moreover, the process of personal transformation of the
proposal made by some teachers is observed.
RESEARCH FRAMEWORK
The framework of the Meta-Didactical Transposition (MDT) (Aldon et al.,
2013; Chevallard, 1999) is considered as a main reference. In particular, in this
paper, the construct of praxeology is used. “The praxis or ‘to know how’
includes different kinds of problems to be studied as well as techniques
available to solve them; and the logos or ‘knowledge’ includes the discourses
that describe, explain and justify the techniques used and even produce new
techniques” (Garcia et al, 2006, p.226). Within the MDT approach, the praxis is
didactical and the logos not only concerns the knowledge of the discipline, but
also of didactical and pedagogical research results. On one hand, in a teacher
training activity, researchers’ and teachers’ praxeologies meet each other and
members of two communities of practice have to find a common ground in
order to allow the teachers to appropriate of the researchers’ proposals and
effectively modify their praxeologies.
The transition from individual to shared praxologies is very delicate and
requires the action of a ‘broker’, a subject that is a hybrid between the two
communities who acts as a hinge between the two fields, the school itself and
the academic. The broker has the difficult role of creating new connections and
encouraging creations of meaning and learning (Rasmussen et al., 2009).
To analyse the teachers’ choices, when they plan and implement the activities of
the symmetry-art workshop, the goal-oriented decision-making theory by
Schoenfeld (2010) is relied on. This framework deals in particular with choices
of the teachers in real-time. As Schoenfeld (2010) stated clearly, when the
teachers move from the design to the implementation, something that changes
even completely the goals of the designed activities often happens. Indeed, they
are only partially aware of their resources, goals and orientations, and these
might remain invisible in the design phases, but appear clearly in the way they
react to students’ questions or unexpected happenings. Tensions appear between
the planned and the implicit goals and orientations (Liljedal et al., 2015) and
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oblige the teachers to make real-time decisions according to their priorities. This
point is crucial: a deep innovation requires the teachers to become aware of
their knowledge and assumptions and seriously reconsider in a conscious way
their goals and priorities.
RESEARCH METHODOLOGY
The training symmetry-art workshop was designed for Primary School teachers
and was carried out in two Italian cities. In this paper, a sample of seven
Primary School teachers is analysed. The objective is to answer the follow
research question: what is the general impact of the symmetry-art workshop on
the teacher’s design and implementation in their classrooms?
The research methodology is qualitative and from a STEAM perspective
involves working the two disciplines together in a balanced way, both in terms
of concepts procedures and procedures and attitudes. It was organized in four
phases that are described below: (i) learning; (ii) planning; (iii) implementation;
(iv) reflection.
(i) Learning phase. In this phase, the researchers present the STEAM
methodology. Then, the teachers carry out the different workshops by
interacting with the researchers. In accordance with the MDT, a PhD student
graduate in Primary Education Sciences took on the role of broker, mediating
the delicate passage of the interweaving of the praxeologies of the teachers with
those ones of the researchers.
(ii). Planning phase. The objective is that teachers develop this proposal to the
classroom, after a careful co-design shared between teachers and researchers.
To this end, they should decide which tasks they are going to implement,
whether and how they want to modify them, in which order, the time they are
going to use for each task, the links with their curricular teaching plan and the
methodology they are going to carry out (group or individual work, classroom
discussions and the educational environment where the students would do the
activities).
(iii). Implementation phase. In this phase, the teachers implement the
symmetry-art workshop tasks as they have designed them in the previous phase.
The aim of the research is to compare the decisions taken in the planning phase
and the teachers’ actual praxeologies in the classroom.
(iv). Reflection phase. Here, both researchers and teachers reflect on the entire
instructional process. In this way, following the theoretical framework,
researchers’ praxeologies should change interacting with the teachers to make
the proposal more suitable from the cognitive and institutional points of view.
To collect the data the following instruments were used. In the planning phase,
individual and group interviews with teachers were recorded. In addition, they
were given a grid to fill in different sections regarding the organization of the
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tasks. In the implementation phase, video recordings were made of the
observations of teachers and students in the classroom. Moreover, an
observation tool was also designed which comprehends thirteen items. Within
these items, special attention was given to those that refer to, among others, the
good use of mathematical vocabulary, the mastery of the artistic techniques and
the methodology carried out in class.
The tasks that were carried out in the STEAM training workshop are described
below.
Description of the Tasks
Training Symmetry-Art workshop is made up of four tasks to carry out in two
sessions of two hours. The tasks of this workshop are aimed at Primary School
students (six to twelve years old). In mathematics education, the difficulties in
the learning of this topic have been investigated in many studies (Bulf, 2011;
Chesnais, A. & Munier, V., 2013, Bohorquez et. al., 2009), and it has been
shown to be more complex as it might seem. These difficulties might affect the
teachers’ resources, both on the side of disciplinary knowledge and of the
anticipation of students’ difficulties. Within this proposal, a balance is sought
between the two subjects of mathematics and art. Following a STEAM
perspective, the objective is to work these two subjects in an equal way, that is,
these tasks form a cycle starting from art (task 1) and coming back to art (task
4), with a renewed conceptualization of the everyday conception of symmetry
(Chesnais, 2012) triggered by the artistic work and supported by research-based
mathematical tasks (2 and 3).
Task 1: Artistic folding paper
This activity is designed with the intent to create a symmetrical artwork from
the blank paper and without mentioning the concept of symmetry. The aim is to
bring students closer to the study of symmetry and its elements, starting from
the original artistic creation of each of them through the manipulation of
different resources, in this case, thread, tempera and sheets. The contents that
are worked on in this task are the concept of symmetry, the axis of symmetry,
the types of lines, the equidistance, the concept of shape and dimension, the
horizontal and vertical meaning, the manual work and the use of colour and its
possible mixtures.
Task 2: TEPs.
Following to D’Amore and Maier (2003), the objective is, for each student, to
create a TEP (Textual Eigen Production), which is an autonomous textual
production, in this case, of the concept of symmetry and its characteristics based
on the artistic work and the discussion carried out in the previous task. The
contents worked on here are the use of the mathematical vocabulary to elaborate
the definition, the written expression and, again, the concept of symmetry with

40

some of its elements as the axis of symmetry, the equidistance of each point to
that axis and the concept of form and dimension.
Task 3: Schematization
This task consists of drawing, on the grid sheet, the figure that the students
made in the task 1. The aim is to make them work on symmetry and its
characteristics through the elaboration of a scheme with drawing instruments as
the rule or the compass. The students also work on the reproduction of a figure
to scale, since at the moment of drawing the figure in a schematic way, they are
transferring the figure to the grid sheet, taking the little square as a unit.
Task 4: Symmetrical figures with coloured threads
The last task is designed to finish the proposal with an artistic activity that
gathers everything learned in the previous tasks. The activity consists of
recreating, with coloured threads and pins, the figure made in task 1, and then
outlined in the task 3. By stretching the threads and tightening them, the
students create another artistic work in a different format in which the main
theme is symmetry.
RESULTS AND DISCUSSION
The results are presented according to the aims set, derived from the research
question presented in the previous section: to observe how the teachers react to
the activities proposed in the symmetry-art workshop and how they implement
them in the classroom.
Teachers Reactions
In terms of STEAM methodology, the teachers initially stated that they dealt
with mathematics and art topics always separated. Although they had already
dealt with the topics proposed in their classes, they did not realize that they
could make an interdisciplinary lesson by drawing inspiration from artistic
creations to get to the formalization of mathematical concepts. Moreover, it
could be observed that the reactions of some teachers consisted on not
considering the STEAM activities truly mathematical didactical activities, since
the contents and the kind of tasks were different from the text-books exercises,
that are their institutional reference. Some teachers perceived these activities as
extracurricular motivation, since they emphasize their artistic character and
gave importance only to the aesthetic aspect, that is, they did not consider them
‘mathematical’ (learning phase).
For most of the teachers, the tasks seemed to be not so far from their usual
practice and the mathematical contents and artistic skills were considered easy.
However, some of them did not feel confident to carry out the activities in the
classroom observed by researchers and, in many cases, they had some
difficulties to pursue the planned goals in the implementations. For example, a
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teacher somewhat insecure, asked “how I should start the lesson? Are we going
to carry out the activity together?” (planning phase).
In the implementation phase, two of the seven teachers said “Do we have to
carry out the lesson? But we can’t do it, we don’t know how to do it”, revealing
to be unsure at the beginning of the class. Another teacher renounced to lead the
activity and asked the researchers to do it. Part of the problem could be due to
the presence of the researchers in the classroom or to the insecurity of applying
the STEAM methodology.
Implementation in the Classroom
Of the seven teachers who planned to carry out the art and symmetry workshop
in the classroom, six did so. Of those six, four implemented it autonomously
while the other two needed further assistance from the researchers. Although the
planning phase allowed them to modify and adapt the proposal to their
classroom and students, only one of the teachers changed the order of the tasks
and dedicated more time to the discussion that is carried out in task 1.
Paying attention to the mathematical aspect of the workshop, several facts are
considered important. When the students commented on their TEPs for the rest
of the class (task 2), the teachers corrected those who talked about important
aspects of symmetry such as distance to the symmetry axis, because they
identify the term symmetry only with the definition they know, which is the
same one that appears in the textbook. Therefore, their goals were far from ours
and were influenced by the textbook definition in a negative way for the
students' mathematical processes.
For some teachers there is a total identification between the concept of
symmetry and the fact that half of a figure could be superposed to its other half
folding a piece of paper containing the picture; the paper folding activity helped
them to feel comfortable but in some cases the symmetry-art workshop was not
effective in enriching their concepts moving from the everyday to the
mathematical concept. In some cases, the teachers did not take care properly of
the students’ spontaneous mathematical processes and interrupted the students
who were carrying out their own reasonings in terms of symmetry. For instance,
many students interpreted correctly the request of explaining with their words
how to draw a ‘symmetric figure’ that is, a figure admitting (at least) one axis of
symmetry while their teacher expected the students to use formal words and
define the symmetry in the way the teacher had suggested and started limiting
them without helping them in their developmental zone. This may be due to
teachers’ lack of flexibility in conducting a group discussion with students on
the concept of the symmetry (ibid., 2012). On the other hand, in many cases the
teachers declared that their insecurities were due to unexpected difficulties with
the mathematical contents, and emerged when the students were working and
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proposing their ideas in a manner that was different than the usual (reflection
phase).
Focusing on the artistic part, it should be pointed out that it was the main aspect
that motivates the teachers to implement the mathematics and art workshop.
However, initially, most of them limited the creativity of the students, especially
in task 1. This limitation could be due to the fact that the teachers showed a
perfectionist attitude when they performed the workshop by themselves
(learning phase) and wanted their students to obtain similar results to theirs,
imposing some criteria like the colours they should use or indicating that the
artwork should be ‘beautiful’ and ‘well done’ (implementation phase). Between
these two phases, it could be seen that teachers’ praxeologies (Schoelfeld, 2010)
changed, since they were forced to make decisions just in time. For example,
because of the motivation students to do this workshop, many of the teachers
spent more time experimenting with more colours and creating more artworks.
In addition, some of them left the students total freedom when performing the
schematization (task 3) allowing them to use different colours and shapes.
CONCLUSIONS
Taking into account one of the aims of this paper, it could be observed that
teachers’ reactions to the proposed STEAM workshop were positive. In the
reflection phase, all teachers valued the importance of proposing activities with
an interdisciplinary character. Adding the planning phase was intended to give
teachers flexibility and creativity in implementing the workshop in their
classrooms. However, the changes that were observed were very specific and
only one of the seven teachers modified the tasks by adapting them to her
classroom context. In this case, the intersection between the teacher's and the
researcher's praxeologies was obviously no longer empty.
On the other hand, the tasks of the workshop have an intrinsic complexity that
makes students act in unpredictable ways. Although many of the teachers stated
that the schematization (task 3), specifically, was very difficult, the students
performed it very effectively obtaining great results. In some cases, however,
teachers were not flexible to adapt the activities to just-in-time happenings.
The fact that more than one teacher has declared that they want to continue
experimenting with mathematics and art workshops means that some practices
have changed and that the symmetry-art workshop has been successful. It is
therefore desirable that a dynamic process of professional evolution has been
triggered in which some components external to the teachers praxeologies, such
as the use of interdisciplinary teaching through appropriate tasks, become
internal as an effect of the process of meta-didactic transposition. The metadidactic transposition, in our case, has its strength in the use of innovative tasks
and the adoption of interdisciplinary teaching. Therefore, we propose to
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continue carrying out workshops and to focus on the relationship between
mathematics and art encouraging a balance between these two disciplines.
Acknowledgments
This work is funded by the Spanish Government under the research project
EDU 2017-84979-R
References
Aldon, G., Arzarello, F., Cusi, A., Garuti, R., Martignone, F., Robutti, O., ... & Soury
Lavergne, S. (2013). The Meta-didactical transposition: A model for analysing
teacher education programs. In PME37 Conference (Vol. 1, pp. 97-124). PME.
Bohorquez, H.J., Boscán, L. Hernández, A.I., Salcedo, S. & Morán, R. (2009). La
concepción de la simetría en estudiantes como un obstáculo epistemológico para el
aprendizaje de la geometría. Eucere, 13 (45).
Bulf, Caroline. (2011). Les effets de l’eneignement de la symétrie axiale sur celui de
la symétrie centrale: une étude de cas en France. Recherches en didactique des
mathématiques, 31 (1), 51-77.
Chesnais, A. (2012). L’enseignement de la symétrie orthogonale en sixième: des
contraintes, des ressources et des choix. Recherches en didactique des
mathématiques, 32 (2), 229-278.
Chesnais, A., Munier, V. (2013). Learning and teaching geometry at the transition
from primary to secondary school in France: The cases of axial symmetry and
angle. In Proceedings of CERME (Vol. 8).
Chevallard, Y. (1999). L'analyse des pratiques enseignantes en théorie
anthropologique du didactique. Recherches en didactique des mathématiques, 19
(2), 221-266.
Council of the European Union (2018). Council recommendation of 22 May 2018 on
key competences for lifelong learning (189). doi: https://eur-lex.europa.eu/legalcontent/ES/TXT/PDF/?uri=CELEX:32018H0604(01)&from=EN
D’Amore B., Maier H. (2003). Producciones escritas de los estudiantes sobre
argumentos de matemáticas. Épsilon, 18 (2), 243-262.
Fenyvesi, K. & Lähdesmhäki, T. (Eds.). (2017). Aesthetics of interdisciplinary: Art
and Mathematics. Jyväskylä, Finland: Birkhäuser.
Garcia, F. J., Pérez, J. G., Higueras, L. R., & Casabó, M. B. (2006). Mathematical
modelling as a tool for the connection of school mathematics. ZDM, 38(3), 226246.
Henricksen, D. (2014). Full STEAM Ahead: Creativity in Excellent STEM Teaching
Practices. The STEAM Journal, 1(15), 1-7. doi: 10.5642/steam.20140102.15
Hickman, R. & Huckstep, P. (2003). Art and Mathematics in Education. The journal
of Aesthetic Education, 37 (1), 1-12. doi: 10.1353/jae.2003.0001

44

Lavicza, Z., Fenyvesi, K., Lieban, D., Park, H., Hohenwarter, M., Diego-Mantecón,
J.M., y Prodromou, T. (2018). Mathematics Learning Through Arts, Technology
and Robotics: Multi-and Transdiscpilinary STEAM Approaches. In EARCOME 8:
8th ICMI-East Asia Regional Conference on Mathematics Education. Volume 2
(pp. 28-29). Taipei: National Taiwan Normal University.
Liljedal, P., Andrà, C., Di Martino, P. & Rouleau, A. (2015). Teacher tension:
important considerations for understanding teachers’ actions, intentions and
professional growth needs. Proceedings of the 39TH Conference of the International
Group for the Psychology of Mathematics Education, Vol. 3, pp. 193-200. Hobart,
Australia.
Portaankorva-Koivisto, P. & Havinga, M. (2019). Integrative phenomena in visual
arts and mathematics. Journal of Mathematics and the Arts, 13(1-2), 4-24. doi:
10.1080/17513472.2018.1504269
Rasmussen, C., Zandieh, M., & Wawro, M. (2009). How do you know which way the
arrows go? The emergence and brokering of a classroom mathematics practice. In
W.-M. Roth (Ed.), Mathematical representations at the interface of the body and
culture, (pp. 171-218). Charlotte, NC: Information Age Publishing.
Schoenfeld, A. (2010). How and why do teachers explain things the way they do? In
M.K. Stein & L. Kucan (Eds.). Instructional Explanations in the Disciplines (pp.
83-105). New York, USA: Springer US. doi: 10.1007/978-1-4419-0594-9_7
Yakman, G. & Lee, H. (2012). Exploring the Exemplary STEAM Education in te U.S.
as a Practical Educational Framework for Korea. Korea Association Science
Education, 32(6), 1072-1086.

45

“WHY DON’T YOU MAKE A DRAWING?” MOTIVATION
AND STRATEGY USE IN MATHEMATICAL MODELLING
Judith Blomberg, Stanislaw Schukajlow, Johanna Rellensmann
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Motivation is important for students’ learning and strategy use. However, we do
not know much about the relations between motivation and the use of strategies
such as the drawing strategy. In this study, we assessed the mathematical and
strategy-based motivation of 194 ninth- and tenth-grade students using
expectancy-value questionnaires. Further, we measured the spontaneous use of
drawings for solving geometric modelling problems. We found a positive
relation between mathematical and strategy-based expectations of success as
well as between mathematical and strategy-based attainment value.
Furthermore, mathematical and strategy-based motivation differed in their
relation to the use of drawings. These results indicate the importance of both
mathematical and strategy-based motivation for strategy use and modelling.
INTRODUCTION
Mathematics as an applied science is part of many other disciplines, such as the
natural sciences, computer science, and the social sciences. An applicationbased view of mathematics is reflected in mathematical modelling.
Mathematical modelling involves the use of mathematics to solve real-world
problems (Niss, Blum, & Galbraith, 2007). Because of the importance of
applications for life and work, countries around the world recommend that
mathematical modelling be promoted in mathematics education, and it is
included in the mathematics curriculum of different countries. However, prior
research has repeatedly demonstrated that students have trouble solving
modelling problems (Niss et al., 2007). The use of strategies such as selfgenerated drawing is considered to have a beneficial effect in overcoming the
difficulties involved in solving modelling problems (Galbraith & Stillman,
2006; Hembree, 1992). Positive effects of drawings have been shown for
students who made drawings spontaneously. However, why do learners rarely
make drawings spontaneously? One possible factor that influences the
spontaneous use of drawings is motivation. In the present research, we targeted
mathematics and the drawing strategy as the objects of motivation because
mathematical and strategy-based motivation might both be important for the
spontaneous use of drawings. In this paper, we aimed to examine the relation
between mathematical and strategy-related motivation and their importance for
the spontaneous use of drawings in mathematical modelling.
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THEORETICAL BACKGROUND
Self-generated Drawings in Mathematical Modelling
By making a self-generated drawing for a mathematical modelling task, the
learner visualizes a problem described in the task by representing the objects
and their relations to each other in an iconic way. By applying the strategy of
making a drawing, we understand both the drawing process and the drawing as
a product (Rellensmann, Schukajlow, & Leopold, 2017). As a strategy for
learning and problem-solving, making drawings can support various activities in
mathematical modelling such as constructing a mental model of the text,
discovering errors in the mental model, structuring and simplifying the given
situation and constructing a real model, mathematizing the real model, or
validating the mathematical result.
Spontaneously making a drawing for a given mathematical word problem has
already been shown to be a potentially performance-enhancing strategy for
learners (Hembree, 1992; Uesaka et al., 2007). This strategy was found to be
more helpful than improving mathematical vocabulary, verbalizing important
concepts, or applying other strategies (Hembree, 1992). Thus, making a drawing
might also be helpful for solving geometrical modelling problems. Despite the
expected positive effects of generating a drawing in mathematical modelling
derived from the analysis of modelling activities such as mathematizing,
students rarely use this strategy spontaneously. One reason for this result might
be students’ motivation. For example, in Pressley's (1986) model of a Good
Strategy User, motivational beliefs are suggested to predict the spontaneous use
of strategies. Pressley further suggested that if students are motivated to use a
strategy, they will use it more often.
Expectancy-value Theory of Motivation
In a broader definition, Middleton and Photini (1999) specified motivation as a
reason for human behavior in a specific manner and in each situation. At the
core of many theories of motivation are expectancy-value models such as the
one by Eccles and Wigfield (1995). These models propose that performancerelated decisions (e.g., using a specific strategy) are essentially influenced by
two subjective beliefs: expectations of success (ES) and the value attached to
the different options that are available. In research, expectations of success have
often been estimated via self-concept or via general self-efficacy, which have
repeatedly been found to be closely connected to each other (see the overview
by Marsh et al., 2019). The value component includes three sub-components:
the interest and enjoyment gained from the task (Intrinsic Value, IV), the
personal importance of being able to do it well (Attainment Value, AV), and the
perceived utility from solving it (Utility Value, UV). Similar to other affective
constructs, motivation can target different objects (Schukajlow, Rakoczy, &
Pekrun, 2017). The objects of motivation can be learning in general, a specific
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topic, or even a specific problem. The present research involves mathematical
motivation because the object of motivation is mathematics. Motivation that
targets a specific strategy or its characteristics as its objects can be called
strategy-based motivation. In the present research, we assessed strategy-based
motivation by using the drawing strategy because of the importance of this
strategy for problem-solving (Hembree, 1992).
Prior research hypothesized a positive relation between expectations of success
that targeted different objects in one domain such as mathematics. The reason
for this positive relation is that problem-solving activities within mathematics
require related abilities and skills. Furthermore, students acquire different
abilities and skills in mathematics in parallel in their mathematics lessons or in
mathematical activities that they participate outside of school. These
considerations were confirmed empirically by Marsh et al. (2019), who
demonstrated a positive relation between mathematical expectations of success
(that were asked about by referring to mathematics in general) and to specific
mathematical problems as objects of motivation. Likewise, a positive relation
can be expected between values within the same domain such as mathematics.
The expectation that values for different objects in mathematics can be related
has been supported by empirical results. For example, the utility value of
modelling problems was found to be positively related to the utility value of
intra-mathematical problems (Krawitz & Schukajlow, 2018). However, prior
empirical results should be interpreted with caution because the differences in
the objects of motivation are essential for the relations between the constructs.
The relation between mathematical and strategy-based motivation is still an
open question.
Motivation and Strategy Use
Many studies have demonstrated the positive effects of expectations of success
and value on the use of cognitive and meta-cognitive learning strategies. For
example, Virtanen, Nevgi, and Niemi (2013) showed that university students
who reported high expectations of success and high intrinsic value were also
more likely to report that they organize the learning content in their discipline.
Focusing on the relation between mathematical motivation and self-reported
learning strategies in mathematics, Berger and Karabenick (2011) found that
both expectations of success and value predicted elaboration and metacognitive
strategies. However, in these studies, researchers used self-reports to assess the
strategies, and the validity of assessing strategies via self-reports has often been
criticized in the past. Because of research on the relation between mathematical
motivation and self-reported strategies, we suggest a positive relation between
mathematical motivation and the use of the drawing strategy.
Moreover, we found only a few studies that analyzed the relation between
motivation and the spontaneous use of the drawing strategy. A case study of an
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eighth-grade girl who did not use a drawing strategy spontaneously at first but
used it successfully after being instructed to do so suggests that spontaneous
strategy use depends on the perceived efficiency of the strategy and thus also on
motivation (Ichikawa, 1993; Uesaka, Manalo, & Ichikawa, 2007). Furthermore,
Uesaka et al. (2007) demonstrated that the benefits attributed to learnergenerated drawings reported by students were significantly related to the use of
drawings. These findings indicate that strategy-based motivation might be
important for the spontaneous use of drawings.
RESEARCH QUESTIONS AND HYPOTHESIS
Based on theoretical considerations, we conclude that the spontaneous use of a
drawing strategy is related to motivational factors. However, there is a research
gap regarding the relation between mathematical and strategy-based motivation
as well as to the relation between motivational factors and the use of the
drawing strategy. Moreover, we did not find any research that investigated the
relation between motivation and making a drawing to solve modelling
problems. Therefore, we addressed the following questions in this study:
(1) How are the mathematical motivational constructs (ES, IV, AV, UV
MATH) related to the corresponding strategy-related constructs (ES, IV, AV,
UV DRAW)?
We expected a positive relation between mathematical and strategy-based
expectations of success because the development of the strategic skills involved
in making drawings takes place within mathematical learning. We also expected
positive relations between the different values of the mathematical and strategybased constructs. However, as the relations between motivational constructs
strongly depend on how close the objects of motivation are to each other, and
only a little research has been conducted on strategy-based motivation, these
expectations were based mostly on theoretical considerations.
(2) How are mathematical and strategy-based motivational constructs (ES, IV,
AV, UV) related to the spontaneous use of the drawing strategy while students
solve modelling problems?
Based on the expectancy-value theory, we expected both mathematical and
strategy-based motivation to be important for the spontaneous use of drawings.
An empirical indication for the positive relation between mathematical
motivation and the use of the drawing strategy comes from research on selfreported strategies. One case study and one cross-sectional study carried out
with school students on the use of the drawing strategy supported the
expectation that students’ strategy-based motivation might be related to
spontaneous strategy use.
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METHOD
Participants and Research Design
Two hundred twenty German ninth- and tenth graders (49.5% female, M =
14.93 years) of 10 comprehensive classes participated in the study. At the first
occasion, the students answered a questionnaire about motivational constructs.
After two weeks, they were asked to solve eight geometric modelling tasks. The
analysis of students’ solutions allowed us to assess their spontaneous use of the
drawing strategy. Some students could not participate on both occasions for
various reasons. In sum, 194 students participated on both occasions and were
included in our analysis.
Measures
The 22-item survey was applied to assess mathematical motivation (MATH, 10
items) and strategy-based motivation with respect to the use of drawings
(DRAW, 12 items). Students rated each statement on a 5-point scale (1 = "not
true at all" to 5 = "completely true").
Mathematical motivation scale. The mathematical motivational items were
adapted in accordance with Eccles and Wigfield (1995). Expectations of success
(ES MATH) were assessed with three items (e.g., “I am very good at
mathematics”). The three components of value are intrinsic value (IV MATH; 2
items; e.g., "In general, I find working on mathematics assignments very
interesting"), attainment value (AV MATH; 3 items; e.g., "It is very important
to me to be able to solve mathematical problems very well"), and utility value
(UV MATH; 3 items; e.g., "Mathematics in school is very useful for my
professional future after graduation"). The reliabilities of the subscales were
mostly good to satisfactory (.55 < α < .89). The confirmatory factor analysis
revealed that the model with four factors fit the data adequately (𝜒 2 /𝑑𝑓= 1.72,
SRMR = .04, RMSEA = .06, CFI = .97).
Strategy-based motivation scale. The strategy-based motivation scale with
respect to the use of the drawing strategy was assessed with four subscales:
expectations of success (ES DRAW; 3 items; e.g., “I believe I can make very
good drawings for any word problem”), intrinsic value (IV DRAW; 3 items;
e.g., "I like to make a drawing for a difficult word problem"), attainment value
(AV DRAW; 2 items; e.g., "It is important to me to be able to make a drawing
for a difficult word problem"), and utility value (UV DRAW; 4 items; e.g.,
"Making drawings is important to me because it helps me solve difficult word
problems"). The reliabilities of the subscales were mostly good to satisfactory
(.58 < α < .86). Confirmatory factor analyses showed acceptable values for the
model (𝜒 2 /𝑑𝑓= 3.27, SRMR = .04, RMSEA = .07, CFI = .95).
Use of drawings. The use of drawings was measured dichotomously for each of
eight modelling tasks that could be solved by applying the Pythagorean
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Theorem. A code of 0 was assigned to solutions without a drawing and a code
of 1 to solutions with a drawing. The measurement showed good reliability
(Cronbach's α = .866).
RESULTS
Relations of mathematical and strategy-based motivation. As expected, the
analysis of the correlations between mathematical and strategy-based
motivation (Table 1) showed moderate positive correlations between ES MATH
and ES DRAW as well as between AV MATH and AV DRAW. These results
indicate that students who have high expectations of success and ascribe a high
attainment value to mathematics are confident that they can use a drawing
strategy to solve problems and feel that this strategy is personally important to
them. However, we did not find a positive relation between intrinsic value or
utility value for mathematical and strategy-based motivation. For example,
students who ascribed a higher utility value to mathematics did not differ in
their estimation of the utility value of the drawing strategy.
MATH
ES

D
R
A
W

ES
IV
A
V
U
V

IV

AV

UV

.289**
-.041

.255**
.010

.377**
.233**

.234**
.087

.007

.104

.351**

.117

-.018

.010

.278**

.038

Note. ** p < .01, p two-tailed. MATH: mathematical motivation, DRAW: strategy-based
motivation, ES: expectancy of success, IV: intrinsic value, AV: attainment value, UV: utility
value. Correlations between the same constructs in different domains are presented in grey.

Table 1: Correlations between mathematical and strategy-based motivational
constructs
Motivation and the use of drawings. Our analysis of the relation between
mathematical motivation and the use of drawings confirmed our expectation for
IV MATH (Table 2). Students who attributed high intrinsic value to
mathematics used the drawing strategy to solve modelling problems more often.
Mathematical expectations of success, attainment value, or utility value in
mathematics were not related to the use of drawings. The analysis of the relation
between strategy-based motivation and the use of drawings while modelling
revealed a more consistent picture and confirmed our expectations. We found
positive correlations for all strategy-based sub-constructs IV DRAW, AV
DRAW, UV DRAW, and ES DRAW with the use of drawings. These results
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indicate the importance of strategy-based motivation for the spontaneous use of
the drawing strategy. Students who have high expectations of success for the
use of drawings and who ascribe high intrinsic, attainment, and utility value to
the drawing strategy more often used this strategy spontaneously.

USE

r

MATH
EX
IV AV UV
.180
.047
*
.088 .098

DRAW
EX
IV
AV
UV
.164 .212*
*
*
.138a .172*

Note. a p < .10, * p < .05, ** p < .01, ** p < .001. p: two-tailed. MATH: mathematical
motivation, DRAW: strategy-based motivation, EX: expectancy, IV: intrinsic value,
AV: attainment value, UV: utility value, USE: spontaneous use of drawings.

Table 2: Correlations between mathematical and strategy-based motivational
constructs and the spontaneous use of drawings
DISCUSSION
Based on expectancy value theory (Wigfield & Eccles, 2000), we investigated
the relation between mathematical and strategy-based motivation and the
importance of motivation for the use of drawings while solving modelling
problems. As expected, the analysis of the relation between mathematical
motivation and the strategy-based motivation to make drawings showed that
mathematical and strategy-based expectations of success were positively
related. However, the relation was weak. One reason for this result may be the
cognitive structure of the activities: Although the making of drawings as a
visual strategy is part of the mathematical curriculum, formal symbolic
procedures usually predominate in students’ learning in mathematics. Another
reason may be the different categories of focused objects (the domain of
mathematics vs. the strategy of drawing). As mathematics is a more general
object and the drawing strategy is a more specific object, this difference might
have an impact on the strength of the relation between the constructs (Marsh et
al., 2019). The relation between the personal importance of being good at
mathematics (AV MATH) and the personal importance of making good
drawings (AV DRAW) was moderate in size. This result revealed that the
personal importance of mathematics is closely related to the personal
importance of making a drawing to solve mathematical problems. By contrast,
the intrinsic and utility values of one object were not related to the values of
other. The perceived utility of drawings for solving problems did not depend on
whether mathematics was considered useful or not.
The strategy- and mathematics-based motivational constructs differed in their
relations with the spontaneous use of drawings during mathematical modelling.

52

Whereas only the intrinsic value of mathematical motivation was correlated
with the use of drawings, all four strategy-based motivational constructs were
positively related to the use of the drawing strategy. We suggest that future
studies conduct deeper investigations of the relation between mathematical and
strategy-based motivation on the one hand and the use of drawings and
performance on the other hand. One interesting research question might be
whether mathematical motivation has an indirect effect on the use of strategies
and performance via strategy-based motivation. In line with results from
learning strategy research (Berger & Karabenick, 2011; Virtanen et al., 2013),
intrinsic value with respect to mathematics was found to be related to
spontaneous strategy use. In addition, as suggested by expectancy-value theory,
we found a positive relation between strategy-based expectations of success and
the use of drawings in our research. Positive relations between strategy-based
values and the use of strategies indicated the importance of values for students’
strategy use. Thus, our results confirmed the validity of expectancy-value theory
for strategy use.
The results revealed intrapersonal differences when comparing mathematical
motivation and strategy-based motivation with respect to making a drawing in
mathematical modelling and in problem-solving. Effects of strategy-based
motivation on learning outcomes should be addressed more often in future
research because it can explain why some students make drawings
spontaneously and others do not. Research on strategy-based motivation can be
applied not only for the use of the drawing strategy but also to other strategies.
Finally, for the practice of teaching, it is important to investigate which teaching
interventions improve strategy-based motivation and students’ strategic and
achievement-related learning outcomes.
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WHEN TEACHER-STUDENT DISCOURSE REACH
IMPASSE: THE ROLE OF COMPUTER GAME AND
ATTENTIVE PEER
Orit Broza, Yifat Ben-David Kolikant
Levinsky College of Education
Researchers traced the learning processes of 26 low-achieving students
studying subtraction of decimal numbers, as they worked in small groups within
a rich learning environment involving a computerized game, play money, peer
interactions and teacher mediation. Data sources were videotaped sessions,
worksheets, observations, and pre- and post-program teacher evaluations.
Results indicate that low achieving students can build new significant
knowledge, to participate in a reflective mathematical discourse, and benefit
from it. Yet, the setting of computer games with an attentive peer served a fertile
platform for strategies to emerge and consolidate.
INTRODUCTION AND THEORETICAL FRAMEWORK
Applying mathematics into real life is considered as an essential component for
professional life (OECD, 2016). This might be the reason for mathematics
educators to actively engage students with mathematical knowledge building,
based on meaning, and avoid routine procedural learning. Insignificant learning
base on drill and memorization, especially in early years, might lead to underachievement among students who do not have any identified disability. This
phenomenon is reflected in PISA findings which show that around 20% of
OECD students with normal cognitive skills do not reach a minimum level of
basic skills in mathematics (OECD, 2016).
Trying to explain these students’ poor performance, the literature focuses on
cognitive deficits and on behavioral manifestations of their failure (e.g.
participation patterns). Low achieving students (LASs) find it difficult to
retrieve basic mathematic facts (and knowledge) from their memory (Gray,
1991). Craik (2002) referred to this difficulty as 'fragile memory': a product of
superficial data processing in the brain. Other explanations points on affective
reasons such as frustration, anxiety, and passivity (Ramirez, Gunderson, Levine,
& Beilock, 2013).
Although the population of low-achieving students is heterogenic, some
cognitive difficulties and behavioral characteristics are common. For example,
such students find it difficult to retrieve basic mathematic facts from their
memory (Geary, 2004) and to use effective computation strategies based on
meta-cognitive skills (Goldman, 1989). They are sensitive to the learning
context (e.g., written and oral arithmetic practices or every day and formal
mathematics), and find it much harder than other students to solve simple and
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complex addition and subtraction problems (Linchevski & Teubal, 1993). These
difficulties may lead them to use less sophisticated strategies, and thus commit
more errors. As they repeatedly experience failure and cannot keep up with the
class, their motivation and self-esteem decrease. Therefore, they might have a
weak sense of internal responsibility, be passive and/or rely on external
authority (Geary, 2004; Linchevski & Tuval, 1993; Haylock, 1991).
Adding to that, teachers do not always take into account socio-emotional
aspects of LAS, neither going beyond the cognitive and subject matter aspects,
and look into socio-emotional aspects of the teacher-student interaction that
could affect learning (Broza & Ben-David Kolikant, 2015). Instead of
increasing LAS ability to build on past successes, and fostering a sense of
internal responsibility for their advancement, some teachers typically conclude
that the most effective way of promoting mathematical performance in lowachieving students is to ‘drill and kill’ (Anderson, Reder, & Simon, 2000), that
is to focus more on the mathematical algorithms than on the mathematical
meaning.
Digital game-based learning is considered as an effective means to overcome
negative implications of learning mathematics. They are fun, meaningful and
inspiring by their nature, thus, they allow disengaged students to gain interest
for mathematics, enhance motivation to perform difficult tasks and maintain
effort, and help children to overcome anxiety (OECD, 2016). Digital gamebased learning theories (Squire, 2008; Gee, 2003), emphasize the potential of
games to engage and motivate students in becoming active rather than passive,
by enabling experiments and explorations without fear of failing in front of the
entire class. Through active participation in a meaningful and authentic learning
environment, mathematical strategies can develop naturally, as the concrete
context is served as a cognitive scaffolding (Wood, Bruner, & Ross,
1976).Therefore, the use of games for teaching may thus be particularly
beneficial for low-achieving students.
The current research examines learning processes of LAS who learn
mathematics with a digital game and a teacher who was trained to attune her
support to LAS cognitive and emotional needs. The learning environment was
designed according to three theoretical lines: (a) ‘Learning in Context’ in which
mathematical concepts and procedures are presented in a context relevant to a
child’s day-to-day life (Gravenmeijer, 2004); (b) game-based learning (Gee,
2003; Squire, 2008), and (c) ‘Accountable talk’, which focuses on the role of
the teacher to create a safe and constructive space for building new knowledge
by establishing norms and provide opportunities to talk mathematics, as well as
share thoughts and ideas with group members (Chapin, O'Connor & Anderson,
2009).
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Researchers aimed at engaging students in significant learning by transforming
their social and socio-mathematical norms (Cobb, 2004) from passive to active,
from isolated to social collaboration, from impulsive to thoughtful. Group
discussions were focused on reporting student' mathematical strategies (built by
tools and teachers' scaffoldings), and establishing shared norms (e.g., examining
students' strategies by approval and disapproval, and optimizing ineffective
strategies).
Researchers were aware of LAS's tendency to impulsivity; thus, students were
asked to learn in dyads, in front of a computer. Researchers hypothesized that
the collaborative setting will trigger two types of interactions: Computer-student
and student-student; and that peers will explain their calculations to each other,
and question other’s action, bringing about reflective and thoughtful interactions
(Dillenbourg & Ficher, 2007).
In a previous work (Broza & Ben-David Kolikant, 2015), researchers
endeavored to characterize the meaningful and complex learning processes
among LAS in a rich supporting environment in general and at the different
levels of progress. In the following section researchers present the importance
of the presence of computer game in the environment with peers’ discussions
for progression.
METHODOLOGY
A total of 26 low-achieving fifth grade students took part in the abovementioned extracurricular program, for one weekly hour, for the duration of
eight weeks in tow iterations. They studied subtraction with decimal fractions
prior to the topic being studied in their parent mathematics classes, learning in
small groups (up to four students), with a teacher trained by the researchers. The
instruction framework emphasized a delicate transition from the realistic
environment to formal mathematics. For this reason, for example, in the first
four lessons, subtraction was presented only through monetary simulations and
problems, with no formal exercises. From the fifth lesson onward, the formal
representation of operations was interwoven into the learning situations, while
maintaining the focus on authentic contexts.
When playing the learning environment's "ice-cream shop" game
(http://kids.gov.il/money_he/glideriya.html), the students acted as sellers: They
received orders, prepared ice-cream, and then calculated and gave change. In
addition, students were asked to work in supplementary online study units,
which concerned the transition between money and formal representations, as
well as change calculations. Students also enacted game-like situations with
mock Israeli money (shekels and agorot).
While students engaged in computerized activities, the teacher stayed in the
background, observing their work and difficulties, taking notes for the following
discussion, and intervening when needed. Much of class time was devoted to
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pair and group discussions. The teacher's interventions did not include direct
corrections of students' strategies, but rather meta-scaffolding questions that
encouraged the students to use the tools in the environment to build their own
strategies.
Our primary data source was the transcripts of eight videotaped, 45-minute-long
learning sessions, accompanied by eight screen captured computer sessions
video screenshots (about 20 minutes each). Other tools included pre-program
student interviews focusing on mental computation strategies, observation of the
parent mathematics classes, student evaluations filled in by their parent
mathematics class teachers' pre-and post-program, and individual worksheets
each student filled in during the extracurricular lessons. According to a designbased research, data were collected in two iterations: Pilot study and main
iteration. The transcripts were coded twice by two researchers. Using micro
genetic approach (Siegler, 2006) researchers analyzed their knowledge building
trial by trial. Utterances were segmented into episodes, so that each episode
began with the presentation of a new task (Broza & Ben-David Kolikant, 2010).
Each episode was classified according to the problem it deals with, and
examined: (i) who participated in it; (ii) the tools that were involved; (iii) the
knowledge pieces that emerged, and (iv) the difficulties that arose, including
whether they were solved, and if so how and by whom.
After identifying the episodes in which constructing occurred, researchers
searched for historical evidence, i.e. indications in previous episodes, that could
hint about the specific ways this new piece of knowledge could have been
constructed. This integrative analysis enabled to focus on the developmental
changes in the student's thinking and behavior chronologically, as well as to
examine it with respect to the literature of LASs.
RESULTS
Eighty two percent of the students in the main iteration significantly changed
their discourse participation, and actively built their own strategies to solve
mathematical problems and exercises. The learning process was complex or
inconsistent with regressions and progressions alternately due to LAS fragile
memory. Therefore, the teacher found it difficult to calibrate her support in
accordance with students' prior experiences. However, despite the difficulties,
55 percent of the students in the main iteration exhibited stability in their
knowledge during at least three continuous lessons. Additional 27 percent of the
students exhibited short progressions with localized consolidations (within a
specific lesson and not between lessons).
Students' Behavior While Playing the Game
As researchers hypothesized, the computerized environment, encouraged the
students to be active as well as engaged in their task. During the play,
researchers observed that the students were very focused on the task in hand. In
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fact, students continued working (or playing) after the class had ended. The
students reported in the interviews and ad hoc conversations that “it was
fun…not a regular class”, “playing with the computer provides a sense of fun,
[vs.] a blackboard, where you just sit and solve exercises”. Each student solved
many subtraction exercises, manifested by the need to give change to customers
in the shop. Students usually worked in turns: The one on the keyboard gave
ice-cream, calculated the price, the change, and returned change.
Failures in this context did not discourage them. On the contrary, this is when
researchers observed mathematical discussions with their peers and with the
teacher. Usually, when they received a response from a “customer” indicating
that the change they gave was incorrect, they paused to think and sometimes
they turned to their peers and verbalized their solution process. Sometimes this
verbalization occurred after their peers asked them how they had worked. The
discussion often helped them to correct themselves. This behavior was
dramatically different from the observed (and reported) passivity (or
impulsivity) in the regular classes. Moreover, in this context, the students
generally welcomed the teachers’ intervention and cooperated with them.
Hence, the computer and the peers often generated a synergetic effect on the
students.
The next two examples (to be reported at the conference) illustrates knowledge
building next to the computer when the teacher find it hard to build on previous
experiences due to the fragility of the knowledge. In both cases the successions
of success were in lesson or between two lessons in front of the computer and at
the next writing task. In both cases the strategy was not consolidated in the long
term.
Li 's Example
In Lesson 3, Li was able to easily use borrowing to subtract decimals with
halves from integers, yet in Lesson 4, she found it difficult to extend this to
subtrahends with different decimals (e.g., 7.70). It took the teacher several
attempts to identify the problem. Then, rather than explicitly teaching the
procedure, the teacher elected to create opportunities for Li to build her own
knowledge and made many attempts to support her in this process. Amongst her
attempts were her suggestions and guidance to use play money, the verification
procedure, the conversion procedure, and the linking of subtraction exercise in
the task to the monetary terms of the problem story (the price, the change). Her
suggestions were reasonable, given that Li previously experienced success with
these activities and procedures. However, Li was apparently unable to
remember or apply this past knowledge to the situation at hand.
It was only in the next lesson that Li was able to construct a conversion strategy.
It was in the subsequent computer session when Li managed to solve a
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succession of tasks as demonstrated in her explanation to her peer. The task was
20-12.20 =
1

Li:

2
3

Nina:
Li:

20 minus 10 equals 10…minus two equals] eight. Look, seven [NIS]
and 20 agorot, right? [Gets feedback from the computer that the
answer is correct].
Ah!! I got it, I got it…
Understood?

In another task 20-15.50 = Li explains to her peer: "First do not pay attention to
this [Agorot], look at the integers. Then do 20 minus 10 is 10, minus five is five.
And five minus fifty [agorot]. And then you continue with the agorot…" after
they got a positive feedback from the computer Li added to her peer: "You see,
you are learning!".
Li could even apply her strategy to written individual tasks (as shown in Figure
1).

Figure 1: Li's writing performance
Yar's Example
The following excerpt is from the fifth lesson, solving the exercise 20-7.70.
After the teacher collected all the answers, she saw that Yar got a wrong
answer, 13.30, and turned to him for an explanation:
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62
63
64
65
66
67

Yar:
Teacher:
Yar:
Teacher:
Yar:
Teacher:
Yar:
Teacher:
Yar:
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Teacher:

It can be done vertically. 20 minus 7.70
How shall I write it? I really do not know...
As if 20…[pause]
20, yes…[writing on the board]
Minus
Vertical minus?
Now, you should do…[thinking]
Come [to the board], tell me exactly where [to write 7.70]?
[goes to the board] eh, here [points right under the 0 of the 20]
here…no, no…it is impossible.
Impossible…

Yar thought that a vertical-solving procedure might help. However, it was the
first time he wrote decimal numbers vertically, and he was unsure where to put
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the decimal point. The teacher let him struggle with writing, repeating his
conclusion, “impossible” (Line 68).
The next lesson opened with a computer session. For the first six of the ten
exercises presented on the computer, Yar quickly typed a response in what
seemed like a trial-and-error fashion, responding to "customer" feedback from
the computer and correcting, as necessary. Then he was observed "just
thinking". The exercise at hand was 20-12.80. He solved it, got positive
feedback from the computer, and explained to his peer, Ron: “[20 minus 12
equals] 8, [changes one shekel to 100 agorot on the computer] 7 and 20 agorot”.
Namely, he subtracted the integers, then subtracted one more integer and added
the right amount of agorot. He solved the remaining three exercises in this
computer session straightforwardly, employing the same strategy.
Apparently, the computer immediate feedback (and probably its non-judgmental
nature) and the presence of a peer, to whom Yar verbalized the strategy he has
just constructed, not only helped him construct a strategy.
In the next written individual task, Yar also succeeded:

Figure 2: Yar's writing performance
DISCUSSIONS AND CONCLUSSIONS
Both examples illustrate knowledge building next to the computer when the
teacher find it hard to build on previous experiences due to the fragility of the
knowledge. In both cases the successions of success were in lesson or between
two lessons in front of the computer and at the next writing task. Probably, the
experience while playing and explaining to attentive peer strengthen their
fragile memory in the short term. Although the computer changes their learning
experience, the strategies were not consolidated in the long term.
This complex picture is perhaps a result of the tension between LASs’ active
engagement in mathematics and their weaknesses. It is no surprise that teachers
frequently conclude that LASs fail to acquire mathematical thinking and
therefore minimize situations that require such thinking (Metz, 1978). Still the
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change in their capacities and behavior points on potential of the environment.
A longer research might conduct to observe longer-time stability.
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THE INFLUENCE OF ANALYTIC MODEL ON CRITICAL
REFLECTIVE THOUGHT OF PRE-SERVICE
MATHEMATICS TEACHERS FOR ELEMENTARY SCHOOL
Orit Broza, Ariel Lifshit
Levinsky College of Education
A total of 23 mathematics pre-service teachers learning process was examined
as a result of using an analytic model designed for discourse protocols'
analysis. The model contains three lenses to analyze discourse: (i) Examines the
pre-service teachers' dominance in discourse; (ii) maps the types of questions,
and (3) focuses on learners’ reactions and comprehension performance. Results
revealed that an active and dynamic process occurred, modifying teacher
practice, and developing critical reflective thinking among pre-service teachers.
The change occurred in two “ripples of influence”: (i) Improving discourse to
one promoting learning by demonstrating hypothetical scenarios and (ii)
perception of the role of teachers and class management.
INTRODUCTION AND THEORETICAL FRAMEWORK
One of the challenges in teaching mathematics in general and teacher education
is the existence of meaningful discourse that will lead to generalization and
justification processes. Data collected in the past two years in the framework of
work practicum lessons in a college of education demonstrate a difficulty
among pre-service teachers to establish meaningful developing mathematical
discourse for the purpose of constructing mathematical knowledge. Existing
discourse is generally characterized by closed questions (e.g. IRF) and
consequently, answers that do not lead to generalizations or justifications.
Michaels, O’Connor, and Resnick (2007) used the term “accountable talk” (to
express the desired classroom mathematics discourse and the importance of
teachers as leading the discourse. This approach was meant to involve pupils
and create discourse situations whereby participants listened to one another,
built ideas on one another’s and asked questions to clarify or broaden any
opinion. The participants create links between statements voiced in the
discourse and provide reasons and justifications when disagreements arise. The
teacher's role is to encourage conversation with questions such as: “Has anyone
got anything to add?” or “Can someone say what he (a colleague) said in other
words?”, to request clarifications and explanations for what was said, to give
time to think, to encourage learners who do not participate by asking to hear
their opinion and to encourage agreements or disagreements about a common
idea that arose in the group.
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In recent decades, attempts have been made to characterize and define the
concept justifications. Research literature deals mainly with high school. For
example, Harel and Sowder (2007) defined justifications as a process carried
out by a learner so as remove any doubt about a given hypothesis, a process
made up of two secondary processes: Persuasion and becoming convinced. In
‘persuasion’ a learner removes the doubts of others. In ‘becoming convinced’ a
learner (with the help of others) removes his own doubts. In elementary schools
today, referring to justification as a process is very common to help processes of
structuring knowledge and promoting meaningful learning. The expectation is
for justification to occur within the framework of tools learners have and in
accordance with their developmental stages, in other words, employing
explanations for how something is solved, using supporting examples, using
non-examples to refute arguments, employing definitions, rules and law and not
complicated processes of proof.
Employing reflection in teacher education promotes teachers’ abilities to learn
from experience, initiate changes and be more aware of their understandings
(Fox et al., 2011; Shulman & Shulman, 2004). Many studies have employed
joint video observations to analyze teacher-learners interaction or transcripts of
teachers’ lessons to characterize diverse teaching styles, examine congruence
between content and executing lesson aims or in order to understand unrealized
teaching opportunities (Santagata & Yeh, 2013; Spitzer et al., 2011). A
reflective process that combines in-depth research analysis contributes to
understand processes of situational understanding (Korthagen, 2010). Hence,
work experiences become not only a place to practice these teaching skills but a
field in which to examine theory. Furthermore, reflective writing improves selfregulation, cognitive and meta-cognitive qualifications as well as motivation.
The aim of this research is to examine the learning that occurred among preservice teachers who employed a reflective model developed especially for the
practicum research course. The assumption is that analytical analysis will
develop pre-service teachers' awareness of the way in which they conduct
discourse, will reflect barriers in developing discourse, will lead to the
development of optimal scenarios for situations that were not exploited, to
finding possible leverage to improve discourse during research lessons and at
the end of the day improve mathematical discourse in work experience classes.
The Model
Researchers constructed an analytical model containing three different lenses
for analyzing discourse protocols focusing on diverse episodes of the discourse
conducted in a lesson, examining the types of pre-service teachers' questions
and answers in the discourse, and the connection between these and their
learners’ comprehension performance. The work stages of the model were as
follows:
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Stage A: Mark and quantify only pre-service teachers’ expression in a discourse
protocol and the frequency of these expressions in various episodes. Using this
lens, the dominance of pre-service teachers in the discourse was examined (for
example, IRF).
Stage B: Map the types of pre-service teachers' questions and answers in
discourse: Closed, procedural, open, challenging questions or high thinking
order questions that awaken thought and investigation (Bozo-Schwartz, 2011).
Learning promoting feedback was defined as prolonging conversation through
clarification questions, challenging learners to discuss with and explain to one
another, repeating what learners say, linking learners’ ideas in a discussion of
mistakes (Bozo-Schwartz, 2011; Chapin, O’Connor & Anderson, 2009).
Stage C: Code learners comprehension performance in the discourse: providing
an explanation, bringing examples, application, generalization, or justification
(Perkins, 1998).
METHODOLOGY
The research was conducted within the framework of a “practicum research”,
which is an integral part of the 23 pre-service teachers' practical experience in
schools in the second and the third year of their studies. The course is annual
and addresses improving the quality of teaching and self-examination of
teaching/learning processes using questions regarding adapted teaching in
general and in the field of mathematics. The researchers served as pedagogical
instructors for the research group.
Research tools included 46 transcripts of complete lessons analyzed according
to the three lenses of the model (23 from each semester), 46 lesson plans and 23
complete reflections on the research process.
Thematic qualitative analysis was carried out on the research work results and
complete reflections of each pre-service teacher, a total of 23 pieces of work.
The works were coded twice by two researchers, each separately, and there was
a 95% match. The following aspects were analyzed: (a) Examining coding of
types of questions asked by pre-service teachers at two points in time; (b)
examining coding of learners comprehension function at two point in time; (c)
discussion of link between type of question pre-service teachers asked, learners
reactions, and their comprehension performance; (d) pre-service teachers’
explanations and interpretations of the change occurring, if at all, and (e) preservice teachers’ ability to develop hypothetical scenarios at times when they
were not satisfied with discourse progress.
RESULTS
An analysis of finding and comprehensive reflections pointed to a proactive
process-taking place that led to a change in views of teaching/learning processes
over and above the fundamental hypotheses of the model that sought to improve
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the quality of discourse. In fact, two “ripples of influence” were created: The
one at the level of awareness of classroom discourse, the role of a teacher as a
mediator in structuring mathematics knowledge in class, designing and
openness to hypothetical scenarios in situations where discourse did not
promote learning. This type of effect will be called “local ripple”. The other
ripple in a broader and more generic circle, is the influence on pre-service
teachers' perceptions of the effect of discourse on classroom management norms
(developing socio-mathematical norms, employing a range of interactions for
learning). This type of effect will be called “expanded ripple”. Pre-service
teachers who showed development of an expanded ripple also demonstrated a
change in local ripple, as can be seen in Figure 1, and therefore, expanded ripple
is also contained within local ripple.
Finally, the works of about 13% of the remaining pre-service teachers (3 works)
did not testify to a meaningful process and analysis were paltry. Their group
was defined as “no change” (Figure 1).

Figure 1: Types of effects on pre-service teachers
Figure 1 shows that the most frequent change was in the local ripple as
researchers expected. However, among five of the 23 pre-service teachers, in
addition to a change in the local ripple effects of an expanded ripple were
found, a result that researchers did not expect would emerge. The following
section will demonstrate episodes taken from the research works and reflections
for each of the ripples and will discuss the challenges and difficulties described
by pre-service teachers throughout the process.
In the next section, three presentative examples demonstrate the two ripples.
Further examples will be presented at the conference.
“Local ripple” Effect: Awareness of Importance of Using Open Questions
The following episodes demonstrate how analytical analysis helped pre-service
teacher N acquire insights regarding the questions she asks in her transcript
analysis:
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“I don’t ask enough open questions. However, the open questions I do
ask are mainly two types. The one is questions asking for an explanation,
mainly the question “how”? – “How did you solve it?” (Line 5). “How
did you get to 9 ½ ?” (Line 8), “How did you get to the whole?” (Line
85). “The second type is questions asking for other ways of solving, “Is
there another way” (Line 87) “Did everyone solve it the same way?”
(Line 10).
Later, N (referred as a "teacher") explained the implications of asking closed
questions on the discourse with her learners.
80
83
84
85
86
87
88
91
92
93
94
95
96
97

A:
10 whole and a half less 9 and five tenths or 9 and a half.
Teacher: How many does that equal?
A:
A whole
Teacher: How did you get to a whole? “I don’t understand” Explain it to
me.
A:
Half less a half is zero, so it is nothing and 10 minus 9 equal 1 so
it is whole.
Teacher: Is there another way?
B:
I did 9 and a half and then a tried to add some wholes so it would
reach 10 and a half and it comes out 1.
L:
I did it another way. I did a half plus another half and it came out
whole.
A:
How did you get to a half plus another half? But what do you do
with the 9?
D:
How do you do it? But why exactly did you choose the half.
L:
Because I know that there is 9 and a half so I added the half.
D:
Ah! I understand.
L:
And then another half and then it comes out a whole. Do you
understand?
A:
Yes.

N analyzed the above episode as the following:
“One can see that in Line 83 I asked a closed question: "How many?”
And in Line 84, A gave me a fitting succinct answer. In contrast in Line
85 and Line 87 I asked open questions. Line 85 is a question requesting
an explanation and the question in Line 87 encourages learners to offer
further ways of solving the question. Accordingly, in Line 86, Line 88,
and Line 91 there is comprehension of the explanation by the learners. In
addition, one can see in Line 92- Line 93 that when learners did not
understand how L solved it, they also asked “how?” and requested an
explanation, like I ask for in lessons. In Line 94 and Line 96, L responded
appropriately in giving an explanation.”
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This episodes above shows the connection made by the pre-service teacher
(teacher) between types of question and learners’ comprehension performance,
in other words, a closed question leads to a short and concise answer that
actually testifies more to the existence of knowledge and less to comprehension.
In the transition to a discussion of open questions, the pre-service teacher
identifies the importance of using open questions to creating discussion norms
among pupils who use the word “how” among themselves (Line 92, Line 93).
Moreover, the pre-service teacher mainly supports a discourse being conducted
among learners without her intervention but does not develop the topic around
the various ways’ learners raised but suffices purely with their presence in the
discourse. She does not employ the practices of repeating and/or reasoning to
leverage this opportunity to a discussion about the similarities and differences
between the ways presented and verifying that discourse participants
comprehend how the others solved the problem.
“Local ripple” Effect: Frequent Use of the Question "Why" as Feedback
Promoting Learning
One of the criteria for feedback promoting learning is extending dialogue with
learners and asking clarification questions requiring an explanation. Pre-service
teacher K illustrated the importance of using the question “why” to encourage
causality in learners’ arguments and urging explanations from them.
K: “In that lesson I gave the learners a card containing a comparison
between two different lengths of chains. In addition, the learners were
asked to answer who had a longer chain. For this purpose, the learners
had to convert the unit of measurement from centimeters to millimeters
and then compare between two chain lengths.”
Below is the evidence from the “centimeter” lesson held on 16 March 2016,
Lines 39-40 and 46-49.
39
40
46
47

Teacher:
HV:
Teacher:
A:

Why is a centimeter longer than a millimeter?
Because every 10 millimeters is one centimeter.
Girls, why in your opinion is Yossi’s chain longer than Daniel’s?
Because a centimeter is longer than a millimeter and Yossi has
one centimeter.

Pre-service teacher K (Teacher) summarized the importance of asking the
“why” question:
“When I ask the group questions that demands reasons, I am in fact
forcing them to use their existing knowledge so that they can base and
explain their answers why a centimeter is longer than a millimeter and
the like.”
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“Expanded ripple”: Changing the Discourse about Norms and Classroom
Management
The following excerpts illustrate the effect of analysis on the interactions and
norms by which pre-service teachers choose to manage learning.
T. “In lesson number 1, which took place in February, although most of
the questions I asked were closed questions, I also posed a lot of open,
reflective and meta-cognitive questions, and questions based on a high
order of thinking. However, because of the nature of the lesson tasks,
given to learners as personal tasks, there was almost no discourse
between learners and their colleagues, but mostly reactions to questions I
asked … In the second half of the year, I used more group and pair tasks,
so as to encourage mathematical discourse between learners, and indeed,
it was possible to see in lesson no. 2 many more conversations between
learners working in pairs, more reactions to what the other said, reasons
and explanations they gave to each other, mediated by questions that I
asked and also without mediation.”
T moved to group tasks instead of personal tasks to allow learners to talk among
themselves. A change testifying to a different view of the teacher as a facilitator
striving to structure knowledge by creating interactions between learners and
not seeing herself as the source of knowledge. A perception promoting
interpersonal discourse instead of IRF discourse with the teacher attests to a
change in the teacher’s professional identity.
T added the effect of her learning process on organizing interactions and times
within a lesson.
“…I shortened the opening part of the lesson with frontal acquisition for
all, I prolonged the part of independent work experience and discussion
following it and I planned a range of activities for the whole lesson that
constituted demonstrating different levels of comprehension.”
DISCUSSION AND CONCLUSIONS
As mentioned, the aim of the research was to examine how employing an
analytical model to analyze discourse promoting meaningful learning among
pre-service teachers. The results of this research are compatible with the need
for teacher education to turn work experience not just to a place to experience
these skills but also to a field of theoretical research (Korthagen, 2010). In fact,
what occurred here was an active process of changing views of
teaching/learning processes expressed by awareness of the quality of discourse
and their role as teachers in mediating teaching.
The results testify to a development in pre-service teachers’ reflective ability as
expressed by critical observations of the discourse they conducted in lessons
they taught and its influence on them as teachers. The model developed here led
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to a significant step in pre-service teachers’ ability to connect between theory
and their personal teaching practices and to move to and from practice to theory
and vice versa in their ambition to advance their teaching. However, from the
testimonies about the first wave of influence it emerged that in most cases
partially considering discourse exists characterized by practices to encourage
discourse such as: Do you agree? Who wants to add? Whilst adhering to
preplanning and without authentically relating to learners' answers and without
deepening the discourse and promoting commitment to all participants. The
change, therefore, is firstly on the level of questions alone.
The case of the expanded ripple teaches us that a pre-service teacher can
metaphorically distance herself from the conversation and observe the group
discourse from the side and plan steps that perhaps were not considered in
lesson planning. Distancing allows them to develop the ability to listen to the
developing authentic “here and now” discourse between learners, detachment
from original planning that is likely to fixate and re-enter the conversation when
they feel more confident.
The key conclusion emerging from this research is that using an analytical
model to analyze discourse among pre-service teachers has great multidirectional potential, which is simple and clear and demonstrates how it can be
integrated into the curriculum in an empowering and structured manner, and as
an integral part of the work experience. As such it meets the need for a link
between theory and practice in teacher education.
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The present research report takes one of the key notions of statistics and
probability as an object of study: the random variable, studied from its discrete
character. Supported by the theorical-methodological tools from the OntoSemiotic Approach (OSA) of mathematical cognition and instruction, it was
possible to define the reference meaning that diverse authors have built upon
this mathematical object, in order to study the representativeness of the
institutional meaning and the types of mathematical practices expected and
fostered by the Chilean mathematics curriculum for secondary education, to
learn the discrete random variable. The context of the proposed tasks plays a
key role, and in our work the possible relations between these and the meanings
of the discrete random variable promoted in textbooks, are also analyzed.
RANDOM VARIABLE AS A FUNDAMENTAL IDEA
The advances in science and technology, the exponential growth in data
collection systems, a globalized world that bombards day by day its citizens
with information through figures and graphs, have generated the need for new
analytic tools for the people, that could help them in the correct interpretation of
the information surrounding them. A key tool in this process is the so-called
statistical culture. Batanero (2002) explains that statistics have had a
fundamental role in the development of modern society, as it has provided a
battery of methodological tools to analyze variability, relations among
variables, design of studies and experiments, and improve the predictions to
make decisions in situations of uncertainty.
Because of the foregoing, the need to count with citizens culturized on statistics
have become an objective for leaders of diverse nations, who have promoted the
incorporation of statistics and probability in formal education. In this sense,
researchers and teachers have contributed to define curricular lines that allow
addressing these topics. The teaching of stochastic ideas throughout the
education process, began to be conceived by Bruner (1959; cited in Ruiz, 2013),
who in September of 1959 in the Woods Hole Conference, proposed the idea of
a spiral curriculum consisting of a series of possible fundamental ideas to teach
in different levels of complexity from preschool to university. Years later,
Heitele (1975) boldly proposed ten fundamental ideas in stochastic, based on
psychological and epistemological reflections, that is to say: Expressions of
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belief, the probability field, independence, the addition rule, equidistribution
and symmetry, combinatorics, urn model and simulation, stochastic variable,
the law of large numbers, and sample.
Heitele established the random variable as a fundamental idea from three
perspectives: the epistemological in which plays a basic role in the
mathematization of probability through history; the psychological in which the
intuition of magnitudes where chance participates, arises earlier than that of
random experiment; and as an explanatory model in which plays a key role in
three aspects, its distribution, its expectancy and operations between random
variables. Nevertheless, even when the importance of the random variable is
well-known, how does the mathematics curriculum and textbooks in the Chilean
context address the study of this notion? The present research report presents
the advances of a developing study about the meanings of the (discrete) random
variable, expected and promoted by the mathematics Chilean curriculum
(understood as the duo <Plans of study and textbooks>) and the
representativeness of those meanings regarding the reference meaning of the
random variable.
THEORETICAL FRAMEWORK
The present work uses some theoretical-methodological notions of the OntoSemiotic Approach (OSA) of mathematical cognition and instruction. To study
a mathematical concept, it is necessary to comprehend its characteristics,
scopes, fields of action, among other elements that might compose it, and thus
having a deeper understanding of that intended to be observed; it is necessary to
know the meaning of such mathematical object. It is possible to determine the
meaning or meanings of a given mathematical object from the historical
development of it through time. In this sense, Pino-Fan, Godino and Font
(2011), propose that the reference meaning is understood as the systems of
practices that are used as reference to elaborate the meanings that are intended
to be included in a study process. For a concrete educational institution, the
reference meaning will be a part of the holistic meaning of the mathematical
object.
In the OSA, the notion of mathematical practice is of great relevance, which
refers to any performance or manifestation (verbal, graphic, etc.) carried out by
someone in order to solve mathematical problems, to communicate the solution
to others, to validate the solution and generalize it to other contexts and
problems (Godino and Batanero,1994, p. 334). The practices can be
idiosyncratic of a person (personal practices) or shared within an institution
(institutional practices). Furthermore, in the OSA the anthropological premise
of socio-epistemic relativity of the system of practices, of the emergent objects
and the meaning, is assumed. Thus, the meaning of a mathematical object is
understood as the system of practices that a person makes (personal meaning) or
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shared in the heart of an institution (institutional meaning) to solve a type of
situations-problems.
Pino-Fan, Godino and Font (2011) indicate that the partial meaning of the
mathematical objects (that constitute the global reference meaning) have
associated epistemic configurations (situations/problems, linguistic elements,
concepts/definitions, properties/propositions, procedures and arguments) that
are mobilized when solving certain problems situations, in given historical
problems, and that gave rise to the emergence, evolution, formalization and
generalization of a given mathematical object, in this case, the random variable.
REFERENCE MEANING OF THE RANDOM VARIABLE
Based on the study of diverse historical stages of the random variable evolution,
according to different authors (e.g., Ruiz, 2013; Alvarado, 2007; Ortiz, 2002;
Heitele, 1975), it is shown that the mathematical object variable is the result of
numerous generalizations made through an evolution of more than 800 years.
Thus, it was possible to identify four meanings of the random variable, which
are described below.
Meaning 1: The Random Variable as a Variable of Interest
One of the first problem areas in which the idea of random variable is observed,
is the one linked with games of chance. However, the more formal
mathematical analysis of them, appeared in relatively recent times (García,
1971). The ideas depicted in these works are not very formal, as the existence of
variables or distributions in a general form, is not mentioned. Nevertheless,
variables are defined for particular cases and in certain cases their distributions
are considered. Different mathematicians were attracted by the problem of
estimating the equitable wager in the game of chance, which led them to
implicitly consider random variables and distribution. In modern terms, their
main interest was the mathematical expectation of the variable. Such was the
case of Fournival, Cardano or Galileo, who motivated by their interest to find
the best wager in games of chance, were devoted to study the possible outcomes
for rolling three dice. At a later stage, Pascal and Fermat, based on the ideas of
Fournival, Cardano and Galileo, started with the probability theory in search of
the solution for the equitable wager, further on, is Huygnes who manifests the
need to think about a variable of study, that is to say a variable of interest in
consideration of the context. In the analysis of his solution, Huygens makes
explicit the needed variable to analyze: “IN the first place we must consider the
number of Games still wanting to (win) either Party” (Huygens, 1714/1657,
p.4), for that, he situates in the context of the problem.
Meaning 2: Random Variable as Magnitude
De Moivre (1756), established a change regarding previous books of
probability. Latin began to be replaced by writing in or simultaneously
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translating into English or the native language of the author, which made that a
specialized vocabulary would develop faster by working with a living language.
Furthermore, it showed a different conceptual approach, in which he clearly
separated the probability of an outcome from its value or the expectation. In its
third edition (De Moivre, 1756) established the paradigm of mathematical
probability, leaving behind the philosophical problems and forming the
theoretical basis to all his propositions (Sylla, 2006).
According to Pearson (1924), De Moivre wrote the first treatment of the
probability integral and the essence of the Normal Curve, contributing with
diverse tools for the field of probability. In that age, scientists used the idea of
variable connected with the study of mathematical analysis. It was commonly
called quantity or variable magnitude, which evidenced its character linked with
measurement, process in which, the quality could take different values.
Meaning 3: The Random Variable as Statistical Variable
In parallel to the development of the probability theory, through the resolution
of game problems, emerged the birth of statistics through the gathering and
description of social or economic data. The human has had the need to do
counts and representations that could be considered simple statistical recounts
from time immemorial. The need to know and plan, in the sense of knowing
what is at hand and make accessible and manageable that information to take
decisions, caused that little by little politicians, traders and militaries would
carry out increasingly sophisticated census and counting.
Thus, the statistical variable is associated with the observation and description
of a sample from a dataset. Following this idea, Ríos (1967) proposed that the
statistical variable describes the set of values obtained in the data by making the
experiment a concrete n number of times, then, if we consider a random
experiment S and make a certain n number of tests relative to the same, we
obtain a set of observations called random sample of extension n. This set of
results will provide a statistical table in which certain values of the variable
correspond certain frequencies. To such “variable, that only represents the n
results of n executions of the S random experiment will be referred as statistical
variable” (Ríos, 1967, p.70).
Meaning 4: The Random Variable as a Function
Hawkins and cols. (1992), consider the concept of random variable as a function
with numerical values which domain is a sample space. Borovcnik and cols.
(1991) indicate that a variable is random when its value is determined as a result
of a random experiment; it also establishes that to characterize a random
variable we need to know the set of all its possible results and the probabilities
associated to each of them.
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Then, a random variable is defined as a function of the sample space E in the set
of real numbers R. Not any function can be a random variable. It is necessary
that, for each interval I, the set should be an event of the sample space and, thus,
should have a well-defined probability. This guarantees that the random
variable would carry the P probability that is defined over the E sample space to
the real line.
On the basis of that, Ortiz (2002) identifies the following elements of the
meaning of the random variable as a function:
RV 1:

The random variable takes its values depending on the results of
a random experiment.

RV 2:

It is a function of the sample space in R.

RV 3:

Is characterized through the distribution of probability, along
with the values that takes with its probability.

RV 4:

It is required that, for each I interval of R, the original set would
be the event of the sample space.

RV 5:

A random variable defines a measurement of probability over
the set of real numbers.

RV 6:

For each random variable we can define a function of
distribution in the following way:

RV 7:

The function of distribution of a random variable is a real
function of real variable, monotonous non decrescent.

RV 8:

The function of distribution of a random variable determines on
a biunivocal form the distribution of probability.

RV 9:

Be (xi , pi ) i ∈ I the distribution of probability of a discrete
random variable. The media or mathematical expectation is
defined as E[ξ] = ∑i ∈I xi pi . This concept expands the idea of
media in a random variable.

RV 10:

The mode is the most likely value of the variable.

RV 11:

The median is the value of the variable by which the function of
distribution takes the 1/2 value. Then, the probability that one
random variable would take a lower or equal value to the
median es exactly 1/2.

METHODOLOGICAL ASPECTS OF THE STUDY
The sample selected corresponds to the mathematics textbook of Chilean
secondary education. Secondary education in Chile considers 6 levels, from 7 th
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grade (12 years old) to 12th grade (15 years old). Each year the Chilean Ministry
of Education (MINEDUC), provides textbook for free to all the students from
public institutions. The elaboration of such textbooks is awarded on a tender
basis, thus throughout secondary education it is observed that different
editorials oversee the elaboration of them, as we can see in Figure 1.

Figure 1: Representation of the editorials in charge of the edition of textbooks in
Chile for each educational level
For the purposes of the present work textbooks from secondary education were
selected, excepting those of 11th and 12th grade, as they are outdated in relation
to the national curriculum published by the end of 2019. Along with the
mathematics textbooks of 7th, 8th, 9th, 10th grade, the 8th and 11th grade history
textbooks were analyzed, because of the relationship between the axis of
statistics and probability with the objectives set by the history subject around
the development of skills such as critical thinking.
EXAMPLES OF DEVELOPMENT OF THE ANALYSIS
To facilitate the analysis, a database which user screen we can see on Figure 2,
was created. In such database the pictures of the proposed tasks in textbooks are
uploaded and further analyzed. First, the general information of the task, the
level, the subject, the code of the task, the section analyzed and the page of the
original document from which it was extracted, are entered.

Figure 2: Database for analysis of typologies of tasks and meanings of the R. V

After that, the context present on the task is categorized. Based on a historical
study 7 possible contexts were determined: (a) games of chance, considering
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every task involving dices, cards, coins, picking from a bag and others; (b)
census and records, considering every task related with the counting of a
population and its characteristics; (c) natural and biological sciences,
considering any task related with natural environment, health, flora and fauna;
(d) physics and astronomy, taking into account every task concerning stars and
physical processes such as sound, speed, among others; (e) observation and
interpretation of data from polls, entails every task in which interpretation of
poll data is not determined by a particular population and which size is lower
than that of a census, as well as, the data recording in matches of different types
of sports, is involved; (f) formal, considering tasks which context is the use of
axioms and formal definitions of the variable; and (g) without context.
Once the context is defined, the meaning which the task is trying to address is
identified, this is done through the statement itself of the task and of the
elements of the epistemic configuration intended to be used in the practices that
solve the task. These meanings are: (S1) as variable of interest: (S2) as
magnitude: (S3) as statistical variable; (S4) as function. Additionally, problems
without classification were contemplated for such cases in which the task
mobilizes more than one or any meaning, with or without context.
Once the context and meaning are identified, the types of activated
representations or the ones expected to be activated by the task are analyzed,
say: verbal, graphic, symbolic, tabular or iconic. Moreover, a differentiation
between the previous representation, which we understand as the ones that
should, originally, interpret and decode the student (or subject) with the aim of
comprehending and facing the task; and emergent, seen as those that emerge as
part of the subjects answers (or expected answers, if seen from an institutional
point of view), is made . Depending on the type of task, it is possible that apart
from a previous representation and an emergent one, may arise a transitory,
necessary to address before the emergent representation.
Finally, and particularly for meaning four (S4), random variable as function, the
intentional elements present in the task are identified, as well as, the typology of
problems, based on the previously mentioned proposal of Ortiz (2002).
FINAL REFLECTIONS
From the analysis performed so far, we have determined that the intended
meanings of the mathematics Chilean curriculum about the notion of random
variable seem not to be representative of the holistic meaning of reference.
While it possible to distinguish tasks that promote the S1 and S3 meanings, in
the earlier stages of secondary education (7th and 8th grade) S2 meaning cannot
be observed. On the other hand, despite 10th grade provides a complete section
entitled random variable, in which this function is defined as that which takes
values according to the results of an random experiment, promoting S4, in 9 th
grade there is no visible definition of the variable provided, in detriment of an
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adequate transition between meanings. It appears that the existent relation
between the statistical variable and the random variable is not promoted,
restricting the first to a mere characteristic of a population, omitting the
conception of this as the description of an n number of experiments, which
would allow favoring a better transition of the students from meaning 3 to
meaning 4. Finally, regarding the contexts of work, games of chance continue to
be present in greater extent, followed by the observation of polls and census and
records. Concerning the variables in study there is a tendency towards discrete
variables in lower levels, it is worth noticing that, although there are tasks that
promote the distinction between variables of discrete and continuous kinds in
the first levels, this distinction seems to be lost as the higher levels are reached.
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TEACHER PROMOTING STUDENT MATHEMATICAL
ARGUMENTS THROUGH QUESTIONS
Jonathan Cervantes-Barraza, Guadalupe Cabañas-Sánchez
Universidad Autónoma de Guerrero, México
In this paper we focus on how a teacher promotes the construction of arguments
and encourages the development of student’s argumentation skills through
questions in the context of collective argumentation. In the frame of Global
Argumentation Structure (GAS), we reconstructed the argumentation that
occurred in a mathematics class with fifth graders (K-5). Findings provide four
types of questions that teacher used to promoted collective argumentation and
posed to students: an answer, a warrant, an evaluation of partners’ arguments
and a drawing as backing.
INTRODUCTION
Research has documented that teachers play an important role in mathematics
argumentation, because they support collective argumentation in various ways:
posing problems to be solved, contributing various parts of arguments, and
asking questions (Singletary & Conner, 2015), also their interventions promote
students to share mathematical ideas (Mueller, Yankelewitz, & Maher, 2014),
and increase the opportunities of students’ participation (Graham & Lesseig,
2018). The purpose of this paper is to reveal how teachers’ questions promote
the construction of arguments in the mathematical classroom, encourage the
development of argumentative skills in students, the confrontation of arguments
and the refutation of conclusions. To do so, we use the analysis of the Global
Argumentation Structures (GAS), they describe larger structures of
argumentation, contain students’ arguments and reveal a complete overview of
the argumentation that took place in the classroom (Knipping & Reid, 2015).
The following research question guides the study: What teacher’s questions
promote the construction of arguments in the collective argumentation?
COLLECTIVE ARGUMENTATION
It is widely recognized that refutation and argumentation are important in
mathematics classroom activities (Komatsu & Jones, 2019; Cervantes-Barraza,
Cabañas-Sánchez, & Reid, 2019). We understand collective argumentation as
the social and rational activity that occurs in the interaction between students
and teacher with the purpose of building a final conclusion based on evidence
(data) and valid reasons (warrants). In this activity, the teacher manages the
participations of students and the refutation of partners’ arguments through
questions. In this paper, we refer to a refutation as a mathematical statement that
denies completely one part of the argument (see Figure 1). Three ways in which
an argument can be refuted have been reported: The data of the argument can
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be refuted, leaving the conclusion in doubt. The warrant of the argument can be
refuted, again leaving the conclusion in doubt. Or the conclusion itself can be
refuted, implying that either the data or the warrant is invalid, but not saying
which (Reid, Knipping, & Crosby, 2011, p.3).

Figure 1: Ways of refuting an argument. (Source authors)
PROMOTING STUDENTS’ CONSTRUCTION OF ARGUMENTS
The teacher plays an important role in collective argumentation because s/he
contributes part of the argumentation (e.g., data or warrants), asks questions to
support the construction of arguments (Singletary & Conner, 2015), increases
the opportunities of students’ participation through instructional activities and
promotes their disposition towards argumentation (Graham & Lesseig, 2018).
Extending the teacher’s contributions reported in the literature in order to
support argumentation in classroom, in this paper we focus on how the teacher
promotes the construction of arguments and encourages the development of the
students’ argumentation skills through questions. By argumentation skills we
refer to the students’ capabilities of carrying out a particular activity in the
frame of argumentation such as: justifying, evaluating, and refuting. Based on
empirical results, we provide a category of questions that teachers ask in order
to manage the confrontation of arguments and refutations of conclusions. In
Table 1 we present the categories of questions, their description and examples
of teacher’s questions used in a mathematics class with fifth graders in the
context of triangle classification according to angle measure.

82

Category

Request
answer

Description

Example

Ask students to present a Teacher: Are there equilateral
closed
answer triangles with one angle greater
an (conclusion) of “yes” or than 90°? Justify your answer
“no” type.
[T2]
Teacher: What is your answer?
[T3]

Request
evaluation

Ask students to evaluate
partners’
arguments.
Answers of this type of
question call on students
to refute conclusions,
valid them, or show the
an sufficiency of warrants.

Teacher: What can others say?
[T3 & T6]
Ulises: It is wrong! (Refuting)
Teacher: All of you agree? [T5]
Julieta: Yes!
(validation)
Teacher: Bigger than what? [T1]
Agustin: It is going to be bigger
than one hundred and eighty!
(Sufficiency of warrant)

Request
warrant

a Ask students to justify Teacher: Why do you say that
their
answers they do not exist? [T3]
(conclusions).
Teacher: Why the conclusion of
your partner is wrong? [T5]
Ask students to explain
their conclusions and
warrants
based
on
drawings on the board.

Request
drawing
backing

a
as

Teacher: Can you go to the board
and explain to your partners that it
is not possible? [T6]
Manu: It is not possible!...
because the sum of angles is not
one hundred and eighty… [the
student went to the board and
drew an isosceles triangle with
three angles of forty degree]
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Table 1: Types of questions that promote the construction of arguments. (Note:
T1, T2, T3, …T9 means task 1, task 2, and so on.)
METHODOLOGY
The analysis presented in this paper is part of a wide study developed with fifth
graders (K-5) with the aim of develop students’ argumentation abilities in the
context of collective argumentation through teacher’s questions. In this paper
we focus on students’ arguments and teacher interventions during the
development of one of the nine mathematics tasks.
Mathematics Task
The design of the tasks considered design principles in order to promote
collective argumentation in classroom (Cabañas-Sánchez & Cervantes-Barraza,
2019). The mathematics content of the tasks refers to triangle classification
based on internal angle measures (see Table 2). The tasks were designed with
the aim of requiring students to construct arguments about the existence of
equilateral, isosceles and scalene triangles with an angle less, greater or equal to
ninety degrees.

T1:
Are
there
equilateral
triangles
with a 90° angle?
Justify your response.

T4: Are there isosceles
triangles with a 90°
angle? Justify your
response.

T7: Are there scalene
triangles with a 90°
angle? Justify your
response.

T2:
Are
there
equilateral
triangles
with an angle greater
than 90°? Justify your
response

T5: Are there isosceles
triangles with an angle
greater than 90°? Justify
your response

T8: Are there scalene
triangles with an angle
greater
than
90°?
Justify your response

T3:
Are
there
equilateral
triangles
with an angle less than
90°?
Justify
your
response

T6: Are there isosceles
triangles with an angle
less than 90°? Justify
your response.

T9: Are there scalene
triangles with an angle
less than 90°? Justify
your response.

Table 2: Tasks about triangle classification
Participants and Classroom Activity
The participants were 22 fifth grade students from an urban school located in
southern Mexico. The authors of this paper played the role of teacher,
developed all the tasks with the collaboration of two auxiliary researchers and
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the teacher responsible for the group participated in the role of observer. The
activity in the classroom took place in two different phases: individual and
collective. In the first phase, students answered each mathematics task on their
worksheets. In the second phase, the teacher promoted the construction of
collective arguments and fostered the students’ development of argumentative
skills like refuting, justifying and arguing.
Analysis and Data Collection
The qualitative analysis of data is based on Knipping and Reid’s (2015)
proposal for the reconstruction of mathematics argumentation in classrooms in
terms of local and global arguments. According to Knipping and Reid (2015)
the reconstruction of argumentation consists of a three stage process: 1)
Reconstructing the sequencing and meaning of classroom talk, 2) analyzing
arguments and argumentation structures, and 3) comparing argumentations to
reveal their rationale. We reconstructed and present here some findings from the
argumentation that occurred during Task 5, because this task contains all the
types of questions, which allows us to provide evidence of each type.
Interactions in the classroom were video recorded, transcribed and the students’
arguments reconstructed.
Types of teacher questions that guided the construction of arguments were
identified from transcripts of the sessions. Questions were classified as
requesting: an answer, an evaluation, a warrant and a drawing as backing. We
added teacher questions as a part of the local and global argumentation
structures, because they guide the students in the construction and confrontation
of arguments. In the local argumentation the questions are presented in italics
located in the moments when the teacher made them and, in the global
argumentation structure we represented them with question marks (¿?).
PROMOTING ARGUMENTS CONSTRUCTION THROUGH
QUESTIONS
Questions that Request an Answer
Task 5 required the students to argue about the existence of isosceles triangles
with an angle greater than ninety degrees (see Figure 2). The global
argumentation structure of this task is made up of three argumentation streams
(AS). In the first argumentation stream (AS-1) the teacher, in order to promote
the construction of arguments about the existence of the triangle under study,
read the question of the task and provided the initial information (D1). Based on
the task question, the teacher asked: Who said not? And, Someone else?
requesting students to present “yes” or “no” answers as their conclusions (C1
and C2).
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Figure 2: Teacher’s questions that request an answer in AS-1.
Questions that Request an Evaluation
This type of question encourages students to evaluate their peers’ arguments.
The answers of this type of question force students to refute conclusions,
validate them or give evidence for the sufficiency of warrant. In the case of
(AS-1), the teacher asked What do others say? with the aim of involving
students in providing an evaluation about conclusions (C1 and C2) and
promoting that peers refute them (see Figure 3).
Questions that Request a Warrant
Following the argumentation flow, in the second argumentation stream (AS-2)
two students refuted (R1 and R2) the conclusion (C2) (see Figure 3) and
presented warrants (WR1 and WR2) in response of the teacher’s question: Why
is he wrong? with the objective of requesting a justification of the refutation
presented by the students and convince the students that presented the
conclusion (C2).

Figure 3: Refutation of conclusions C2 and C1, and teachers’ questions in AS-2
This type of question promoted that students offered warrants with the function
of justifing the refutation of conclusions (C1 and C2). The warrant (WR1)
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implies the property that the sum of the internal angles of any triangle is 180
degrees, and the warrant (WR2) contains measures of angles that satisfy the
property and make valid the refutations. We also recognize that the teacher
question Who did it in a different way?... Where it is possible? requested to the
students an evaluation of the argument, particularly about the conclusion (C2)
and (W2) in figure 2.
Questions that Request a Drawing as Backing
This type of question asked students implicitly to provide a drawing of
particular cases mentioned, backing up the warrant that justifies the students’
conclusions. In argumentation stream (AS-3) the teacher guided the students in
the construction of the final conclusion of the task. To do so, he made different
questions with the purpose of validating the existence of an isosceles triangle
with an angle greater than ninety. The question Someone did it in a different
way? (see Figure 4) motivated the participation of Agustin. This student drew a
triangle on the board to support the conclusion (C5) and the warrant (W4).

Figure 4: Argument of Agustin in AS-3 with a drawing of an isosceles triangle
drawn on the board
Global Argumentation Stream of Task 5
In the global argumentation structure of the task (see Figure 5), we recognized
different teacher’s questions that guided students in the construction of
arguments through the final conclusion “They do not exist” (C7). We also
documented questions that implied conclusions, warrants, drawings as a
backing and an evaluation of other’s arguments in (AS-1) and (AS-2). About
(AS-3), teacher asked different questions such as: Do you agree? Someone did it
in a different way? How did you draw it? implied conclusions (C4, C5, C6, C7)
and encouraged students in providing warrants (W4 and W5) that justified the
conclusions.
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Figure 5: Global argumentation structure of the task 5
This global argumentation structure of the task is made up of three
argumentation streams that show the interaction between the students and
teacher, who guided them to construct a final conclusion in the task. Contrasting
findings of this paper with research reported about argumentation structures, we
recognized that the structure of this task is similar to source-structure
documented by Knipping and Reid (2015). This consists of several data and
conclusions that support the same final conclusion. As a contribution of this
paper, we included teacher interventions in the global argumentation structure
exactly in the moment where teacher fostered the construction of arguments
through questions (¿?).
CONCLUDING REMARKS
In this paper we revealed how the teacher promotes the construction of
arguments from questions in the mathematics classroom. The teacher poses
questions that request from students an answer, an evaluation, a warrant and a
drawing that supports the conclusions presented. In general, the teacher’s
questions fostered the development of argumentation skills, guided the
construction of arguments, refutation of conclusions and promoted the
presentation of necessary arguments elements (e.g., warrants, backings,
conclusions). Also, we highlight that these types of questions can be helpful for
future and in-service teachers in fostering argumentation taking them as a part
of their classes.
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This paper reports on a coding framework for categorizing different forms of
mathematics teacher in-class learning. Utilizing a research design that
stimulates teachers’ reflection on their lesson planning and teaching, a coding
framework was developed as part of this international project to categorize
teachers’ interview statements in relation to their learning. This paper explains
the theory of teacher learning which underpins this project and reports on the
development and implementation of the coding framework with illustrative case
study examples from three countries (Australia, China, and Germany).
BACKGROUND
Organized professional development programs or activities are increasingly
relied upon in different education systems to enhance teachers’ professional
knowledge and improve classroom practices, with the ultimate goal of fostering
student learning and achievement gains (Borko, Jacobs, Eiteljorg, & Pittman,
2008). Nonetheless, participation in organized professional development
programs is not the only means for teachers to develop professionally. The
Learning from Lessons project (Chan et al., 2017) was designed to focus on
what we called teacher “in-class learning”: Teacher learning that takes place as
part of teachers’ day-to-day practice, particularly in relation to their lesson
planning and teaching.
Theories of Teacher Learning
Focusing on the mechanism of teacher learning, Boylan, Coldwell, Maxwell,
and Jordan (2018) reviewed five theoretical models of teacher professional
learning (Clarke & Hollingsworth, 2002; Desimone, 2009; Evans, 2014;
Guskey, 2002; Opfer & Pedder, 2011). These models intend to have wide
applicability and have variously been used to inform the design, analysis, and
evaluation of teacher professional development activities. Boylan et al. found
differences and inconsistencies between the models, particularly in terms of the
components and domains of change included (e.g., teacher practice, student
outcomes, teacher beliefs and attitudes, and school and learning activity
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systems), scope (micro, meso, or macro), theory of learning (socially situated
experiential, social constructivist, or cognitive), the location of agency in
directing or facilitating professional learning (mainly within the teacher or
involving broader structures, processes, or systems), and the philosophical
foundation (e.g., sociological positivist, social constructivist, or complexity
theory). Rather than providing a unified “meta” model of teacher professional
learning, Boylan et al. argued for the need to seek multiple answers in
understanding the complexities of teacher professional learning.
The current project draws from the Interconnected Model of Teacher
Professional Growth (Clarke & Hollingsworth, 2002; Clarke & Peter, 1993;
Peter, 1996) which suggests that the process of teacher professional growth is
non-linear and recursive. A unique feature of the model is the emphasis on the
processes of enactment and reflection in connecting and facilitating changes in
teachers’ professional environment, where enactment involves putting into
action a new idea, a new belief, or a newly encountered practice (Clarke &
Hollingsworth, 2002, p.953) and reflection involves “active, persistent and
careful consideration” (p.954).
A pilot study (Clarke, Clarke, Roche, & Chan, 2015) was undertaken in
Australia to identify empirical evidence of teacher learning based on teachers’
reflection of their lesson planning and teaching. Two forms of evidence were
found: Teachers’ declarative “claim to know” (epistemic claim) and an
observable or recounted change in the individual practice (adaptive practice).
Examination of further cases in Australia (Chan, Roche, Clarke, & Clarke,
2019) found different mechanisms of teacher learning evident in teachers’
epistemic claims – consolidation of existing knowledge and beliefs, and
realization of new knowledge and beliefs. It is suggested that these two
mechanisms both contribute to teacher learning, particularly in day-to-day
teaching practice as teachers expand their existing knowledge base
(consolidation) and form new knowledge and beliefs (new realization).
To further refine and validate the learning categories and investigate the nature
of teacher professional learning, this research seeks evidence of these learning
categories in cases beyond Australia. It addresses the research question: To
what extent do the learning categories of consolidation and new realization, and
adaptive practice, apply to teachers in Australia, China, and Germany?
Answering this question provides an important step towards cross-country
comparison of teacher learning in the project.
RESEARCH DESIGN
The case study data reported in this paper came from an international research
project, which aimed to investigate the mathematics teachers’ in-class learning
in Australia, China, and Germany (Chan et al., 2017). The project combined
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focused case studies with an online survey of mathematics teachers’ focus of
attention and consequent learning in the three countries.
Participants
Case studies were undertaken of three teachers, teaching Year 4 in China, and
Year 5 in Australia and in Germany. The reason for the difference in year levels
was to accommodate the difference in lesson topics commonly taught in the
three countries, where some of the Year 5 topics taught in Australia and
Germany are taught in Year 4 in China. The three teachers were male and in
their thirties. The Australian teacher (AU_T5) had 5 years’ teaching experience
and was trained as a generalist primary teacher. The Chinese teacher (CH_T4)
had 18 years’ teaching experience and was trained as a specialist mathematics
teacher. The German teacher (DE_T5) had 6 years teaching experience and was
trained as a secondary (grammar) schoolteacher.
Data Generation
The three teachers were separately given a different set of three researcherdesigned lesson plans in the local language appropriate for their teaching
context. Three lesson topics that were common across Year 5 Australia and
Germany, and Year 4 in China were chosen for the researcher-designed lesson
plans: i) division with two digit divisors; ii) introduction to decimals, and iii)
parallelograms and trapezia.
For example, for the Year 5 lesson plan on division with two-digit divisors
given to the teachers in Australia and Germany, students worked in pairs to
solve division word problems. The word problems all involve the same numbers
(1144 and 32, which do not divide exactly), but each word problem has a
different answer (e.g., “A dairy farm produced 1144 liters of milk, and has 32
containers in which to store the milk. If the containers are filled exactly, how
much milk should go into each container?”). The purpose of the lesson is to
draw the attention of students to the meaning of the question, and that the
context of the problem determines the way in which the remainder is best used
and expressed (Clarke, Roche, Sullivan, & Cheeseman, 2014). For the Year 4
lesson plan in China on the same topic, students were asked to solve problems
with three-digit dividends and two-digit divisors in various contexts (e.g.,
“There are 178 storybooks to share with different classes. Each class can get 30
books. How many classes will have books?”). An emphasis of the lesson was
for students to correctly write the calculation steps. The content of each
researcher-designed lesson plan was checked for suitability to the local context
by each country team.
Each of the teachers was asked to adapt the researcher-designed lesson plan and
then teach the lesson to their usual class (26 students in a class in Australia; 55
students in China, and 30 students in Germany). After teaching the adapted
lesson, the teachers were asked to design a follow-up lesson themselves and
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deliver this lesson to the same class a few days after the adapted lesson. This
process was repeated for each lesson plan provided, resulting in the delivery of
three adapted lessons and three follow-up lessons per teacher. Pre- and postlesson interviews were conducted with each teacher on the same day as the
adapted and follow-up lesson. All the interviews were carried out by the local
team in the local language.
The project was designed to generate data on each teacher’s adaptation of a predesigned lesson, the teacher’s actions during the lesson, the teacher’s reflective
thoughts about the lesson and, most importantly, the consequences for the
planning and teaching of a second (follow-up) lesson. All the pre- and postlesson interviews and the adapted and follow-up lessons were video recorded,
with the video recording of the lesson just taught used in the post-lesson
interview to stimulate the teachers’ recall and reflection on the lesson. All the
interviews were fully transcribed in the local language.
Data Analysis
The analysis reported in this paper drew on the interview data with the three
case study teachers, and specifically, the teachers’ responses to interview
questions related to their learning. Seven questions across the four interviews
(two interviews each, pre- and post-lessons, for the adapted and follow-up
lessons) were included in the analysis which explicitly asked what the teachers
thought they learned from the activities carried out as part of the project (lesson
plan adaptation, adapted lesson teaching, creation of follow-up lesson plan, and
follow-up lesson teaching). Example questions included: “Please describe
anything you have learned because of participating in the task activity, and in
reading and planning the lesson. Explain your response” (pre-lesson interview),
“Was there anything that happened during the lesson that was really unexpected
by you?” (post-lesson interview), “Which moments in the lesson do you think
provided learning opportunities for you? What did you learn?” (post-lesson
interview).
After collating the teacher interview responses to the above questions, the
responses were partitioned into idea units, where an idea unit is “a distinct shift
in focus or change in topic” (Jacobs, Yoshida, Stigler, & Fernandez, 1997, p.
13). Each idea unit was then coded for epistemic claim (consolidation or new
realization) and any indication of adaptive practice by at least two researchers in
each country team.
RESULTS
After reviewing the reflective statements of the three teachers, we found that all
the teachers identified things that they thought they had learned in the course of
participating in the project. We could find statements that indicate learning
based on the three coding categories (consolidation, new realization, and
adaptive practice) for all three teachers. The following provides illustrative
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examples for the coding categories which were drawn from interviews where
the teachers have each been given a researcher-designed lesson plan on the topic
“division with two-digit divisors” for adaptation and teaching. The statements
of the Chinese and German teachers are translated into English for reporting in
this paper.
For the Year 5 Australian teacher, he thought the lesson topic on the context of
a mathematical problem “reignited” his emphasis on the topic in his teaching
(consolidation).
“I would’ve liked to have thought that it was a big priority in my teaching, but
reading this, it’s probably reignited that light of realising that, “hey, the
context of the problem is super, super, super important.” ... I certainly have got
more appreciation of that. So, that would be learning out of it, for sure.”
(AU_T5 preadapted lesson interview)

In the post-lesson interview of the adapted lesson, he learned that not many of
his students applied a problem-solving strategy that was covered in the past
(new realization):
“I was surprised that looking through the sheets that not many of them like
physically sort of circled or highlighted key information, which felt like a
problem-solving strategy we’ve done in the past.” (AU_T5 post adapted lesson
interview)

He particularly reflected on task difficulty for his students and thought starting
with smaller numbers for the division problems could have given students more
confidence for the lesson (adaptive practice).
“I guess I’m still sort of learning in terms of differentiating the task. On
reflection, maybe I could have done that better at the start, knowing that the
Grade 5 cohort would have really struggled with the big numbers. Even though
using smaller numbers does not change the thinking of the actual task, at least
it sorts of gives them a bit more of a security blanket.” (AU_T5 post adapted
lesson interview)

Similar to the Australian teacher, the Year 5 German teacher also found his
knowledge consolidated in the teaching process, specifically about the
importance of helping students to understand how to deal with decimal places in
relation to units of measurement (e.g., liters vs milliliters in the problem that
deals with the division of milk into containers described earlier).
“What I found confirmative again was how important the last zero was if it is
75 ml or 750. [...] For them (the students), the problem is about part-whole
relationship. They are not aware that I now have steps of thousandths for the
units.” (DE_T5 post follow-up lesson interview)

In the pre-lesson interview for the first follow-up lesson, he learned from the
previous lesson to anticipate typical student mistakes, even if he does not think
that his students would make them (new realization).
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“When considering typical mistakes beforehand, and then you realize that they
(the students) really do make them, so you can actually even expect them to
happen and plan how to deal with them. That they really occurred and that it
really did fit well, that was funny. That I have learnt.” (DE_T5 pre follow-up
lesson interview)

On reflection, the teacher thought it was important to give students who are still
working on the problem more chance to keep working rather than make visible
other students’ completed work to them pre-maturely, and he suggested an
alternative way to address this in the future (adaptive practice).
“Next time I would definitely turn them [the post-it’s with the student solutions
that had been pinned to the blackboard] around right away [so that the
students who are still working on the tasks cannot see them].” (DE_T5 post
adapted lesson interview)

Unlike the Australian and German teachers who spoke specifically about what
was reconfirmed for them in the teaching process, the Year 4 Chinese teacher
often spoke in general terms about what teachers should learn from their
teaching. The teacher’s comment can be considered as a form of confirmation
as he voiced his belief about the need to keep a positive attitude when teaching.
“For many inexperienced teachers, when the start of the class does not start
smoothly, their emotions get affected and the rest of the lesson doesn’t run
smoothly. So, there is a need to keep a positive attitude when teaching – it is
normal for children to make mistakes. How to adjust their mistakes is what we
(teachers) learn.” (CH_T4 post adapted lesson interview)

Through analyzing the lesson topic, the teacher “discovered” its importance
(new realization).
“I read through the later key points and discovered something. … For all the
later key points, such as division that is not of numbers that are multiples of 10,
everything needs to be converted to multiples of 10 in order to calculate. When
do we need to convert? For example, the later Example Question 2, to divide …
21, a student needs to think of 21 as 20 to try to divide. … Examples 1 and 2
are basically the foundation of the entire two-digit division method, so this
lesson needs to be treated seriously, as it is basically giving (the students) the
foundation today.” (CH_T4 preadapted lesson interview)

For the teacher, the unexpected responses of the students’ summaries drew his
attention to his questioning, which he thought could be improved (adaptive
practice).
“When summarising the similarities between the two example questions, some
students concluded that they are both divisions, some concluded that they are
division of multiple digits by multiple digits, which are all very superficial
summaries. These kinds of summaries were unexpected. I mainly wanted them
to summarise the two vertical mathematical expressions, (but) maybe my
questioning was too vague. If I had pointed to something clearer, I would let
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(the students) directly see the similarities between these two vertical
mathematical expressions, maybe that would be better.” (CH_T4 post adapted
lesson interview)

Accordingly, we found statements given by the case study teachers in the three
countries that appeared to confirm the teachers’ already held beliefs and
expectations, even though they thought that was also part of their learning
(consolidation). Through these statements, the teachers expressed their existing
knowledge or beliefs, and how the new situation, activity, or event had
“reignited” or “confirmed” those knowledge or beliefs. These consolidation
statements contrast other teacher statements that appear to suggest something
that was unexpected, surprising, or new for the teachers, conveying a sense of
novelty in what the teachers observed or realized (new realization). In addition,
we also found statements given by the teachers which showed that they actively
thought of ways to improve their practice by suggesting alternative practice and
things that they may do differently (adaptive practice).
DISCUSSION
One of the aims of the Learning from Lessons project is to provide crosscultural insights into teacher in-class learning. Using purposefully designed
experimental mathematics lesson plans, teachers were asked in this project to
adapt a researcher-designed lesson plan, teach the adapted lesson, and create
and teach a follow-up lesson. The pre- and post-lesson interviews conducted in
the research provided opportunities for the teachers to reflect on what changes
in their knowledge and practice were evident, and how those changes occurred.
Care was given to replicate the research design in the three countries (Australia,
China, and Germany), while accommodating differences in local contexts.
While we found evidence of the learning categories developed based on the
Australian case studies (Chan et al., 2019), we were unsure if teachers in other
countries would express their in-class learning in similar ways. From the case
study teachers’ responses to the learning questions in the three countries, we
could distinguish two learning mechanisms in terms of consolidation
(reinforcement of existing knowledge and beliefs) and new realization
(realization of new knowledge and beliefs). We have also found that the case
study teacher in each of the countries actively considered ways to improve their
practice based on their teaching (adaptive practice). The presence of teacher
interview statements that fit with the proposed learning categories suggests the
research design allows similar evidence of teacher learning to be found in the
three different countries. This is a significant result, as this allows the project to
proceed with making comparisons between teachers in the case study and
survey data in Australia, China, and Germany in terms of their reflection of
teacher in-class learning.
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On a theoretical level, conceptualizing teacher learning in terms of
consolidation, new realization, and adaptive practice poses new questions for
further research. We can ask the questions: What characterizes teachers who
have a greater tendency to experience learning as new realization? What
characterizes those who have a greater tendency to experience learning as
consolidation? What types of events or conditions trigger new realization or
adaptive practice? What are such new realizations or adaptive practices about?
These questions will be addressed in future papers, drawing from the survey and
cross-cultural components of the project.
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CONCEPTS IN ACTION: MULTIPLICATION AS SPREAD
Sean Chorney, Nathalie Sinclair
Simon Fraser University
In this research report, we work with the novel, multitouch app TouchTimes,
which was designed to develop multiplicative thinking in young learners
through gesture-based interactions. One aspect of multiplication highlighted in
this app is its functional, one-to-many relation, which several researchers have
identified as key to developing multiplicative thinking. In this study, we use
Balacheff’s cK¢ model, which highlights the action/feedback control structure
to describe how this relation is instantiated in children’s use of TouchTimes.
Through an analysis of a pair of 9-year-olds, we show how this relation evolved
into a concept, which we call multiplication-as-spread.
INTRODUCTION
Typically, children’s first encounters with multiplication in North America is in
terms of repeated addition. The use of this model often persists throughout
grades 3 and 4. While it may be an intuitive way of introducing multiplication,
it becomes problematic as it encourages continued use of additive thinking.
There exist several other models which can support a more robust conception of
multiplication. In this study, we focus on the model of the one-to-many relation
articulated by Confrey (1994), which she calls ‘splitting’, and which involves
“… an action of creating simultaneously multiple versions of an original” (p.
292). Splitting can be visualized using a tree diagram, which highlights the oneto-many relation that simultaneously produces copies of the original. The
centrality of this relation is also highlighted by Askew (2018) and Davydov
(1992).
We will be presenting a touchscreen application TouchTimes (TT; Jackiw &
Sinclair, 2019) that aims to provide students with an experience of
multiplication that uses this one-to-many model. This is done through the
gestural expression of multiplication, which involves a dynamic, visual and
simultaneous production, rather than the sequential one typical of repeated
addition. Using Balacheff’s cK¢ model, which is a re-articulation of Vergnaud’s
(1990) notion of ‘concept in action’, that emphasises the essential feature of
control as an essential aspect of the concept, we study the emergence of the oneto-many multiplicative relation both in the gestural interaction and then as an
articulated concept.
BRIEF DESCRIPTION OF TOUCHTIMES
The initial screen of TT has a vertical line down the middle which creates two
sides (Figure 1a). When one side is touched with a finger, or a group of fingers,
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discs will appear in a one-to-one correspondence with each finger. These discs
are called pips and represent the multiplicand, or unit, that will be multiplied.
Each pip will be a different colour. When the other side is touched with a single
or group of fingers, each configuration (called a ‘pod’) of the multiplicand side
(the side that was touched first), both in terms of position and colour, will
appear in a one-to-one correspondence with each finger. Each pod will be
identical to the finger configuration on the pip side. If three fingers touch the
left side in a triangle-like pattern, three pips will appear under each finger and
each of the three pips will be a different colour (Figure 1b). When the other side
is touched, the triangular pattern of the multi-coloured pips will be copied under
each finger in pod-groupings (Figure 2c). If another finger is placed on the pip
side, each pod on the other side will grow, in a simultaneous copy—this
effectively performs the one-to-many relation. When a pip-finger is lifted, the
inverse occurs: each pod decreases in size. Fingers can be added to the pod side
to make new pods. Similarly, a pod can be dragged to the trash. Whenever pips
and pods are created on the screen, a multiplication statement appears on the top
of the screen (Figure 1c).

Figure 1: (a) Initial screen of TT; (b) Creating 3 pips; (c) Creating 4 pods
THEORETICAL FRAMING
Concepts in action as described by Vergnaud (1990) are actions made that are
correct and conceptually coherent, even though students may not be able to
explicitly articulate this. As Vergnaud writes, “We take up information with the
help of invariants (categories, relationships, and higher-level entities), without
expressing or even being able to express these invariants. This is especially
visible in students' mathematical behavior, as they often choose the right thing
to do without being able to mention the reasons for it” (p. 20). Concepts in
action stem from Vergnaud’s theory of conceptual fields in which multi-faceted
concepts (like multiplication) are not unified by one overall mathematical idea
but involve multiple conceptual experiences. In our case, we are interested in
the one-to-many conceptual experience that we hypothesise TT can provide.
Vergnaud’s concepts in action directs the researcher’s attention to the behaviour
of students—to their choices, their actions and their language—which is then
used to make inferences about their concepts in action. In articulating
Vergnaud’s ideas further, Balacheff’s (2017) cK¢ model of conceptualization
draws attention to the action/feedback loop as an essential component of a
concept in action. Balacheff argues that choices made by a subject based on
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feedback represent a necessary “control structure” (p. 9) that is a fundamental
part of the concept. In the case of studying TT, in which gestures are a
significant form of action, and in which the visual presentation of pips and pods
provides important and immediate feedback on these actions, our analysis of
behaviour will involve looking closely at the various hand movements made by
the students on the screen, and taking these particular movements as mattering
to students’ developing conceptualisations, as per the tenets of theories of
embodiment (c.f., Arzarello, Bairral & Danè, 2014; Sinclair & de Freitas, 2014).
The research objective is to document the transformation of the concept in
action developed in TT into an explicitly articulated concept.
METHODS
The study took place in an elementary school in western Canada. We conducted
teaching experiments aimed to gain insight into the multiplicative thinking that
might emerge from interactions with TT. For this paper, we have selected one
episode that involves two grade 3 girls (9 years old), who had begun to study
multiplication (as repeated addition). The girls were working on the following
task in TT: skip-count by 3s in two different ways. One method involves
changing the number of pods; the other involves changing the number of pips.
The students worked in pairs and many of them were video recorded by two
researchers who circulated in the classroom from pair to pair. We have chosen
this particular pair for analysis because the shift from a concept in action to the
concept of the one-to-many multiplicative relation occurred during a single
video clip (for most other pairs, we only captured the concept in action or the
explanation). In our analysis, we draw on Vergnaud’s (1990) method, which is:
to precisely describe the behaviour of the student; to identify the invariant
properties of the situation; and, to trace the development and transformation of
language and symbolic activity to highlight the way in which the student can
explicitly describe the concept.
FINDINGS
The two girls, whom we will refer to as Jen and Jessica, were working together
on the floor with one iPad that rested at an angle on Jen’s lap. Jessica did not
say anything during the entire episode but did touch the screen. In the video
clip, the researcher asked the girls to show her what they had figured out about
skip counting by 3s and Jen proceeded to place three pip-making fingers on the
left side of the screen and then iteratively placed one pod-finger on the right.
The researcher asked, “Did you have another way?”, to which Jen responded
“No, we couldn’t figure out a second way yet” (0.26s). The researcher
suggested they keep trying. Jessica started to touch the screen, she made four
pips and touched sequentially on the pod side to make 6 pods (effectively skipcounting by 4s).
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0:56

Voice

Hands

Jen. If we do 4,
that’s counting up
by 4s.

Jessica makes four pips and six pods.

0:58

Jessica lifts her index, left pip-making
finger. (The expression goes from 4 x 6 to 3
x 6; the pods go from having four to three
pips in them.)

1:00

Jessica lifts her middle finger. (The
expression goes from 3 x 6 to 2 x 6; the pods
go from having three to two pips in them.)

1:01

Jessica lifts her third finger. (The expression
goes from 2 x 6 to 1 x 6; the pods go from
having two pips to one pip in them.)

iPad

Jessica lifted all her fingers.

Table 1: A one-to-many concept in action.

When Jessica made 4 pips and 6 pods, she did not seem to know how this would
enable her to skip-count by 3s. She then lifted each individual pip-making
finger to go from 4x6 to 3x6 to 2x6 to 1x6 to 0x6. Each lift of her finger was
almost exactly 2 seconds. She was very intentional in her actions, which may
suggest that she was becoming aware of the effect of this finger lifting on the 6
pods (the product would have decreased by 6 at each lift and each of the 6 pods
would have become smaller and changed configuration at each lifting of a pip).
We thus hypothesise that Jessica was starting to develop a concept in action—
lifting the pip-making finger one by one—that could be used in the skipcounting task, and that effectively instantiated one-to-many relation. We see this
as an example of action/feedback described by Balacheff, whereby Jessica is
continuing the same action of lifting her finger based on the feedback from TT.
The girls continued to make different combinations of pips and pods, and to
experiment with pip-making and pip-lifting. Then, at 2:45, Jen has four pips and
one pod on the screen.
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2:45

Jen. That’s 4 but
when I add another
one.

Jen touches on the pod side to create another
pod to make 4x2.

2:49

Jen. Oh wait.

Jen lifts her index pip-making finger on the
left side, thereby getting 3 x 2. (The number
of pips in the pod goes from 4 to 3.)

2:53

Jen. This.

Jen touches her index pip-making finger on
the left side, thereby getting 4 x 2 again. She
points at her pip-making finger with her
right hand.

2:56
3:03

Jen. Then that.

Jen places another pip-finger on the left side.

R. How much is it
going up by now?

She continues to point with her right hand at
her pip making fingers.

Jen. It will… it
went up by 2.
3:07

Jen. Ya, it’s going
up by 2s.

Jen places one more pip-making finger on
the left side after which Jessica adds a pip
making finger on the left side.

Table 2: The spreading effect in TT.

At 2:49 when Jen said, “Oh wait” she paused. Then she lifted her index pipmaking finger. Over the course of the next 14 seconds, she made three pips and
Jessica made one pip to produce 7 x 2 = 14. Jen stated at the end that the
product was going up by 2. Although the relationship had not been fully
articulated, the concept in action of spreading was emerging, as the girls became
aware that each touch on the pip side was increasing each of the pods. Jen
seemed to be “picking up” on the co-varying relation of the pips and pods. At
3:24 the girls successfully skip-counted by 3s by making three pods and then
iteratively adding pips up to 5 x 3 = 15. At 4:00, the researcher asked, “So how
is it doing that? How is it making it go up by three now?”
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Voice

Hands

4:00

Jen. Because
there’s three here.

Jen gestures to the pods on the screen.

4:05

Jen. And then each
time that we add
one up it goes here.

Jessica places a pip-making finger on the
screen. Jen places two more pip-making
fingers on the screen.

iPad

Jen points to the top pod.
4:11

R. So if you add a
finger, oh, that’s a
purple one.

Jessica places another pip-making finger
on the screen.

4:12

What happened to
those purple ones?

Jessica lifts the pip-making finger.

4:19

R. Oh now it’s
yellow.

Jessica places her pip-making finger on the
screen. Jen places two more pip-making
fingers on the screen.

Jen. Um, a yellow
one drops in there.
4:21

R. Does it just drop
in there?

R. points at the top pod.

4:25

Jen. Ya. [Pauses]
…in every single
one.

Jen points at all the pods in turn, starting
with the lower left one, moving to the
lower right pod, and then the top pod, as if
spreading her hand to each pod.

4:27

Jen. And say if we
take away this one.

Without being prompted, Jen points at her
own thumb which holds a yellow pip.

4:28

Jen. Then that
colour would
disappear.

Jen lifts her thumb, points to the top pod
and moves her hand towards the bottom of
the screen. She then moves her hand in a
circular motion, spreading her fingers to
each pod.

Table 3: Jen and Jessica skip-counting by changing the number of pips
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When Jessica placed her pip-making finger on the screen, the concept in action
of one-to-many was in play, where each pip addition made the product increase
by three [4:05-4:19]. The researcher drew attention to this change when she
said, “That’s a purple one…Oh now it’s yellow”. In response to the researcher’s
question about the yellow pip, Jen explicitly articulated, by saying “every single
one” and the gesture of pointing to the top pod and the spreading gesture, the
relation between the change in pips and the ensuing change in each of the pods,
which is the one-to-many relation (“dropping” one pip will change many pods).
At 4:51, the researcher asked, “How do you think you’ll make it do it by
fours?”. Jen immediately tapped four times on the pod side. There were 9 pips
on the screen, producing 9 x 4 = 36. Jen said, “and we add one, that’s 40 so…”.
She placed another pip-finger on the screen, then counted on her fingers from
36 to 40, and said, “That’s by fours” and again gestured around to all the pods.
DISCUSSION AND CONCLUSION
The effect of seeing the pod change as Jen and Jessica touched and lifted their
pip-making fingers, going from 4 to 3 and back up to 6, seemed to draw the
girls’ attention to the relation between pips and pods and also encouraged them
to repeat through their now developed control structure a particular gesture that
required the coordination of two quantities—the pips on one side, changing, and
the pods on the other, staying the same. Instead of remaining within the additive
framework of repeated addition (sequentially adding one more pod, thereby
focusing on just one quantity), the girls were expressing multiplication as a
coordination of quantities. Once they had changed the number of pips, they
could use this action again, with more pods; and this allowed them to see the
simultaneous change in all pods that occurred when the number of pips
changed. They had figured out how to count by 3s in a new way. Since this
appeared to be a difficult task for all of the pairs in the classroom, we infer that
it involves a new awareness both about how TT works, but also about the
multiplicative relation.
In our analysis, we have shown the development of a concept in action, which
was in response to the task of skip-counting by 3s, and which involved making
three pods and then iteratively adding pips. We then showed how the
researcher’s prompt occasioned an explicit articulation of this concept in action.
The girls were then able to count by 4s—and it was perhaps the articulation of
the concept in action that made this not only possible, but seemingly effortless.
But more importantly, in terms of their multiplicative thinking, the girls
experienced a particular aspect of multiplication, which is its one-to-many
relation, which is instantiated in TT when a change in the number of pips (the
unit) leads to a change in each and every one of the pods. Connecting back with
Balacheff’s model of conceptualisation, we see that the girls have developed a
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control structure in this setting with TT contributing and being a part of the
knowledge they now have of multiplication-as-spread.
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WHERE TO PUT THE DECIMAL POINT? NOTICING
OPPORTUNITIES TO LEARN THROUGH TYPICAL
PROBLEMS
Ban Heng Choy
National Institute of Education, Nanyang Technological University
It is challenging to design and structure lessons to maximize high-quality
opportunities to learn mathematics in the classrooms. This paper presents a
case study of Mary, a beginning mathematics teacher in Singapore, to illustrate
how she noticed opportunities to learn during the planning and enacting of a
lesson on decimal fractions for Primary 4 students. The case highlights the
importance of noticing affordances of typical problems and opportunities to
orchestrate productive discussions to provide quality opportunities to learn.
INTRODUCTION
All students should have access to high-quality mathematics curricular,
effective teaching and learning, high expectations, and the support and
resources needed to maximize their learning potential. To enhance students’
learning experiences, teachers need to provide their students opportunities to
learn from mathematically meaningful tasks. The notion of opportunities to
learn was defined as the “amount of time allowed for learning” (Carroll, 1989,
p. 26) and its conceptualization has broadened over the years. For example, Liu
(2009) positions opportunity to learn as an “entitlement of every student to
receive the necessary classroom, school and family resources and practices to
reach the expected competence” (p. v). Although this entitlement has often been
measured in terms of the amount of time (Carroll, 1989) given for a program, or
the number of tasks with certain characteristics in a textbook (Wijaya, van den
Heuvel-Panhuizen, & Doorman, 2015), Carroll (1989) highlighted that it is
what happens during lessons that matters most.
With the aim of broadening the notion of opportunity to learn to examine other
features of mathematics instruction, such as task implementation during lessons,
Walkowiak, Pinter, and Berry (2017) re-conceptualized opportunity to learn in
terms of teachers’ mathematical knowledge for teaching, time utilization,
mathematical tasks, and mathematical talk. This conceptualization puts teachers
as the main orchestrator in the lesson to provide students these opportunities to
learn. More specifically, Walkowiak et al. (2017) positioned teachers’
mathematical knowledge for teaching (Ball, Thames, & Phelps, 2008) as a
critical factor in relation to how teachers optimize time use during the lesson
(Gettinger, 1989), how they design, select, and implements tasks (Mason &
Johnston-Wilder, 2006), and how teachers orchestrate discussions (Smith &
Stein, 2011). This paper examines how Mary (pseudonym), a primary school
mathematics teacher in Singapore, provided her Primary 4 students quality
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opportunities to learn mathematics by orchestrating the time, task, and talk for a
lesson on decimal fractions.
Orchestrating Time, Task, and Talk
Although time allocated to teaching mathematics is important, Walkowiak et al.
(2017) went beyond the number of minutes and investigated the amount of time
spent in relation to the mathematical goal of the lesson. In particular, they
examined whether teachers use “the majority of time in the lesson to reach the
mathematical goal” and whether the lesson components are structured to “build
on each other with explicit attention to the mathematical goal” (p. 12). This
consideration is important for many classrooms because of the time constraints
faced by teachers, especially in examination-driven education systems such as
Singapore. In addition, many researchers suggest that it is crucial for students to
have discussions around mathematically rich tasks as part of their learning
experiences (Grootenboer, 2009; Smith & Stein, 2011). However, these tasks
are usually time-consuming and pedagogically challenging to use in the
classrooms. This raises the challenge of how teachers can optimize students’
opportunities to learn through mathematically meaningful tasks when given
limited curriculum time. To this end, Choy and Dindyal (2018) highlighted how
typical problems—standard examination or textbook-type questions—can be
used to promote productive talk between students and teachers. While
acknowledging the importance of using rich tasks, Choy and Dindyal (2018) not
only suggested the possibility of using typical problems to orchestrate
discussions, but also proposed how teachers can make connections between
different representations of mathematics, which reflect a connectionist approach
to teaching mathematics (Askew, Rhodes, Brown, Wiliam, & Johnson, 1997).
The Role of Teacher Noticing
Mathematics teachers, who use a connectionist approach to teaching
mathematics, can notice and exploit the mathematical possibilities of
instructional materials for different profile of students (Askew et al., 1997).
Adopting a connectionist approach to teaching requires teachers to develop a
keen awareness of the mathematical connections afforded by the tasks and use
these connections to design opportunities to learn through orchestrating time,
task, and talk during lessons. A key component of teaching expertise that
enables teachers to do this ambitious work is mathematics teacher noticing,
which refers to what teachers attend to and how they interpret their
observations to make instructional decisions during lessons (Mason, 2002;
Sherin, Jacobs, & Philipp, 2011). Most of the earlier studies on teacher noticing
were centered about the use of video recordings of teaching episodes but Choy
(2016) brought task design into the realm of teacher noticing. His findings
suggested that an explicit focus for noticing is useful, and an emphasis on
pedagogical reasoning can increase the likelihood of teachers making
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instructional decisions that promote students’ reasoning. In this paper,
researcher extends and applies the notion of productive noticing (Choy, 2016) to
examine what and how Mary noticed about the opportunities to learn during a
lesson on decimal fractions. Vignettes of how Mary planned and implemented
the lesson will be discussed in relation to the time, task, and talk during the
lesson.
METHOD
The data reported in this paper were collected as part of a larger exploratory
study on building a culture of collaboration and listening pedagogy in
classrooms through Lesson Study for Learning Community in Singapore. The
study involved a Lesson Study team comprising of 10 mathematics teachers in
Quayside Primary School (pseudonym), a government-funded school. The
vignettes feature Mary, a beginning teacher who had only six months of
teaching experience at the time of this study. Although newly trained, Mary has
a strong foundation in mathematics as she had studied mathematics as a
university major. Data for this paper were generated through the voice and
video recordings of the lesson, and the lesson plan designed by Mary with
support from her colleagues. A thematic analysis approach (Braun & Clarke,
2006) was adopted for this study. Viewing the lesson plan as an instantiation of
her thinking about the opportunities to learn, findings were developed through
identifying aspects of the time utilization, tasks, and planned talk moves that
provided opportunities for students to do mathematics. For the lesson,
researcher analyzed the video and voice recordings by identifying segments,
which corresponded to Smith and Stein’s (2011) five practices for productive
discussions, and highlighted aspects of the time, task, and talk that presented
opportunities for students to learn.
NOTICING, DESIGNING, AND ORCHESTRATING OPPORTUNITIES
TO LEARN
In this section, researcher first presented an analysis of Mary’s lesson plan on
Decimals for a Primary 4 class before researcher discussed her actual lesson
implementation. Her students had previously learned about decimals and
fractions, including the addition of decimals. The lesson of interest (an hour in
duration) focused on developing students’ relational understanding (Skemp,
1978) of multiplication of decimals with a whole a number. Up to this point,
students had not learned how to do multiplication involving decimals. It is also
important to note that the Singapore Mathematics Curriculum only covers
multiplication and division of decimals by 10, 100, and 1000 in Grade 5. Mary
started the lesson by recapping the idea of multiplication as repeated addition
before she set them the task of the day, which was to find the answer to 0.8 × 4
and orchestrated a lesson around the different solution methods developed by
the students, both individually and as a group. The episode reported here started
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when a student asked a seemingly trivial question: How will you know where to
put the decimal point? In the following discussion, researcher uses three of the
four key dimensions of opportunities to learn—time, task, and talk—as
developed by Walkowiak et al. (2017) to highlight what Mary might have
noticed about the opportunities to learn for her students.
Designing Opportunities to Learn during Lesson Planning
In terms of time utilization, Mary and her colleagues planned 45 minutes (out of
55 minutes) of lesson time for students to work on two related forms of the
question, 0.8 × 4: (a) Solve 0.8 × 4, and (b) How many ways can you think of to
solve 0.8 × 4? Referring to Table 1, we see that Mary planned to spend most of
the time in the lesson to reach the mathematical goal. The students first worked
on the problem 0.8 × 4 on their own (10 minutes). This was followed by
students working in groups on developing multiple solutions to the same
question (How many ways can you think of to solve 0.8 × 4?). Moreover, Mary
planned to have the students discuss the different solutions during the whole
class discussion so that she could draw their attention to the linkages between
the various solutions and the standard multiplication algorithm (See Figure 1).
Hence, the time was structured so that the tasks built on each other, paying
attention to the goal of understanding the idea behind the multiplication
algorithm.
Components of Lesson

Time planned (min)

Actual time used (min)

Introduction

5

3

Understanding the Problem
and Individual Work

10

7

Group work

15

15

Whole Class Discussion

20

25

Closure of lesson

5

5

Table 1: Planned and actual time utilization.
Next, the task “How many ways can you think of to solve 0.8 × 4?” was a
modification of simply “Solve 0.8 × 4”, which opened up the solution space of a
typical problem (Choy & Dindyal, 2018). Although this will not be categorized
as a rich task, the design of Mary’s task provided students opportunities to use
and translate among two or more representations so that they could make sense
of the mathematics. In addition, Mary’s use of the typical problem highlighted
that she was cognizant of how the question could support students in making
connections between their prior knowledge and the new content. Therefore,
Mary and her colleagues demonstrated a keen awareness of the affordances of
such typical problems beyond their usual usage (Choy & Dindyal, 2018).
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More importantly, Mary did not plan to use the typical problem by simply
explaining the procedure. Instead, as seen in Figure 1, she planned for students
to explain their thinking and this could potentially allow students to move
towards a better understanding of the multiplication algorithm. A closer
examination of the lesson plan also reveals some planned talk moves similar to
those proposed by Smith and Stein (2011). For example, she anticipated
students’ different responses to the question and planned for the sequencing of
sharing by different students (See Figure 1). This corresponded to Smith and
Stein’s (2011) practices of anticipating, selecting, and sequencing.
As seen from Table 1 and Figure 1, Mary noticed the affordances of using a
typical problem and modified the problem to open its solution space (Choy &
Dindyal, 2018). Her planned use of time and planned talk moves around typical
problem also provided students opportunities to learn about the multiplication of
decimals, with a strong focus on mathematical reasoning.

Figure 1: Snapshot of Mary’s lesson plan
Orchestrating Opportunities to Learn during Lesson
Mary also orchestrated several opportunities, as planned, for students to learn
during lesson. While Mary circulated the classroom, she took notice of the
strategies used by the different groups of students. Mary’s attention to students’
strategies was demonstrated when she called upon different students to present
their solutions according to the sequence planned as indicated in Figure 1. More
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importantly, Mary pressed the students for their explanation beyond giving the
correct answers:
1

S1:

So, first, we have four 0.8s, and after that we added all up, like 0.8
plus 0.8, then we get the answer then we plus 0.8 again then plus 0.8
again. Then…I thought that it will be easier if the number is smaller.
But if the number is bigger, I think, then the multiplication method
is easier?

2

Mary: Okay, so they [referring to the group of students including S1] did
not choose this strategy as the most efficient one, but I ask them to
present this strategy. Can anyone tell me why they did not choose
this one as opposed to this one? S1 actually mentioned it, how about
S2?

3

S2:

Because is, when you get other bigger number, it will be hard for
you to …

As with the above exchange, Mary continued to press her students to explain
their solutions to make their thinking visible to the other students throughout the
lesson. This was so even for unanticipated responses from her students:
22

23
24
25
26
27
28
29
30

… First, you need to kick the decimal place away because you do
not need it. And then you need to, er…, you need the time to,
convert both the numbers you are multiplying into whole numbers
and then you get the answer. And then you, you pick the decimal
point, in between the tenth place and the ones place of your answer.
And we chose this as the most efficient one because it takes only 2
steps…
Mary: Is that all? Okay, any questions for S3’s method? S4?
S4:
But the multiplication number reaches up to like a zillion, where
will you know how to put the decimal point?
S3:
Just put it between the tenth place and the ones place, and you are
done.
S4:
But how do you know which one [cross talk]?
S3:
Yes, I checked it already.
S5:
How do you know which number is in the tenth place?
S3:
Because I checked just now.
Mary: How did you check? How did you know?
S3:

Here, S4’s question at Line 24 was unanticipated. Instead of brushing aside the
question, Mary stepped back and allowed students (S3, S4, and S5) to discuss
S4’s question. By doing so, Mary brought the question to the center of the
whole-class discussion and these students’ arguments were made available to all
students, for them to think about and evaluate the validity of the points made:
31
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S3:

I put a big number times a big number and I tried it, and yes, it
works.

32

Mary: So, it is always between the tenth and the ones place? Anyone
disagrees?

As seen from Mary’s response, she was comfortable in letting her students
engage in a mathematical argument. The exchanges went on for several more
turns before Mary tried to connect these responses:
55

56
57
58
59
60
61

62

69

70

Mary: … Let’s look at S3’s method, he started with 8 times 4, 32. How
many ways can we actually put the decimal point. How many ways,
S8?
S8:
Er… you can put the decimal point in front of 2?
Mary: In front of 2, in between 3 and 2? So, we can have 3.2. what else can
we have?
S8:
0.32
Mary: 0.32. We can put it in front of the 2 numbers, we can have 0.32,32.0,
and anymore?
S9:
0.032
Mary: 0.032. So, you see we can have many ways to place the decimal
point, but why are we so sure that this is the final answer, that this is
the correct answer? …Yes, S10?
S10:
You could put it in between, because it’s a, you know because 0.8
times 4, and then 8 is in the tenth place, so that 4 is actually the ones
place, so it is like… since there is already a ones place that you need
to multiply by, which is 4, it can’t be a zero
… [After some discussion]
Mary: It cannot be zero in a ones place, because you are multiplying by 4
already. That is what he is (S10) trying to say. So, since you have
0.8 times 4, it should be more than 1, is that what you are trying to
say? So, we eliminate which two answers? This one, and this one.
But why can’t it be 32.0? S11? Thank you, S10.
S11:
Let us say the, since the question is 0.8 times 4, we can round 0.8 to
1…

In this series of exchanges between various students, Mary demonstrated her
ability to orchestrate mathematically productive talk around the answers. Rather
than endorsing or refuting the answers given by her students (See Line 32, and
69), she provided opportunities for her students to reasoning mathematically.
She could have simply endorsed the students’ answers and the discussion could
have ended. Instead, Mary attempted to build on students’ responses and moved
the discussion towards strengthening the reasoning behind the answer. At the
end, Mary used S11’s answer that 0.8 is approximately one to highlight the
importance of thinking about the reasonableness of an answer using estimation.
CONCLUDING REMARKS
When Mary’s lesson plan and teaching moves are examined in terms of the
dimensions of opportunities to learn (Walkowiak et al., 2017), it can be argued
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that Mary had optimised the time used during the lesson to orchestrate
productive discussions around a modified typical problem. The lesson plan
suggests her ability to notice the possibility of using typical problems such as
0.8 × 4 to create opportunities for students to reason, beyond simply explaining
the procedure of multiplying decimals. Her teaching moves also suggested that
she was able to notice opportunities to develop students’ reasoning by engaging
students to discuss the placement of the decimal point. Mary’s instructional
decisions during planning and lesson enactment reflect those of an experienced
competent teacher, which is surprising given that she is a beginning teacher.
What, and how, did Mary notice the opportunities to learn through the task? A
more in-depth study of Mary’s instructional decisions may yield some insights
into her pedagogical reasoning processes, which will have implications for
teacher professional development.
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INSTRUCTIONAL INNOVATION IN MATHEMATICS
COURSES FOR ENGINEERING PROGRAMS – A CASE
STUDY
Jason Cooper, Hadas Levi Gamlieli, Boris Koichu, Ronnie Karsenty, Alon Pinto
Weizmann Institute of Science
While the affordances of problem-based learning are broadly recognized,
implementation of this innovative approach is not common, particularly in
tertiary mathematics education. This study investigates early stages of an
implementation of problem-based instruction in 1st year mathematics courses
for engineering students, within a project encompassing 12 universities and
colleges across Europe. Twenty-three lecturers from participating institutions
took part in a preparatory workshop. Framing the project as a case of diffusion
of innovations, we analyze post-workshop questionnaires to reveal the
participants' conception-of and attitudes-toward the innovation. We highlight
some challenges that the innovation entails, and how they relate to participants’
general attitude toward implementing the innovation.
THEORETICAL BACKGROUND
First year university mathematics courses are considered challenging in general,
and for engineering students in particular (Jablonka, Ashjari, & Bergsten 2017).
In addition to general issues of transition from high school, the abstract
approach to the discipline that is common in mathematics departments may not
be appropriate for students who will eventually use mathematics as a practical
tool for solving problems.
Problem-based learning (PBL; Savery, 2006) is an educational approach by
which authentic real-world problem situations provide the impetus and the
context for studying disciplinary content. Often this approach is implemented as
project-oriented PBL (PO/PBL), where authentic problems emerge in the
context of a long term project. While such approaches have been studied mainly
in the context of pre-college education, PBL (project-oriented or otherwise) is
common in some universities (e.g., Aalborg University, Denmark), and has, in
particular, been found to be suitable for engineering education (Perrenet,
Bouhuijs, & Smits, 2000). While the potential gains of such an approach are
undisputed, implementing instructional innovation can be challenging (Begg,
Davis, & Bramald, 2003). In this article we investigate challenges related to
implementing PBL in 1st year mathematics courses for engineers.
Processes of adoption of innovation have been studied for many years, and the
adoption model elaborated by Rogers in his 1995 book Diffusion of Innovations
(2003) has been used extensively in many contexts, including educational
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innovation (e.g., Sahin, 2006). Rogers has recognized four main elements in the
diffusion of innovations – the innovation and its perceived consequences,
communication channels of diffusion, evolution of the diffusion over time, and
the social system in which the diffusion takes place. Rogers has focused on the
innovation decision process, which he describes as “an information-seeking and
information-processing activity, where an individual is motivated to reduce
uncertainty about the advantages and disadvantages of an innovation” (Rogers,
2003, p. 172). While approaches to teaching may often be prescribed by
educational institutions, the details of what ultimately takes place behind the
closed doors of classrooms and lecture halls are up to individual instructors.
Hence, this decision process is highly relevant in any process of instructional
innovation.
Early stages of the decision process are influenced by three factors (see table 1):
Prior conditions (in particular previous experiences related to the innovation);
Knowledge, including how-to-knowledge about the implementation and use of
the innovation and principles-knowledge about how and why the innovation
“works”; Persuasion, whereby adopters develop an affective attitude toward the
innovation, influenced by the characteristics of the innovation as perceived by
individuals. These characteristics include: A. Relative advantage compared to
the
current
state
of
affairs;
B. Compatibility with past experiences and with existing conditions and values;
C. Complexity – the degree to which the innovation is perceived to be difficult
to understand or to use; D. Trialability – the extent to which the innovation can
be experimented with on a limited basis.
Prior conditions Previous
practice

Need for
innovation

Innovativeness Norms

Knowledge

Awareness How to

Principles

Persuasion:

Advantage Compatibility Complexity

Trialability Observability

Table 1: Rogers’s model of diffusion of innovations (relevant aspects are
underlined)
We conducted our research in the context of an international project whose
objective is to improve teaching, learning and understanding of 1 st year
mathematics among engineering students in European countries. Innovative
teaching methods, in particular PO/PBL, are the main vehicle for achieving this
objective. We focus on a point in time immediately following a preparatory
PBL workshop for participating lecturers. Eventually, these lecturers will decide
whether, how and to what extent to implement the innovation. Their decision

117

will be influenced by their perception-of and attitude-towards the innovation.
Hence our research questions are:
Following a preparatory workshop on PBL, (1) What are the participants’
perceptions of PBL as an instructional innovation to be implemented in their
teaching? (2) What are their attitudes towards the innovation?
SETTING AND METHODOLOGY
iTEM – innovative Teaching Education in Mathematics – is a Capacity
Building project for higher education funded by the Erasmus Plus program (EU)
as of 2019. Its main objective is to improve teaching, learning and
understanding of 1st year mathematics among engineering students in Europe
through the implementation of PBL. Sixteen academic institutions are partners
in the project. Twenty-three mathematics lecturers from partner institutions
participated in a workshop organized by the University of Aalborg in
Copenhagen, whose goal was to inform and inspire participants on how to
integrate PBL-oriented ideas in their teaching. The workshop was preceded by
online individual preparation, which included reading assignments on PBL
approaches to teaching and learning and written exercises. The 2-day workshop
comprised group-work and plenary sessions on the following topics: Real-life
problems and strategies for their integration in university teaching; the special
nature of assessment in PBL; challenges and opportunities of the approach;
active learning and group work on problem solving. At the end of the workshop
participants submitted an anonymous questionnaire (see table 2), followed by a
plenary discussion on some of the questions. While the primary purpose of the
questionnaire was to provide formative assessment of the workshop, the
participants gave their written consent for using their responses for the research
reported herein.
Data for the research consists of 17 completed questionnaires (6 were too
incomplete to be useful). Pre-workshop submissions and video recordings of all
the sessions including a plenary discussion following the submission of the
questionnaire – were used as complementary data sources. Rogers’s (2003)
model of diffusion of innovations was used as a conceptual framework for
analyzing participants’ responses and utterances. To each response we ascribed
one or more aspects of the model. Coding was for the most part consistent with
Table 2, where we indicate for each question the categories of the framework
that we expected respondents to attend to, though in some cases respondents
attended to additional categories. The aspects of the innovation that respondents
chose to attend to were very different, providing a rich qualitative image of
different conception of the innovation and the challenges it poses.
Reviewing respondents' questionnaires, it seemed clear that some had a more
positive attitude toward the innovation than others. We operationalize this
attitude as follows: Some questions invited a positive response, some a negative
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response, and others were phrased neutrally. Each response that was more
positive/negative than the question invited scored ±1, and the sum of these
scores over all questions constitutes the overall attitude. For example, responses
to q1 (see Table 2) that only listed main ideas, but did not consider one that
appealed to the respondent scored -1, and responses to q4 that did not list any
ideas that the respondent will not implement scored +1. Our aim in this was to
reveal which aspects of the respondents' perception of the innovation correlate
with a general attitude toward the innovation.
Question

Diffusion categories

1

List the main ideas raised in the course. Consider one idea
that appealed to you, and elaborate or exemplify it.

Knowledge (neutral)
Advantage (positive)

2

Is there any idea discussed in the course that you already
implement in your current teaching? If so, please indicate
which and describe how.

Prior practice (neutral)

3

Was there an idea discussed in the course that was novel
to you? What do you think of this idea?

Innovation(dis)advantage (neutral)

4

Was there an idea discussed in the course that you do not
Innovationthink you will implement in your teaching? If so, why not? disadvantage/
compatibility (negative)

5

Of all the mathematical examples discussed in the course,
which did you most connect to?

Innovation-advantage
(positive)

6

Which resources are needed in order to implement the
ideas discussed in the course, or some of them, in your
teaching? Which of these resources are already available
to you in your institution and which would need to be
developed?

Innovationcompatibility (neutral)

7

To what extent do you feel ready to implement the course
ideas in your teaching? What, if at all, are you missing in
order to do that? What kind of support are you expecting?

Knowledge-how
(positive);
Compatibility
(negative)

8

Towards summing up the ideas in a Teaching
Methodology Document, which ideas in your opinion still
need to be added or elaborated upon?

Knowledge-how
(negative)

9

In the next course, which idea(s) would you like go deeper Knowledge (neutral)
into?

10

Please add any comments that you feel are not covered by
your previous responses.

Neutral

Table 2: Questionnaire items mapped to framework categories,
classified as inviting positive/negative/neutral response
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ANALYSIS AND FINDINGS
We begin with a report of the diversity in respondents’ perception of the PBL
innovation, organized according to the categories derived from Rogers’s model.
We then focus on eight respondents whose attitudes were most/least positive.
Prior Conditions: Previous Practices
Many respondents reported prior practices pertinent to the PBL innovation,
mainly in response to question 2. Practices included the use of real-world
problems in homework, tutorials or lectures (7 respondents), some project work
for course credit (4), and assessment practices that are consonant with those
presented in the workshop, including varied and frequent testing, often based on
real-life problems (4). One respondent’s response was particularly revealing in
this respect: “I thought I did [implement ideas discussed in the course], but now
I understand that I did not. I feel this is a big step forward for me”. This serves
to remind us that self-reports of prior practices are highly subjective, and further
indicates that at least this respondent gained some principles-knowledge
regarding PBL, as discussed in the following subsection.
Knowledge: Principles-knowledge and How-to-knowledge
Eight respondents attended in their responses to principle-knowledge that they
acquired during the course. Some responses were vague (e.g., attending to the
general nature of PBL and recognizing its challenges), while others were more
specific, attending to the independence of students (3) and the role of the
teachers (1) where problems do not necessarily rely on prior teaching (1), the
relationship between PBL and courses based on project work (1), and the ability
of PBL-based instruction to attend to variance in student background and prior
learning (1).
Nearly all respondents (15/17) attended to aspects of how-to-knowledge that
were addressed in the course, including how to construct or find appropriate
real-world problems (6) and integrate them in their mathematics courses (8),
how to implement novel assessment methods (8), organize group work (2),
motivate self-learning (2) and make use of visualization software (2).
Nevertheless, many (11) attended to how-to-knowledge that was still lacking or
inadequate. For the most part, they felt a need for more detailed guidance for
implementing aspects of PBL, including assessment methods (6), teaching
methodologies (6) and in particular those that can motivate students’
independent learning (4). Some (2) attended to the challenge of connecting the
innovation (real-world problems and novel teaching methods) with current
practices (prescribed curriculum and traditional teaching methods). This need
for more practical knowledge was further elaborated in the plenary discussion.
It was recognized that while the workshop could teach principles, the details of
implementation in mathematics courses for engineers are quite unique, and will
need to be figured out and shared by the partners. One respondent, who
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recognized the benefits of PBL principles, felt a need to be introduced to
alternate non-PBL ways of achieving them. This demonstrates that the
persuasion stage of diffusion, discussed in the following subsection, is
conceptually separate from the knowledge stage, as Rogers has claimed.
Persuasion: Perceived Characteristics of the Innovation
Relative advantage: Nine of the 17 respondents referred to advantages of the
innovation over their current practices. The advantages they attended to were:
the active nature of students’ participation in learning and their increased
responsibility (5), increased applicability and relevance of student learning for
their future studies and employment (3), utilization of existing technologies for
enhancing learning (2), advantages of novel assessment methods, including
frequent tests and oral peer-assessment (4). Some respondents recognized
inherent advantages in the way PBL learning is organized, whereby problem
solving precedes instruction (1) and there is a stronger connection between
lectures and homework (1).
(In) compatibility and complexity: All but two respondents (15/17) attended to
aspects of perceived compatibility and complexity of the innovation, mainly in
response to questions 6 and 7. We do not distinguish between these categories,
because they were often intertwined (e.g., incompatibility due to complexity).
Once again, some responses were vague (2, e.g., I can’t implement full PBL),
while others attended to specific issues, including a rigid curriculum (4), large
numbers of participants in courses (4), student maturity and willingness to
cooperate (3), university policy (1), rigid lecture-hall arrangement that does not
support group-work (1), staff devotion (1) and time constraints (1). Few
respondents attended to positive aspects of compatibility, stating that their
institution is basically flexible (1), that changes in the way material is presented
in courses (2) and in the way the budget is managed (1) can be accommodated,
and that the necessary hardware, software and facilities are in place (2). Mainly
in response to question 6, respondents indicated some resources that would be
required for implementing the innovation, including: curricular and assessment
material (7), an increase in internal and external (censor) staff (4) and additional
time (4), which would entail an increase in budget (2), classroom facilities (3),
IT facilities and support (5), instructional resources – bot printed (1) and
internet-based (2). Two respondents noted that communication channels
between the project partners would be a crucial resource.
Trialability: Six respondents attended to their ability to try out the innovation on
a limited scale. Five spoke of implementation with small pilot test groups, while
one spoke of small scale integration of real-world problems across many
courses.

121

Attitude toward the Innovation
According to our coding scheme, attitudes ranged between +6 (very positive)
and -2 (somewhat negative). We now focus on the four most positive and four
least positive respondents, and describe some commonalities and differences.
Positive attitude: Focusing on the four respondents whose attitudes were the
most positive, measured at +6 (hereafter respondent A), +5 (B), +4 (C) and +3
(D), we find that all of them had some kind of previous practice related to the
innovation – innovative projects integrated into coursework (A, D), use of
mathematical software (A), diverse and frequent formative assessment (A, C),
group work (A). The three most positive respondents (A, B, C) felt that their
institutions (B), departments (A, C), and their students (C), would be supportive
of the changes that the innovation would entail. In other respects, this group was
indistinguishable from the rest.
Negative attitude: Focusing on the four respondents whose attitudes were
measured at -2 (P, Q) and -1 (R, S), we find that only one of them (P) attended
to principle-knowledge. Three of them listed significant incompatibilities of the
innovation, including a large number of students per course (Q, S), and three of
them (Q, R, S) felt that they lack how-to-knowledge for implementing
appropriate assessment. In other respects, this group was indistinguishable from
the rest.
DISCUSSION
We have analyzed what the respondents – 17 lecturers from participating
institutions who attended a PBL workshop – attended to in their responses to a
post-workshop questionnaire. There is a dialectic relationship between the data
and the conceptual framework that guided our analysis. We first discuss what
we have learned about the respondents’ perception-of and attitude-toward the
innovation, relying on the framework. This part of the discussion has practical
implications for the implementation of instructional innovation of a similar
nature. We then discuss implications in relation to the conceptual framework
based on Rogers’s (2003) categories and about its applicability in the context of
tertiary instructional innovation.
Elaboration on Decision-process in PBL as an Instructional Innovation
All the participants in the workshop belong to educational institutions that have
opted to participate in the iTEM project, and as such are expected to be
committed to the instructional innovation that it entails. Yet the extent and
nature of their implementation of the innovation is ultimately up to them, thus it
makes sense to analyze their responses to the post-workshop questionnaire as
revealing a decision process about adoption of innovation, which Rogers’s
model proved useful to analyze.
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One interesting finding of our study is the relationship between the participants’
prior experience with related innovative practices and their attitudes towards the
current innovation. The four most-positive respondents all reported some prior
experience, while only one of the four least-positive respondents reported such
experiences. This suggests that prior exposure may be a significant factor in the
decision process.
How-to-knowledge was an explicit focus of the workshop, and nearly all the
respondents attended to aspects of such knowledge in their responses. Of the 11
respondents who attended to how-to-knowledge they were lacking, three were
among the least-positive respondents, while only one was among the mostpositive. In contrast, the two groups were indistinguishable regarding
principles-knowledge (1 of 4 attended to this in each of the groups). This
suggests that a clear vision of the practical details of implementation may be a
significant factor in the decision process.
Regarding the perceived characteristics of PBL as an innovation to be accepted
or not, more than half of the respondents attended to advantages of the
innovation, nearly all attended to incompatibilities of the innovation, and one
third attended to its trialability. Perhaps surprisingly, the most-positive and the
least-positive respondents were not distinguishable in any of these respects.
This suggests that a positive attitude to an innovation does not necessarily rely
on optimal conditions for its implementation.
Additional Implications
Perceptions-of and attitudes-toward the PBL innovation discussed above have
practical implications for the implementation of instructional innovation. A
careful reading of the findings section may yield quite specific implications for
similar contexts (tertiary mathematics for engineering programs), while the
more general patterns that we have discussed in the previous subsection may
have implications in a broader context.
From a theoretical perspective, we have considered implementation of an
instructional innovation as a case of diffusion of innovations, and have shown
how Rogers’s (2003) model of decision-processes can serve as a conceptual
framework for the analysis of emerging attitudes to the innovation. We have
operationalized a notion of positive-attitude regarding implementation, and have
shown how it is constituted in the framework. We now discuss some
peculiarities of the framework in the context in which it has been applied.
Of the four main elements of diffusion of innovations we have attended
primarily to innovation. We now turn our attention to time and communication
channels, and suggest some extensions of the model. While for Rogers (2003)
time is relevant primarily as a factor in the rate of innovation-adoption, the
respondents in our investigation referred to the time element in varied contexts:
as a crucial resource for implementation (scarce lecture and tutorial time, and
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the need for more preparation time), yet also as an important element in the
decision process (“it takes time to process and think”). While for Rogers, the
relevance of communication channels is primarily in creating and changing
adopters’ (i.e., lecturers’) attitudes, one respondent drew attention to the role of
students in this process – “this year's students will advertise the change to the
next year ones” – highlighting a systemic aspect of the diffusion. Additionally,
some respondents viewed channels of communication as crucial for sharing
knowledge and resources between project partners (examples of real-world
problems, knowledge about educational software and it use, etc.), and also for
sharing expertise within universities (help from the engineering department in
formulating real-world problems that target particular mathematical content).
In conclusion, our study has put forth the importance of an emerging
infrastructure for collective and mutually supportive adoption of instructional
innovations in tertiary mathematics education. We believe that such
infrastructures can be developed within consortia of institutions, as the case of
the iTEM project suggests.
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THE RELATION BETWEEN ELEMENTARY STUDENTS’
CONDITIONAL REASONING AND ALTERNATIVES
GENERATION: THE CASE OF MATHEMATICS
Anastasia Datsogianni, Stefan Ufer
University of Munich (LMU), Germany
Alternatives generation can be considered as knowledge-based prerequisite for
conditional reasoning in elementary school students. This study examines the
role of alternatives generation skills on conditional reasoning within an
everyday and a mathematical context. A total of N=102 students from 2 nd, 4th,
and 6th Grade in Cyprus were interviewed. Alternatives generation skills predict
correct conditional reasoning in both contexts, but interesting differences
occurred. The results from the everyday context mirror previous results,
predicting correct Acceptance of the Consequent and Denial of Antecedent
reasoning and inhibiting correct Modus Tollens reasoning. In the mathematical
context, alternatives generation predicted correct reasoning in all forms. The
study points to the specific role of mathematical knowledge in conditional
reasoning with mathematical concepts.

INTRODUCTION
Logical reasoning is considered as a key component of advanced thinking
amidst human species (Markovits & Barrouillet, 2002) while if-then statements
form the basis of scientific mathematical thinking (Markovits & Lortie-Forgues,
2011). Reasoning with if-then statements (e.g. ‘If Anna breaks her arm, then it
hurts’) refers to conditional reasoning. Current theories describe conditional
reasoning in younger students as a process that is based on semantic
representations of the statements involved. Thus, it is an open question, to
which extent domain knowledge influences conditional reasoning skills. In
everyday contexts, reasoners’ ability to generate multiple alternative models for
a given condition (e.g. ‘For which other reasons might Anna’s arm hurt?’) has
been found as a predictive factor to draw valid inferences even from early age
(e.g. De Chantal & Markovits, 2017). For conditions about mathematical
concepts, this generation of multiple alternatives is similar to generation of
alternative solutions for mathematical problems which according to Leikin and
Lev (2007) is considered as an indicator of students’ creativity and
mathematical knowledge. However, our knowledge about the connection
between alternatives generation skills and conditional reasoning in the context
of elementary school mathematics is still weak.
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CONDITIONAL REASONING
Conditional reasoning tasks are formed of a conditional rule “if p, then q” as a
major premise, and a minor premise (e.g. "q is not true"). The traditional
interpretation of conditionals considers p as sufficient, but not necessary for q
(Evans & Over, 2004). Four different minor premises lead to four possible
logical forms of inference: Modus Ponens (MP; "p is true, so q is true"), Modus
Tollens (MT; "q is false, so p is false"), Denial of Antecedent (DA; "p is false, so
q or not q") and Acceptance of the Consequent (AC; "q is true, so p or not p").
Thus, the uncertain logical forms AC and DA do not allow for definite
conclusions about p and q respectively. The other two forms (MP and MT)
allow valid definite conclusions.
According to Mental Model Theory (MMT) inferences are drawn through the
construction of mental models (Johnson-Laird & Byrne, 2002). MMT has been
found to describe conditional reasoning accurately not only in adults but also in
the age group of primary school children (e.g. Markovits, 2000). Mental models
are semantic representations of the possibilities, given the truth of the premises
(Johnson-Laird & Byrne, 2002). To derive conclusions, individuals reconstruct
the meaning of premises based on their knowledge, to represent what is possible
given the premises (Nickerson, 2015). Based on working-memory
considerations, Barrouillet and Lecas (1999) proposed an evolvement of
individuals’ conditional reasoning skills starting from a conjunctive-like
interpretation (only one model ‘p and q’; correct MP reasoning), to a
biconditional (‘p and q’; ‘not-p and not-q’; correct MP and MT reasoning), and
then a conditional interpretation (‘p and q’; ‘not-p and not-q’; ‘not-p and q’;
correct reasoning in each logical form). This evolvement shows up in increasing
solution rates for MT, followed by later changes towards a conditional
interpretation with increased solution rates for DA and AC. ‘Alternatives’ are
mental models of the type ‘not-p and q’, which are necessary to arrive at the
indefinite conclusions in the AC and DA forms. Beyond model generation,
other authors also state that MT and DA are more cognitively demanding
compared to MP and AC forms due to the negation statements involved
(Johnson Laird & Byrne, 1993).
Conditional Reasoning & Alternatives Generation in Everyday Contexts
According to MMT, generation of mental models, and in particular of
alternatives, is based on knowledge about the content of the conditions.
Alternatives generation for a given condition is considered as a crucial
prerequisite to draw valid inferences (Johnson-Laird & Byrne, 2002; Markovits
& Barrouillet, 2002).
Studies on reasoning with conditions from an everyday context (e.g. De Chantal
& Markovits, 2017) have shown that alternatives generation skills predict
conditional reasoning even from pre-school age onward. In these studies,
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alternatives generation skills are associated with correct AC and DA reasoning,
in particular (Cummins et.al, 1991; Markovits & Vachon, 1990). In addition to
alternatives generation, individuals might also generate disablers (mental
models of the form ‘p and not-q’, contradicting the major rule) describing
inhibitory factors which might prevent q from occurring, even in the presence of
p (e.g., ‘Anna took a painkiller, so her arm does not hurt, even though it is
broken’), according to Cummins et al. (1991). Disablers might lead to the
rejection of valid conclusions for MP and MT inferences (Janveau-Brennan &
Markovits, 1999). Many studies report a positive correlation between the
numbers of generated alternatives and disablers (Thompson, 2000; De Neys,
Shaeken, & D’Ydewalle, 2002).
In this line of reasoning, studies with university students revealed that correct
DA and AC reasoning correlates negatively with correct MT reasoning
(Newstead et.al, 2004). Hence, it is likely that alternatives generation is
positively linked with AC and DA reasoning, being not or negatively related
with MT reasoning. In prior research with young students, disabler generation is
considered less relevant for logical reasoning than alternatives generation
(Janveau-Brennan & Markovits, 1999; De Chantal & Markovits, 2017).
Conditional Reasoning and Alternatives Generation in Mathematical
Contexts
While the role of alternatives for conditional reasoning is well-studied in the
everyday context, it has not been studied for conditions that involve
mathematical concepts (mathematical context; e.g., “If I arrange three rows of
four squares each, then I need 12 squares.”). In this case, alternatives
generation concerns the mental construction of mathematical objects that fulfill
‘not-p and q’ (e.g., “12 squares could be constructed by six rows of two squares
each”), beyond those that represent ‘p and q’ (or ‘not-p and not-q’). Generating
such alternative perspectives to mathematical situations is often discussed in
research on multiple solutions (Leikin & Lev, 2007). Based on this perspective,
alternatives generation can be assumed to require mathematical knowledge of
the conditional content (Leikin & Lev, 2007). Beyond a general link between
mathematics skills and conditional reasoning skills (Attridge & Inglis, 2013),
this could lead to a specific influence of mathematical knowledge on AC and
DA conditional reasoning in the mathematical context. Studies in the field of
mathematics with university students show negative correlation between MT
form and DA as well as AC form (Attridge & Inglis, 2013; Morsanyi,
McCormack & O' Mahony, 2017). This backs up the assumption that
conditional reasoning in this context is based on mental model construction,
similar to the everyday context.
Overall, the existing literature in primary school pupils investigates the relation
between alternatives generation and conditional reasoning only in the everyday
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context (with different levels of abstraction (Markovits & Lortie-Forgues,
2011). In the mathematical context, research with elementary school students
either investigate conditional reasoning (Christoforides, Spanoudis &
Demetriou, 2016) or multiple solution tasks (Sullivan, Bourke & Scott, 1997).
Yet, to date research has not addressed alternatives generation in relation to
conditional reasoning in two different contexts and this study aims to fill this
research gap.
STUDY GOALS AND QUESTIONS
This study aimed to transfer results on the role of alternatives generation in
elementary students’ conditional reasoning from everyday conditions to
conditions from a mathematical context. The following study questions are
addressed:
(1) Is the influence of alternatives generation skills on conditional reasoning
specific to the respective context (everyday vs. mathematical)? Based on the
MMT account, we expected alternatives generation in each context to primarily
predict conditional reasoning in the corresponding context (e.g. De Chantal &
Markovits, 2017).
(2) Do alternatives generation skills predict correct reasoning differently across
the four logical forms? Based on prior results and the MMT account, we
expected that alternatives generation skills in the everyday context would
predict correct AC and DA reasoning (Markovits & Vachon, 1990). However,
considering that alternatives generation skills are related with the generation of
disablers in the everyday context (Thompson, 2000; De Neys, Shaeken &
D’Ydewalle, 2002), this might entail a decrease in MP and MT reasoning. For
the mathematical context we expected alternatives generation skills to be related
to correct AC and DA reasoning, but not to MT reasoning (Attridge & Inglis,
2013; Morsanyi, McCormack, & O' Mahony, 2017).
METHODS
In this cross-sectional study, N=102 students from 2nd, 4th, and 6th Grade in
Cyprus (average age 12 years old) were interviewed individually. The
feasibility of the instrument was piloted in a previous study, showing that it is
accessible to this age group of students (Datsogianni, Ufer, & Sodian, 2018).
Ethics approval, parental consent signed form, and students’ individual oral
assents were obtained.
Participants solved four conditional reasoning tasks on each context
(Cronbach’s α: .62. for everyday and .68 for mathematical contexts
respectively). The everyday conditions referred to daily life situations.
Conditions in the mathematical context referred to situations that involved
mathematical structures which were supposed to be familiar for the participants
(e.g., “If a dwarf’s house has exactly 3 rows of 4 rooms each, then it has 12
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rooms”). All forms (MP, MT, DA, and AC), were included in each task. The
order of two contexts, the order of the conditions in each context, and the order
of logical forms for each condition were randomized across students.
Alternatives generation skills were measured afterwards with specific tasks in
each context, using the same situations as in the conditions (4 mathematical and
4 everyday). The reliability scores were good (Cronbach’s α=.86 for everyday
and .76 for mathematical contexts respectively). The experimenter (first author),
asked students to find as many examples as they could that matched the model
‘not-p and q’ by drawing their ideas. Participants did not receive positive or
negative feedback. The order of two contexts and the order of the conditions in
each context were randomized across students.
Example of alternatives generation task in the everyday context: “Remember
what Peter found out before. If a glass is dropped on the ground in the kitchen,
then there is a sound. Peter is at home and hears a sound in his kitchen. Find as
many reasons why a sound in the kitchen may occur, as you can.”
Example of alternatives generation task in the mathematical context:
“Remember that dwarfs build their houses so that there are rooms which all
have this form: The houses always have one or more rows of rooms which are
all equally long. Remember what Peter found out before. If a dwarf’s house has
exactly 3 rows of 4 rooms each, then it has 12 rooms. How could a dwarf house
with 12 rooms look like? Draw as many different houses as you can.”
In the end of the interview procedure, students solved a working memory test
(backward digit span). Separate linear mixed models for each context were used
to analyze the data using the package lme4 in R, controlling for working
memory skills. The factor logical form and the alternatives generation scores
were included in the model. Insignificant interactions between logical form and
the alternatives generation scores were removed from the model prior to the
final analysis. In the mathematical context, the random factor controlling for
individual differences explained no variance.
RESULTS
Overall, students solved 59.1% of the items correctly in the everyday context
(ED), and 57.1% in the mathematical context (MA). In both contexts, MT was
solved significantly less of than MP (ED: MP 88.9%, MT 73.7%, p< .001; MA:
MP 84.3%, MT 61.5%, p< .001) and AC less often than MT (ED: AC 42.2%,
p< .001; MA: AC 37.2%, p< .001). DA was solved less often than AC in the
everyday context (ED: DA 31.5%, p < .05), while the difference was not
significant in the mathematical context (MA: DA 45.65, p = .16).
Students generated more alternatives per task in the everyday context (range 111, M = 4.25) compared to the mathematical context (range 0-5, M = 2.08). It is
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worth noting that the number of possible alternative solutions was more limited
in the mathematical context compared to the everyday context.
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Figure 1: Estimated solution rates and 95% confidence intervals by alternatives
generation and logical form for everyday context
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Figure 2: Estimated solution rates and 95% confidence intervals by alternatives
generation and logical form for mathematical context
Regarding study question (1), mathematical alternatives generation
(F(1,398)=13.7, p < .001), but not everyday alternatives generation
(F(1,398)=0.32, p = .57), showed a significant effect on conditional reasoning in
the mathematical context. Conditional reasoning in the everyday context was
related significantly to mathematical alternatives generation (F(1,98)=8.35,
p < .001) but – over all logical forms – not to everyday alternatives generation
(F(1,98)=0.70, p = .41).
Regarding study question (2), we found a significant interaction between logical
form and alternatives generation scores only for everyday conditional reasoning
(F(3,300)=6.57, p < .001, fig. 1). In this context, everyday alternatives
generation predicted correct reasoning significantly positively in the AC
(B = 0.039, CI95%[0.008, 0.070]) and in the DA (B = 0.040, CI95%[0.010, 0.071])
form, but negatively for MT (B = -0.034, CI95%[-0.065, -0.004]). For example,
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B = 0.039 indicates an estimated increase in the conditional reasoning solution
rate of 3.9% per generated everyday alternative. The non-significant interaction
(F(3,398)=0.75, p = .52, fig. 2) between logical form and mathematical
alternatives generation for mathematical reasoning indicates, that alternatives
generation (positively) predicted conditional reasoning comparably strongly for
all logical forms in this context.
DISCUSSION
Regarding study question (1), alternatives generation skills in the everyday
context did not have a significant main effect on conditional reasoning in the
same context in general (cf. De Chantal & Markovits, 2017). Given the
significant interaction between everyday alternatives generation scores and
logical form, this pattern is in line with prior results. Mathematical alternatives
generation skills predicted logical reasoning in both contexts. Since alternatives
generation is mainly based on prior knowledge of the respective content (Leikin
& Lev, 2007), this is in line with previous evidence about the relation between
logical reasoning and mathematical knowledge that has been found in the
literature, before (Attridge & Inglis, 2013).
Regarding study question (2) and the results for the everyday context were
similar to those found in prior studies. Alternatives generation in the
corresponding context was predictive for correct AC and DA reasoning
(Cummins et.al, 1991; Markovits & Vachon, 1990). It is also observed that
alternatives generation (in this context) inhibits correct MT reasoning; probably
students extend the strategy of generating antecedents to generating and
(incorrectly) interpreting inhibitors (De Neys, Shaeken, & D’Ydewalle, 2002).
However, as for the mathematical context, it seems that alternatives generation
is generally predictive of conditional reasoning skills, mostly independent of the
logical form. As mentioned above this might reflect a general relation between
logical reasoning and mathematical knowledge (Attridge & Inglis, 2013). On
the other hand, we cannot differentiate this explanation in this study – it might
also be that knowledge about the mathematical content is necessary to generate
a representation of mathematical conditionals and any kind of related mental
model (not only of the type ‘not-p and q’). If the sole representation of
mathematical conditions is indeed so strongly dependent on corresponding
knowledge, this might cover a specific effect of alternatives generation for DA
and AC in this context.
Overall, the results of this study indicate that reasoning with mathematical
conditions is, overall, not substantially harder, or easier than reasoning with
everyday conditions. However, the analysis of the relation to alternatives
generation points to possible differences in the reasoning process. For example,
it might be that, in spite of early conditional reasoning skills in the everyday
context, students are not able to activate the corresponding strategies in the
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mathematical context, due to restricted ability to represent the conditionals’
meanings in mental models. If indeed problem representation turns out as the
primary problem, this implies the necessity not only to practice conditional
reasoning, but also to carefully consider students’ mathematical knowledge
before engaging with basic deductions about mathematical concepts in
mathematics instruction. However, reflecting deductions and the meaning of
conditionals about mathematical concepts during classroom instruction might
also help to build up this prerequisite knowledge.
One possible limitation arising from this study is that alternatives generation
tasks addressed only questions with given consequents, for which students had
to create as many possible antecedents, as possible. Future studies might
separately measure the generation of an initial mental representation of the
conditional and alternatives generation. The negative relation between
alternatives generation and MT reasoning, moreover, might be explained
through investigating the generation of disablers in future research. However,
alternative antecedents have been considered more central to conditional
reasoning of young students than disablers (Janveau-Brennan & Markovits,
1999). Thus, this study provides first insights for the relation between
alternatives generation and conditional reasoning with mathematical concepts,
which can be extended in further research.
Summarizing, the role of conditional reasoning in mathematics can hardly be
denied. Thus, the results of this study imply the instructional necessity to
include and practice conditional reasoning tasks in elementary school within the
context of mathematical statements by providing opportunities to students to
interpret and discuss mathematical conditions, as well as generate alternative
antecedents for these conditions. Even though open question remains, the study
extends evidence, that knowledge of mathematical concepts and being able to
reason about them (with conditionals) are strongly related.
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There is a growing interest in the international mathematics education
community in research on teacher noticing as an important component of
teaching expertise. However, it is likely that often the researchers’
understanding of good instructional quality influences what they expect
teachers to notice. It is particularly not clear if and how different cultural
norms of instructional quality influence how teacher noticing is operationalized
in East Asian and Western cultures. Therefore, our cross-cultural research
project on teacher noticing in Taiwan and Germany focuses in a first step on
eliciting such expert norms. By means of a vignette-based online expert survey,
we explored culture-specific norms regarding instructional quality. In this
paper, we provide evidence of culturally different norms for dealing with
students’ thinking.
INTRODUCTION

Students’ mathematical thinking is a focus that has been frequently used for
investigating and developing teacher noticing – especially in the US context
(e.g., Colestock & Sherin, 2015; Jacobs, Lamb, & Philipp, 2010). An
underlying reason for this focus is the idea that instructional quality depends
heavily on whether and how teachers attend to, interpret, and deal with students’
thinking in the mathematics classroom. Corresponding research usually uses –
at least implicitly – a frame of reference for what the teachers are expected to
notice (so-called “target noticing”, Stockero & Rupnow, 2017). However, it is
well known that Western and East Asian perspectives on what constitutes high
quality mathematics classrooms are different in many aspects (Leung, 2001).
Since such different norms probably influence how teacher noticing regarding
students’ thinking is assessed by researchers in different cultures, it is
questionable whether such research can be cross-culturally valid (Clarke, 2013).
Therefore, it is important in our inter-cultural research community to make such
culture-specific norms, which may influence how teacher noticing is assessed,
explicit and take them into account for the interpretation of findings.
Consequently, this research report focuses on revealing how researchers’ (i.e.,
experts’) norms for dealing with students’ thinking can be different from a
Western and an East Asian perspective.
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THEORETICAL BACKGROUND
Especially in the last decade, teacher noticing has been established as an
important component of teaching expertise in the international research
community in mathematics education. Although different conceptualizations of
teacher noticing can be found in the growing body of research, essentially, they
encompass the perception and interpretation of relevant features of instructional
situations (Sherin, Jacobs, & Philipp, 2011). Hence, in line with Sherin (2007),
we understand teacher noticing as attending to aspects of classroom situations
that are relevant for instructional quality (selective attention) and interpreting
them by drawing on corresponding professional knowledge and beliefs
(knowledge-based reasoning). Similarly, many different operationalizations of
the construct exist, but it is widely accepted that vignettes in the form of short
videos, comics, or transcripts can be used as representations of practice.
Furthermore, a common “operational trick” for assessing teacher noticing is to
design or select vignettes in a way that in the represented instructional situation
something occurs that does not meet the expectations of “good” teaching, that
is, they include a breach of a norm regarding some aspect of instructional
quality (e.g., Dreher & Kuntze, 2015; Herbst & Kosko, 2014). The teachers’
reaction in response to these critical incidents is then used as an indicator for the
specific noticing expertise.
This kind of operationalization makes particularly obvious that norms regarding
aspects of instructional quality play a double role in teacher noticing research:
Such norms are assumed to shape what teachers notice and they also form the
frame of reference that is already implemented (more or less explicitly) in the
operationalization by the researchers. In particular, researchers use the
consistency of their own norms with what teachers notice as an indicator for
noticing expertise (e.g., Stockero & Rupnow, 2017). Hence, it is not clear
whether such research can be cross-culturally valid, since corresponding norms
may be culture-specific (e.g., Louie, 2018).
Especially East Asian and Western cultures, it is well-known that different
perspectives on mathematics classrooms exist. Leung (2001) contrasted for
instance characteristics and underlying values of East Asian and Western
mathematics education by means of six dichotomies: product versus process;
rote learning versus meaningful learning; studying hard versus pleasurable
learning; extrinsic versus intrinsic motivations; whole class teaching versus
individualized learning; and competence of teachers: subject matter versus
pedagogy. He emphasized that these distinct characteristics “are based on deeprooted cultural values and paradigms” (p. 35) and thus influence the
perspectives of mathematics educators on mathematics classrooms. He pointed
out for instance that although mathematics educators from both East Asian and
Western countries would say that mathematics is both the product (a body of
knowledge with distinctive knowledge structure) and the process (a distinctive
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way or process of dealing with particular aspects of reality), their position on
the continuum between the two extremes is different: While the contemporary
Western perspective is that the process of doing mathematics is more important
than the content arising out of the process, the East Asian perspective is rather
that ultimately the content and its correctness are essential (Leung, 2001, p. 39).
Although there is also diversity within and among Western countries as well as
East Asian countries (e.g., Clarke, 2013), Germany and Taiwan can be
considered as representatives of Western and East Asian cultures in this respect
(Yang et al., 2019). Against this background, it can be assumed that aspects of
instructional quality, which are in the focus of research on teacher noticing are
perceived differently from researchers in Taiwan and Germany. Specifically
regarding the focus of students’ thinking, Colestock and Sherin (2015)
identified for instance different purposes for attending to student’ mathematical
thinking, which may depend on different overarching instructional goals, such
as diagnosing student errors or misunderstandings that need to be addressed or
looking for students’ ideas that have the potential to serve as the foundations for
new understandings. In their study, they explored different teacher-identified
purposes for attending to students’ mathematical thinking and found that the
teachers focused on these purposes to various degrees. However, Colestock and
Sherin (2015) did not take into account the perspectives of experts in
mathematics education or different cultural contexts and hence it is still an open
question whether there exist different cultural norms for attending to and
dealing with students’ thinking in the mathematics classroom.
OBJECTIVE
According to the need for research pointed out in the previous section, the
objective of this research report is to illustrate how expert norms for dealing
with students’ thinking can be different from a Western and an East Asian
perspective.
SAMPLE AND METHODS
The vignette that we focus on in this contribution (see Figure 1) is part of a
larger bi-cultural instrument developed in a process comparable to the dualfocus approach (Erkut et al., 1999). The vignette was authored by the
Taiwanese researchers in our team. Accordingly, from their perspective, the
represented classroom situation contains a breach of a norm regarding how the
teacher deals with students’ thinking. In this case: The teacher does not address
S1’s misunderstanding and inadequate use of strategy (over-generalizing the
strategy applicable in the case “𝑓 × 𝑔 = 0”) properly.
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Figure 1: Taiwanese vignette focusing on students’ thinking
When the German researchers in our team saw this vignette, they agreed with
the idea that the teacher should have asked S1 how he or she obtained the
answer. However, they had problems to see a misunderstanding or an
inadequate strategy. We figured that these different perspectives on the
student’s thinking in this classroom situation may not be restricted to our
research teams and thus we anticipated underlying cultural differences between
the perspectives of Taiwanese and German experts in mathematics education.
To investigate whether this was indeed the case or whether this was just a
matter of different perspectives in mathematics education in general, this
vignette was presented to Taiwanese and German professors of mathematics
education in an online expert survey.
This online survey was conducted in the native languages of the experts
(Chinese/German). The necessary translation processes were carried out
according to the ITC Guidelines for Translating and Adapting Tests (ITC,
2017). A sample of n1=19 Taiwanese professors (6 females, 13 males) from 10
universities and a sample of n2=19 German professors (5 females, 14 males)
from 14 universities completed the survey. All of them were researchers as well
as educators in mathematics education. Most of them had experience as school
teachers (TW: 14, GER: 17) and some of them had also conducted research in
mathematics (TW: 5, GER: 6). To capture the experts’ frame of reference for
investigating teacher noticing with a focus on students’ thinking, the experts
were asked to answer the same open-ended prompt that would be used to assess
corresponding teacher noticing: ”Please evaluate how the teacher deals with
students' thinking in this situation and give reasons for your answer.”
Their evaluations were analyzed with respect to two main aspects: 1) Did they
see some breach of a norm regarding the teachers’ dealing with S1’s thinking?
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And if so: 2) Which norm was breached from their perspective? Hence, in a first
step, the answers of the participants were coded in a top-down process
regarding the question whether the teachers’ dealing with S1’s thinking was
evaluated as insufficient/inadequate. In a second step, the answers were
analyzed regarding the question why the teacher’s dealing with S1’s thinking
was evaluated negatively in order to infer which norm was breached from the
perspective of the expert. This step was partly inductive: On the other hand, we
coded whether the experts saw the same norm being breached as the developing
Taiwanese researchers (S1’s misunderstanding and inadequate use of strategy is
not addressed). Likewise, as mentioned above, we expected especially the
German experts may see different reasons. Hence, reasons indicating a different
norm were also extracted inductively from the experts’ answers.
To allow all authors to engage in the coding process of all experts’ answers and
to compare them directly across cultures, the answers were translated into
English and all the language versions were included in the coding processes.
Moreover, all of the answers were coded independently twice by all of the
authors: In a first round, the coding scheme was complemented inductively and
in the second round the resulting coding scheme was applied to all of the
answers. In both rounds, the coding was first compared within the national
research teams and discrepancies were resolved through discussion.
Subsequently, the resulting national coding was compared again, in case of
discrepancies, a consensus was reached through discussion.
In view of the aim to identify culture-specific or inter-cultural norms of
instructional quality regarding the aspect “dealing with students’ thinking”, we
finally took a look at how many of the experts in each country recognized a
breach of a specific norm regarding this vignette. For interpreting this result, it
should be considered that even if a specific norm exists, it cannot be expected
that all the experts’ answers indicate that they noticed the corresponding breach.
There may always be individual experts who do not agree with commonly
accepted norms in their culture. Furthermore, like teachers, the experts had to
accomplish a process of noticing which becomes visible in their answer in way
that we could code it accordingly. Thus, we assumed that if most of the experts
from one country actively recognized the breach of a specific norm, then there
was strong evidence for the existence of this norm in the corresponding culture.
RESULTS
As the Taiwanese team authored this vignette, we start by focusing on the
answers of the Taiwanese experts, in the sense of a validation within a culture.
Indeed, almost all answers (17 out of 19) indicated negative evaluations of how
the teacher dealt with Student 1 (S1)’s thinking, suggesting these experts saw
breach of a norm for dealing with students’ thinking. A total of 11 experts’
answers indicated that they assumed that S1’s answer shows a problem to be
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addressed (misunderstanding/inappropriate strategy), which was not done
properly by the teacher. These experts recognized the breach of the norm, which
was implemented by the Taiwanese research team. To get some insight into
these kinds of experts’ answers, we will now focus on two typical examples.
TW1: The teacher allowed two students to propose their answers. However, after
detecting that one student’s answer was incomplete, the teacher did not ask
him further, how he got the answer to guide him to figure out where the
problem is on his own.
TW2: […] the teacher gave a correct method but did not bother to find out why S1
found only one solution.

Both experts criticize that the teacher did not ask S1 how he got his answers,
indicating that they recognized a breach of a norm for dealing with students’
thinking. While TW2 identified a problem in the fact that S1 found only one
solution, TW1 makes even more explicit that there is a problem to be addressed
regarding S1’s thinking.
In view of the answers by the German experts, it became quickly obvious that
the situation was different: While also most of the German experts saw some
kind of breach of a norm for dealing with S1’s thinking, only one answer
indicated that a problem was seen in S1’s thinking that should have been
addressed. Instead, different reasons for why the teacher should have dealt
differently with S1’s thinking were mentioned. To provide insight into these
kinds of answers, we will give three examples.
GER1: […] The fact that S1 immediately saw a solution in the given equation,
namely 2, is an expression of number sense or structure sense. However,
this achievement remains completely without recognition by teacher in
this situation. […]
GER2: The teacher does not appreciate the achievements of the students to find
solutions through thinking. However, it is appropriate to address other
ways of solution as well.
GER3: The teacher ignores the students’ abilities to use the method of looking
closely (or Viéta’s formula). The teacher wants the students to use the
standard way of solution via the “Mitternachtsformel” or p-q formula.
This hinders the development of flexible solution strategies by the
students. […]

Hence, from answers like these, another kind of reason for seeing the teachers’
dealing with S1’s thinking as inadequate/insufficient was extracted and added to
the coding scheme: S1’s answers hint at a valuable mathematical ability or
strategy, which should have been appreciated and encouraged. To investigate
further, whether these two perspectives reflected culture-specific norms of
instructional quality regarding dealing with students’ thinking, the resulting
coding scheme was applied to all the experts’ answers as described above. This
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is allowing to distinguish the following cases: i) breach of originally
implemented norm recognized; ii) breach of alternative norm recognized, and
iii) breach of unidentifiable norm recognized or no breach of a norm
recognized. For the first three cases, it was necessary that the teachers’ dealing
with S1’s thinking was evaluated as insufficient/inadequate. Which of the three
cases were applied depending on the kind of reason that was identified for this
evaluation. The comparison of the number of these cases among the experts in
Taiwan and Germany presented in Table 1 clearly shows the differences. Most
of the Taiwanese experts actively recognized the breach of the norm
implemented by the Taiwanese research team. Most of the German experts’
evaluations indicated that they recognized a breach of a different norm
corresponding to another kind of purpose for attending to students’
mathematical thinking in this classroom situation (“mathematical
strategy/ability to be valued”).
Taiwanese experts

German experts

Breach of “original” norm recognized

11

1

Breach of “alternative” norm recognized

0

10

Breach of unidentifiable norm recognized

6

4

No breach of a norm recognized

2

4

Table 1: Numbers of experts in each case
DISCUSSIONS AND CONCLUSIONS
Regarding a specific representation of practice, we illustrated how expert norms
for dealing with students’ mathematical thinking can be different from an East
Asian and a Western perspective. While experts from both countries pointed out
that the teacher should have attended to the student’s thinking, different
purposes for attending to students’ thinking (Colestock & Sherin, 2015) were
identified: The majority of the Taiwanese experts assumed that the student’s
answer shows a misunderstanding or inappropriate strategy to be addressed and
the majority of their German counterparts assumed that the student’s answer
indicates a mathematical ability or strategy to be valued. On other hand, these
results suggest that attending to individual students’ thinking is considered as an
important aspect of instructional quality in both countries. This may reflect the
phenomenon that what is considered high-quality mathematics instruction in
Taiwan today is not only shaped by traditional perspectives, but also by
Western ideas of constructivist-based instruction, such as discussing individual
students’ solutions as well as focusing on individual students’ thinking and
misconceptions (Hsieh, Wang, & Chen, 2019). On the other hand, there appears
to be a difference between Taiwanese and German experts regarding what is the
most important frame of reference for the interpretation and evaluation of the
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students’ thinking: the content and its correctness or the students’ processes of
doing mathematics. This result may be interpreted as evidence for how the
deep-rooted cultural values underlying Leung’s (2001) dichotomy product
versus process still shape the perspectives of researchers and educators in
mathematics education on dealing with students’ mathematical thinking in a
specific classroom situation.
Before discussing possible implication for international research on teacher
noticing, we would like to recall the limitations of this research, which suggest
interpreting the evidence with care. Although the experts in the sample of this
study were professors in mathematics education from many different
universities and the response rate was about 60% in both countries, it is not
entirely clear whether these experts’ answers can fully represent the
perspectives of mathematics education researchers and educators in Taiwan and
Germany. Furthermore, the results of this research report are based on only one
vignette. The analysis of our data regarding further vignettes will soon allow us
to draw a broader picture. Moreover, further research should complement these
findings by means of different methodological approaches.
Bearing this in mind, our findings give, however, insight into different expert
norms for dealing with students’ mathematical thinking in different cultures. In
view of the fact that such different norms may influence how teacher noticing
regarding students’ thinking is assessed by researchers in different cultures, it is
questionable whether and how such research can be cross-culturally valid
(Clarke, 2013). Therefore, the question of how teacher noticing can be
investigated in a way that is sensitive to different cultural context certainly
merits attention in our international research community.
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THE SHARED KNOWLEDGE OF THE CLASS VERSUS
INDIVIDUAL STUDENTS' KNOWLEDGE IN A COURSE ON
CHAOS AND FRACTALS
Assaf Dvir, Tommy Dreyfus, Michal Tabach
Tel-Aviv University
This study focuses on gaps between the knowledge which functions-as-if-shared
in a class as a collective and the knowledge that is used by each individual
student. We analyze to what extent knowledge and ideas that are shared by the
class community are available to and have been applied by the individual
students. The research is based on data collected in an introductory course on
chaos and fractals. The course included challenging inquiry activities that led
to genuine argumentation, and to the emergence of quite a few new (for the
students) mathematical notions. Initial findings present important gaps. We
investigate to what extent these gaps can be explained by individual students’
problem-solving skills, in heuristics.
INTRODUCTION
Understanding learning in mathematics classrooms requires coordinated
analysis of individual learning and collective activity in the classroom (e.g.,
Cobb, Stephan, McClain, & Gravemeijer, 2001). A considerable amount of
research has been dedicated to documenting collective classroom activity or
group activities without considering individual students (e.g., Conner,
Singletary, Smith, Wanger & Francisco, 2014; Stephan & Rasmussen, 2002).
The research presented here investigates whether there are important gaps
between the knowledge of individual students and the knowledge shared by the
class as a collective. We performed a coordinated analysis of class discussions,
followed by individual problem-solving in an interview situation. The class
discourse was analyzed using the Documenting Collective Activity (DCA)
methodology (Rasmussen & Stephan, 2008). The problem-solving activity was
analyzed based on existing methodologies of problem-solving (Schoenfeld
1992; Carlson & Bloom 2005).
The mathematical domain selected for our research was chaos, fractals, and
dynamical systems. Chaos is a phenomenon wherein a deterministic rule-based
system appears to behave unpredictably. It is characterized by mathematical
ideas whose in-depth comprehension is challenging. A major reason for
selecting this domain are the counter-intuitive situations it affords; these
situations give rise to challenging problems, for which deep and thorough
knowledge is crucial; therefore, they are useful for the investigation of problemsolving behaviors.
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THEORETICAL BACKGROUND
Collective activity is a sociological construct that addresses the construction of
ideas through patterns of interaction (Rasmussen & Stephan, 2008). More
specifically, this activity is defined as the normative ways of reasoning that
develop in a classroom community. DCA methodology proposes a rigorous
approach for analyzing this communal activity. It uses Toulmin’s (1969) model
which considers an argument as composed of data, claim, warrant, rebuttal,
backing and qualifiers. DCA uses three criteria to identify when a mathematical
idea or way of reasoning becomes normative and functions in the classroom as
if it is shared. “Function-as-if-shared” (FAIS) means that particular ideas or
ways of reasoning are functioning in classroom discourse “as if” everyone in the
classroom community reasoned in a similar manner. It should be noted that only
some mathematical ideas discussed in class become FAIS.
Knowledge accumulated in problem-solving (PS) has shed light on both, what
mathematical thinking involves and how learners can construct robust
knowledge in problem-solving environments (Schoenfeld 1992). In this
research, we focus on two major aspects of PS: Firstly, the use of PS
methodology for analyzing students’ problem solution and knowledge
reconstruction processes; secondly, PS heuristics, their variety, taxonomy and
usage as fundamental means in students’ PS processes. A heuristic is "a
systematic approach to representation, analysis and transformation of scholastic
mathematical problems that solvers use (or can use) in planning and monitoring
their solutions" (Koichu, 2010).
The Multidimensional Problem-Solving Framework (MPSF) developed by
Carlson and Bloom (2005) offers a method for investigating and explaining
mathematical problem-solving behavior. The framework defines four phases
during problem-solving, namely orientation, planning, executing, and checking.
We used MPSF for analyzing how a student applies FAIS knowledge when
dealing with the interview problems. We use the term gap to refer to all
mathematical ideas which were observed to FAIS in the class but were not or
incorrectly applied by a student during the interview.
Dynamical systems (DS) theory is an area of mathematics used to describe the
behavior of a time-dependent system, usually by employing differential
equations or difference equations. The subset of dynamical systems which is
relevant to our research is that of iterated functions (Feldman, 2012). The
process of repeatedly applying the same function is called iteration. In this
process, starting from some initial number x0 , a given function is iteratively
applied, thus generating an infinite sequence called orbit. An initial number p
satisfying f(p)=p is called a fixpoint. An orbit might reach or tend to a fixpoint.
A fixpoint is called attractor (ATT) if it attracts any orbit in a small
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neighborhood. The behavior of dynamical systems can be analyzed analytically
and graphically. The basic graphical tool is called Cobweb (see Figure 1).
Analytically, the value of the first derivative of f at the fixpoint xfp indicates
whether xfp is an attractor ( f ( x fp )  1 ) or not. This is called the fixpoint stability
theorem (FPST).

Starting from x0 , drawing a
vertical segment to f followed
by a horizontal segment to y=x.
Starting from

, drawing a

Figure 1: A cobweb plot (dashed segments)
RESEARCH QUESTIONS
1. In a class learning about chaos and fractals, which mathematical ideas
related to attractors function-as-if-shared (FAIS) by the class?
2. Among the FAISes identified in 1, which ones are used, possibly after
reconstructing them, by individual students in interviews, and which
ones are not used, thus suggesting the existence of gaps?
3. If a student closes an initial gap by reconstruction during the
individual interview, can the reconstructing process be explained by
PS notions?
While this paper focuses on ATT, other notions of DS have been analyzed
similarly.
RESEARCH DESIGN AND METHODOLOGY
To answer the research questions, we needed data from a class as well as data
from students’ individual interviews. To identify ways of reasoning that FAIS,
we looked for a classroom where all members were actively engaged in
producing, challenging, and modifying arguments. We chose an introductory
course to chaos, fractals, and dynamical system for graduate level mathematics
education students at an Israeli university. The course had 11 participants. Their
degree program required a substantial mathematics component, and the chaos
and fractals course fulfilled part of that requirement.
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A typical course session consisted of presentation of a new notion, such as ATT
by the teacher, followed by group work and whole class discussions designed to
develop the notion’s properties and relationships. Lessons were video-taped,
transcribed and analyzed. Interviews on ATT were held with nine of the
students about a month after the relevant lessons. The relevant part of the
interview protocol dealt with orbits of an iterated function, cobweb diagrams,
fixpoints and attractors.
The data analysis comprised three stages: Firstly, we analyzed the FAIS
knowledge of the class using DCA analysis of the whole class discussions,
resulting in a list of FAISes related to ATT. Secondly, we analyzed the
interviews to identify which of these FAISes that each student mentioned or
used; we categorized these uses into three levels: A - the student used the FAIS
fully and correctly; B - the student used the FAIS partially; C - the student
incorrectly used the FAIS or did not use it in spite of having an opportunity to
use it. This resulted in a list of gaps: All cases of levels B and C. In the third
stage, we focused on those cases in which a student reached either level A or
level B by reconstructing their knowledge during the interview. On these cases,
we carried out an MPSF analysis to identify the PS phases as well as the
heuristics used by the student and examined how the heuristics supported the
reconstruction.
FINDINGS
Stage 1: DCA Analysis
The DCA analysis resulted in a total of 51 mathematical ideas which
functioned-as-if-shared by the class. Here we focus on the ones related to ATT:
• ATT term: An attractor is a term used in DS.
• ATT definition: A fixpoint p of the dynamic process generated by f
is attractive, if there is a neighborhood of p such that for any point x
in this neighborhood, the x -orbit converges (in a finite or infinite
sequence) to p .
• ATT meaning: An attractor p means that if the orbit is slightly
"bumped" away from p , the orbit subsequently moves back to p .
• ATT graphical solution: A fixpoint p is potentially ATT if a cobweb
starting in a neighborhood of p moves back to p .
• ATT analytical solution: A fixpoint p is ATT if f ( p)  1 .
One important element of the analysis is our distinction between ATT term, its
definition, its meaning, and its applications. This allowed us to refine our study
of FAIS knowledge by students over a scale from lack of knowledge,
remembering the term, via mastering the definition, up to competency in using
and applying the knowledge in various scenarios.

146

Stage 2: Interview Analysis: Levels of Students’ Use of FAISes
The interview analysis provided the proficiency level of every student per each
of the five FAISes. Three levels were defined to evaluate the extent to which the
student mastered a FAIS. Tables have been prepared for each notion; an
example related to ATT is given in Figure 2.
In this case the aggregated results of mastering FAISes by level are: A - 41%, B
- 17%, C - 22%, and undetermined - 20%. By undetermined we refer to FAISes
which students did not have the opportunity to relate during the interview.
ATT definition

ATT meaning
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C

C

C

C

A

C

A
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A
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solution
ATT graphical
solution

ATT term
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Figure 2: Student FAISes proficiency map for attractor (ATT)
Stage 3: Interview Analysis by MPSF Protocol
Our PS analysis protocol focused on students’ problem-solving phases and their
use of heuristics. Special attention was given to 11 major heuristics which were
either classified as useful by experts (Koichu, 2010) or appeared more than
three times throughout all interviews. This stage resulted in a description of the
variety of the heuristics that the student used while solving the problems in the
interview and the general work-flow of the student according to MPSF phases
(see four examples in Table 1).
Heuristic

Description

Break down into modular
sub-problems

When the problem is difficult, trying to
decompose it and examining smaller independent
parts

Use multiple
representations

Representing a problem by means of a
representational system different from the given
representational system

Examine extreme cases

Choosing extreme cases (e. g. a function with a
large slope) to observe attributes at extreme ends
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Working backwards,
reverse thinking

Imagining having solved the problem and work
backwards from visualizing the solution to the
problem.
Table 1: Examples of major heuristics

In the following section we provide an in-depth analysis of one student, Bzl. We
present his solution process for finding the ATTs for a given iterative function
graph (Figure 5), which Bzl could not immediately answer. The analysis
presents the mathematical solution behavior with special attention to heuristics
which led to a successful response, bridging what initially was a gap. We
selected this example since Bzl was a knowledgeable student (PhD in
engineering) and very cooperative. He reflected deeply and shared his thoughts
in a detailed manner.

Task 2.c.iv: Fixpoint type
Task
Fixpoint
Can you
tell2.c.iv:
whether
the type
fixpoints you identified on this
graph are attractive?
Task 2.c.iv: Fixpoint type

Figure 3: Interview task
Bzl identified the three fixpoints and then continued with a global analysis,
although the question referred to local points. "We can say that the world is
divided into four parts" (Line 21); he used the heuristic of breaking-down the
problem into modules, the four regions between the fixpoints. Using this
heuristic was unusual: Most other students started with a local fixpoint analysis
or did not manage to continue at all.
Then, Bzl decided to navigate by random selection of a single region, selection
of a point in this region, and using a cobweb diagram for graphically analyzing
the orbit behavior around the middle fixpoint ("It maybe stated that the world is
split into 4 regions and then I can randomly check what happen in each one of
them", Line 22).
Bzl did not remember how to draw a cobweb, but he managed to reconstruct
this FAIS, step by step. We describe his PS process in detail, pointing to the
observed heuristics according to MPSF. Later, after completing this task, Bzl
explained that in similar situations he regularly uses a general heuristic: instead
of remembering a mathematical item, understand the logic behind it and
redevelop it. So, he knew where to begin and selected a starting point close to
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the designated fixpoint. He used the heuristic of check by example. He drew a
vertical line to the f-graph since "if I start here on the x-axis, I know where f(x)
is" (Line 23). The next step is tricky, one must find the next iteration. So, Bzl
continued with "now f(x) turns into be the x for the next iteration". He thought
for about twenty seconds and then drew a horizontal line to the auxiliary y=x
line (the heuristic: use auxiliary elements). Now he graphically managed to turn
the y-coordinate into the x-coordinate for the next iteration. He completed the
iteration by a similar move drawing again a vertical line and reached f(f(x)). He
continued to contemplate the viability of his approach, by generalizing that "I
can repeat that and see that we have some sort of a process" (the heuristic of
generalization). He continued by drawing three more cobweb iterations. We
may claim that Bzl managed to reconstruct the cobweb procedure, a FAIS
which he did not immediately remember.
The cobweb convinced Bzl that this fixpoint is an attractor. This could be
considered as a complete answer. However, right after the execution phase, Bzl
turned to a checking phase by asking himself:
Bzl25:
I26:
Bzl27:
I28:
Bzl29:

Is it enough? Does one location suffice? Is it the same from both
directions?
What do you mean by both directions?
In principle, I do not think that the point selection really matters. I
can see that the general behavior will be similar.
So?
I start another one here if I want [draws additional cobweb]. I can
see the general behavior, which means that I always move up, go
here [horizontally to y=x] and I have the overall picture how the
orbits behave.

From a PS perspective, Bzl used the check by example heuristic, followed by
the generalization heuristic since he identified the pattern of the cobwebs about
the middle fixpoint. We summarize that during his iterative execution-checking
process Bzl managed to progress by using several common heuristics.
Bzl continued by providing a long explanation of what he meant by the
geometrical patterns. In order to understand the dynamic process behavior in the
neighborhood, he had to build auxiliary segments between the function graph
and the graph of y=x and analyze them graphically in combination with the
algebraic meaning of moving between the graphs. He restored the cobweb
algorithm by using multiple representations. In his own words: "I don't know
why I was stuck here. When you move from this point, which is an intersection,
you had to move up since you want to apply this value to f(x). And then you
move back to y=x..." (Line 37).
When summarizing his solution process, Bzl exposed an additional layer of
thought. "The split into regions was not random... I think that the guiding
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principle was to start by observing something, decompose it, and this way I can
move from the micro to the macro and vice versa.". Evidently, Bzl had very
good reflection skills, which significantly helped in understanding his
mathematical thoughts.
We observed that Bzl used relatively large variety of heuristics and closed the
temporary gap by reconstructing the relevant FAISes of ATT and cobweb.
During the solution process he moved in cycles of execution-checking phases,
skipping the planning, a solution behavior which resembles experienced
mathematicians (Carlson, 2005). He was flexible and managed to change his
focus and navigate between global and local views, which is prevalent among
experienced mathematicians.
DISCUSSION
In response to the first question, the learning processes by group inquiries and
class discussion in the specific chaos and fractals course resulted in a large
number (51) of mathematical ideas which functioned-as-if-shared in the class.
However, moving on to the second research question, we found gaps between
what FAIS in the class and what students individually applied. Furthermore, we
found interrelationships between a student’s heuristic literacy and their ability to
bridge initial gaps by reconstructing in the interviews. In particular, the
heuristics proficiency, as shown in our research, might make the difference
between students who manage to reconstruct and rebuild what they learned in
class, and students who do not. The reasons for the gaps call for additional indepth future research, but their existence is ground for caution since the teacher
might assume that the class masters FAISes, although the reality is different.
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Sweden has a reputation for its equality work, but at the same time mathematics
is still considered a male domain. We studied grade nine students’ attitudes
about who could be considered best in mathematics, both from an individual
perspective and how they perceived different groups in society would answer. A
questionnaire was used and the analysis showed that girls more often think that
this is not a matter connected to biological sex, whereas boys more often state
that boys and girls are equally good. Two groups are stereotyped as thinking
that boys are better in mathematics both by girls and boys: boys in grade nine
and boys in general. This is not reflected in their self-evaluation. Overall, the
students showed an awareness of the concept of gender, including some intracultural dimensions of the concept.
INTRODUCTION
In many western countries, although there is no major differences in
achievements in mathematics (OECD, 2013), the subject is often considered as
a male domain; for instance, there are differences in enrolment in various
STEM subjects, both at undergraduate level and at graduate level (PiatekJimenez, 2015), and stereotypical symbols have been attributed to boys and
girls, such that boys are creative and girls insecure (Walkerdine, 1998;
Sumpter, 2016). Another example is that boys express a higher degree of ability
and self-confidence compared to girls (OECD, 2013). In this way, gender is an
issue relevant for research and discussion. This is true for Sweden too, which is
interesting given it is a country with reputation for its work regarding gender
equality (Weiner, 2005). In the curriculum for Swedish school, we can read that
teachers should actively work to enhance and develop students’ critical thinking
about gender stereotypes and this has been a central topic in governing school
documents for over 50 years (Hedlin, 2013). Previous studies signal that
students at different ages consider mathematics as a male domain (Brandell,
Leder & Nyström; 2007; Brandell, 2008) including boys reporting higher levels
in measures of self-evaluation (OECD, 2013; Sumpter, 2012), this despite that
girls’ grades are higher throughout secondary school (age 13-19). At the same
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time, teachers state that gender is not an issue neither in their teaching nor for
themselves as teachers (Gannerud, 2009).
Therefore, there is a paradox between the social, political norm and the symbols
that individuals express including gender stereotyping. This paradox invites to
further study how individuals perceive that different groups in the society view
mathematics and gender, and how individuals would reply from their own
perspective. Here, we would like to study grade nine students’ expressed
attitudes with a focus on attributed ability in mathematics. Our research
questions are: (1) In what way do boys and girls attribution differ regarding
ability in mathematics?; (2) How do they experience other groups attributions?;
and, (3) To what extent do students express that this has changed over time?.
BACKGROUND
Our theoretical starting point is that gender is a social construction more than
just a consequence of a biological sex, that gender is:
“a pattern of social relations in which the positions of women and men are defined,
the cultural meanings of being a man and a woman are negotiated, and their
trajectories through life are mapped out.” (Connell, 2006, p. 839).

These social relations include characteristics and traits that are cultural
dependent, and in a longer time perspective, they create norms. This is a
dynamic process meaning that the attributions, beliefs, identities, norms etc. are
not static and as socially constructed differences, they support differences and
inequality (Acker, 2006). In order to study attributed symbols, a further division
of gender is fruitful. Here, we follow Bjerrum Nielsen (2003) and divide gender
into four different aspects: structural, symbolic, personal, and interactional
gender. The first aspect, structural gender, is about social structures alongside
with other factors such as class end ethnicity. One example of structural gender
is the ratio men/women in enrolments in mathematics. The second aspect is
symbolic gender which appears in the shape of symbols and discourses. It
informs us what is considered normal and what is deviant (Bjerrum Nielsen,
2003). One example is the idea of mathematics as a male domain (Brandell,
Leder & Nyström, 2007; Brandell, 2008). Symbols as such can be very
powerful; studies have shown that the main reason for gender imbalance at
university level is the explanation for success that uses the two symbols ‘the
hard working female’ (e.g. Hermione Granger) and ‘the male genius’ (e.g.
Sherlock Holmes) (Leslie, Cimpian, Meyer & Freeland, 2015). The third aspect
is personal gender which looks at how individuals perceive the structure with its
symbols (Bjerrum Nielsen, 2003). Given it is a dynamic process, the structure
and symbols can influence and change which in turn affects personal
gender.The following quote illustrates the experience of not fitting in to the
created norm:
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An advantage of being male would be to have been more encouraged to pursue a
career in mathematics/engineering/technology. I would also have fitted in at high
school better than I did—my Years 9 and 10 were spent on an all-girls campus
where it was supremely uncool to be good at maths and science (Leder, 2010,
p.453).

The last aspect described by Bjerrum Nielsen (2003) is interactional gender
which focus on interactions of individuals within the structure with its symbols.
In the present paper, we are interested in how individuals perceive themselves
in the structure (i.e. personal gender) and symbols including stereotyping (i.e.
symbolic gender).
METHODS
The first step towards the data collection was a pilot study where a well-known
questionnaire was used with the intention to reproduce studies of individual’s
attitudes about gender and mathematics (e.g. Gómez-Chacón, Leder & Forgasz,
2014). However, although following “good practices”, the results indicated
several limitations and not just intercultural differences but also intracultural
(Nortvedt & Sumpter, 2017). The feedback stressed that “you can’t ask question
like this” meaning a revision was needed to make the questionnaire function in
a Nordic context. A literature review showed that most prior research treat
gender as a cultural-neutral construct and do not consider cultural dimensions:
that questionnaires very seldom gave the respondents opportunities to
demonstrate knowledge about gender beyond the classic male –female
dichotomy or nuances in gender symbolism. (Sumpter & Nortvedt, 2018). We
therefore applied Clarke (2013)’s seven dilemmas: (1) Cultural-specificity of
cross-cultural codes; (2) Inclusive vs Distinctive; (3) Evaluative Criteria; (4)
Form vs Function; (5) Linguistic Preclusion; (6) Omission; and, (7)
Disconnection. One solution to meet some of these dilemmas were to apply
vignettes. One example is the first question, Question 1a, “Who is best in
mathematics, boys or girls?” with an vignette saying that different groups in the
society might have different views of who is considered able in mathematics.
By adding such a vignette, the question allow the respondent to express
perceived gender stereotyping from others whilst expressing a personal attitude
that might differ. The pilot study indicated that the questionnaire did allow
students to demonstrate their awareness of a range of culturally rooted
differences in attitudes towards boys’ and girls’ abilities to learn mathematics
(Nortvedt & Sumpter, 2018).
To answer the research questions in the present paper, we will focus on
Question 1a, “Who is best in mathematics, boys or girls?”, Question 1b, “Do
you think this has changed over time?” where the latter also allowed qualitative
responses. We also analyse the responses to one of the background questions
which was a self-evaluation. The data comes from lower secondary school
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students (grade 9; age 15; n=241) from seven schools in different locations in
Sweden (north/south; rural/town/city). Given that online surveys have less
response rate (Fan & Yan, 2010), the first author used personal contacts to find
participating schools. Ethics rules provided by Swedish Research Council were
followed. This means that those students who had not turned 15 before
December 2019 could not participate, which according to Statistics Sweden
should be around 6% of the population meaning two students per class. The
statistical analysis of the replies used stated gender (boy/girl) as a factor
(n=222) and we applied chi-squared test to analyse where girls’ replies differ
from boys. The qualitative responses were analysed using inductive thematic
analysis (Braun & Clarke, 2006), and then compared to previous research as a
second step. This means that we searched for similarities and differences in the
written replies, gathering similar statements using a coding scheme. One
example are statements that could be connected to a broader theme describing
gender as a dynamic concept, where the codes were words like “change” or
“difference”. In this way, disjoint themes were created.
RESULTS
The first set of results focus on the attribution of ability in mathematics meaning
the responses to the question “Who is best in mathematics, boys or girls?”. In
Table 1, G stands for Girls and B for Boys:
Girls are best

Boys are
best

They are
equally
good

Girls in
grade 9

G: 27(24.5%)

7(6.4%)

19(17.3%) 50(45.5%)

7(6.4%)

B: 57(53.3%)

5(4.7%)

14(13.1%) 27(25.2%)

4(3.7%)

G: 17(15.6%) 49(45.0%) 19(17.4%) 19(17.4%)

5(5.0%)

B: 23(21.9%)

5(4.8%)

Boys in
grade 9
Dads

G: 7(6.5%)
B: 17(16.3%)

Mums

It is not
about
sex*

I’m not
sure

Groups

45(44.9%) 14(13.3%) 18(17.1%)

p

<0.05

>0.05

21(19.4%) 31(28.7%) 36(33.3%) 13(12.0%) <0.05
27(26.0%) 30(28.8%) 24(23.1%)

6(5.8%)

G: 12(24.5%)

1(0.9%)

31(28.7%) 59(54.6%)

5(4.6%)

B: 23(53%)

9(8.7%)

40(38.5%) 28(26.9%)

4(3.8%)

Male
teachers

G: 14(13.1%)

10(9.3%)

31(29.0%) 48(44.9%)

4(3.7%)

B: 17(16.5%)

14(13.6%) 36(35.0%) 32(31.1%)

4(3.9%)

Female

G: 10(9.3%)

3(2.8%)

32(29.9%) 57(53.3%)

5(4.7%)

<0.05

>0.05

<0.05
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Girls are best

Boys are
best

They are
equally
good

teachers

B: 23(28.7%)

7(6.7%)

41(39.4%) 28(26.9%)

Girls in
general

G: 31(28.7%)

10(9.3%)

19(17.6%) 36(33.3%) 12(11.1%) <0.05

B: 44(42.3%)

8(7.7%)

25(24.0%) 14(13.5%) 13(12.5%)

Boys in
general
You

It is not
about
sex*

I’m not
sure

Groups

G: 24(22.2%) 40(37.8%) 17(15.7%) 18(16.7%)
B: 18(17.5%)
G: 7(6.6%)
B: 12(11.4%)

p

5(4.8%)

9(8.3%)

>0.05

40(38.8%) 22(21.4%) 12(11.7%) 11(10.7%)
2(1.9%)

13(12.3%) 81(76.4%)

3(2.8%)

<0.05

18(17.1%) 24(22.9%) 37(35.2%) 14(13.3%)

Table 1: Responses to “Who is best in mathematics?”, n(%). Total responses
differ from 106-110 (girls) and 103-107 (boys).*In Swedish, there is a
difference between gender (‘genus’) and biological sex (‘kön’)
The majority of boys and girls attributes no gender, both regarding what they
think other groups would answer but also in their own responses. It is
interesting to note that one difference between girls and boys is that girls more
often has their main response ‘It is not about gender’ more often than boys,
whereas boys more often choose ‘they are equally good’. A few results stand
out: both girls and boys reply that boys in grade nine and in general would reply
that they are better. However, when responding as themselves (as ‘you’), this is
not reproduced. Instead, the majority of boys (58.1%) think it is not a question
about sex or that boys and girls are equally good. Here, there is a difference
between what is attributed to boys as a symbol and what could be considered as
a personal view on a group level. Continuing with self-confidence and
stereotyping, boys more often reply that girls in grade nine and in general would
answer that girls are best in mathematics, a response pattern girls do not repeat.
An interesting symmetry which is statistical significant appears in the responses
about what the students think that mums and dads would reply: both boys and
girls state that fathers would pick boys as better in mathematics, and for mothers
to pick girls. This symmetry is not repeated regarding female and male teachers.
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On the question whether this has changed over time, girls and boys differ in
their responses, Se Table 2:
Yes

No

I’m not
sure

p

Girls

85(75.9)

9(8.0)

18(16.1)

<0.05

Boys

56(50.9)

22(20.0)

32(29.1)

Table 2: Changed over time n(%)
Although the majority of both groups states “Yes”, girls do it more so. In the
motivations why, the analysis generated three themes. The first theme is based
on the idea that things do change over time, especially stereotypes:
I believe that before, one thought that boys were better. Women have always been
oppressed and lads were the ones who got to show that they could do maths. Lately,
I think that girls also have had a chance to show that they are good at maths and
humans have realised that the difference is not so big [Girl 1]; I think that
everything depends on the stereotypes what is male and [what is] not. We have
[previously] related that men are often best in mathematics since they used to be
[Boy1].

Both these motivations show an awareness of gender as a dynamic concept and
that stereotyping is a part of the this changes of power. The second category is
about boys and symbols attributed to boys:
I believe that boys normally are less interested [in school] than girls and therefore
are looked upon as worse than girls. Guys live a life where you should not care
about school to be considered cool. [Boy2]

In this response, there is an awareness about the relationship between symbolic
gender and personal gender. The third theme is that biological sex is irrelevant:
Biological sex should not determine your knowledge in math and there is no sex
better than the other. [Girl2]

Since Swedish language uses different words for gender and biological sex, the
focus here is that biological sex is extraneous in this matter. That doesn’t imply
that gender is not relevant.
Table 1 indicates that both boys and girls more often connect boys with the
reply ‘Boys are best’, but when looking at responses from a personal view, this
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is not repeated. As a final measure, we studied girls and boys responses
regarding self-evaluation (see Table 3):
Very good

Good

Average

Below
average

Weak

p

Girls

13(11.7)

34(30.46)

39(35.1)

12(10.8)

13(11.7)

>0.05

Boys

19(17.1)

26(23.4)

40(36.0)

10(9.0)

16(14.4)

Table 3: Self-evaluation n(%)
In Table 3, most responses are ‘Good’ or ‘Average’ and the results do not
significantly differ. As a summary, the students participating in this study
indicated that overall, gender is not a determining factor or there is no
difference between boys and girls. In their written motivation, they showed
great awareness of gender as a dynamic concept. However, their responses still
signalled that boys, as a group, would think that they are better in mathematics,
either as a sign of self-confidence or ability.
DISCUSSION
Here, grade nine students’ attitudes about boys, girls and mathematics were
studied with a focus on who could be considered better in mathematics: boys or
girls, if they were equally good or if the question was not about biological sex at
all. The majority of the respondents picked the latter two categories, but there
were some differences in their response patterns. One pattern is that although
the majority of responses, both from boys and girls, signal that neither boys nor
girls are better at mathematics, boys more often answered that boys and girls are
equally good and girls more often state that this is not about sex. When one take
this result in comparison with gender theories (e.g. Acker, 2006; Connell,
2006), it could be seen as a difference between the level of understanding of
gender; that boys more often signal that there is a gender division whereas girls
more often state that such division is not fruitful. Both groups, however, turn to
traditional stereotypical patterns when answering the questions from a group
perspective of boys in grade 9 and boys in general. Both groups are connected
to the statement ‘Boys are best’. This is in line with previous reports that boys
more often than girls opt for higher levels in self-evaluations (OECD, 2013;
Sumpter, 2012). This it is not repeated when boys answer from a personal
perspective: girls and boys responses in the self-evaluation do not differ. Here,
we have a variation between what is attributed and what is reported from an
individual perspective. Boys also attribute similar gender stereotyping to girls,
which girls do not repeat. This difference needs to be further investigated since
it can inform us about intra-cultural tensions (e.g. Clarke, 2013; Nortvedt &
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Sumpter, 2017) or, in the light of Bjerrum Nielsen (2003) different aspects of
gender, relationships between symbolic gender and personal gender.
When the students responded what they think their parents would reply, a
symmetry appeared: fathers would say that boys are better in mathematics and
mothers would choose girls. However, this symmetry should be viewed from
the perspective that most of the students state that parents would express gender
neutral attitudes. One possible explanation could be found in the written
motivations where the main theme was that gender stereotypical views has
changed in the society as a whole. The awareness of gender as a social
construct, and not just a division of sex, among the 15 year olds participating in
this study was impressive. When comparing to Gannerud’s (2009) study where
the teachers answered that gender is not an issue since the society is already
equal, the students talked about an awareness of change including less
oppression and how power has shifted (e.g. Acker, 2006). One possible
explanation could be that this is a reflection of gender equality work in Swedish
schools (e.g. Hedlin, 2013) or that progress has continued (e.g. Brandell, 2008).
One implication is that if teachers want to fulfil the goals of the curriculum
where it states that they should help students to critically analyse and discuss
gender issues, they should be aware of that the students might have a developed
gender view but that old stereotypes could still exists within this view.
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KNOWLEDGE AND ACTION FOR CHANGE TOWARD THE
4TH INDUSTRIAL REVOLUTION THROUGH
PROFESSIONAL PRACTICE IN ETHNOMATHEMATICS
Linda H.L. Furuto
University of Hawai‘i at Mānoa
Research in teacher education over the past ten years has led to policy and
practice implications for learning and instruction, including institutionalization
of the world’s first academic program in ethnomathematics. The
ethnomathematics program at the University of Hawai‘i empowers teachers as
leaders to align professional practices with state and national standards via the
innovative design, implementation, and assessment of culturally-sustaining
research and praxis in formal and informal, place-based contexts. The mission
and vision of the program are inspired by its role in the worldwide voyage of
the traditional canoe Hōkūle‘a, bridging Indigenous wisdom and 21st century
interdisciplinary knowledge and action toward the transformational 4th
Industrial Revolution. The underlying goal is a shared commitment to equity,
empowerment, and dignity for all.
FOCUS AND OBJECTIVES
Three decades after the 1984 International Congress on Mathematical
Education’s declaration of “mathematics for all,” we have come to understand
that mathematics is undergoing one of the most critical periods in its recorded
history (Bishop, 1988; NSTC, 2018). The U.S. National Science & Technology
Council’s Strategy for STEM Education (2018) is to “provide all Americans
with lifelong access to high-quality STEM education, especially those
historically underserved and underrepresented in STEM fields and
employment…[and] an urgent call to action for a nationwide collaboration with
learners, families, educators, communities, and employers—a “North Star” for
the STEM community as it collectively charts a course for the Nation’s success”
(p. v). The current era emphasizes the “dreams, possibilities, and necessity of
public education,” and the role of mathematics in influencing the equilibrium of
achievement (Weiss & Miller, 2006).
The goal of this paper is to discuss how knowledge and action for change are
achieved through professional practice in ethnomathematics, in an ongoing
process of navigating toward the “North Star” in Hawai‘i and the Pacific
(Furuto, 2018; Tuhiwai Smith, 1999). Specifically, our research has developed
new theoretical insights into honoring and sustaining non-Western systems
based on examples in mathematics teacher education. The premise is that
“Mathematics is powerful enough to help build a civilization with dignity for
all, in which ethnomathematics practices encourage respect, solidarity, and
162
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cooperation…in the pursuit of peace” (Rosa, D’Ambrosio, Orey, Shirley,
Alangui, Palhares, & Gavarrete, 2016, p. ix). Our vision is grounded in a shared
commitment to equity and empowerment, as required to responsibly and
ethically navigate toward the 4th Industrial Revolution (Maynard, 2015; Rosa et
al., 2016).
THEORETICAL FRAMEWORKS
Ethnomathematics is real-world problem-solving that empowers locallyminded, global citizens through interdisciplinary learning that is connected to
the ecological, cultural, historical, and political contexts in which schooling
takes place (Gutiérrez, 2017; Rosa et al., 2016). Over the past three decades,
research in teacher education has emerged to promote development in the areas
of equity, empowerment, and ethnomathematics, including: culturally relevant
pedagogy (Ladson-Billings, 1995), engaged pedagogy (hooks, 1994), critical
care praxis (Powell & Frankenstein, 1997), and culturally sustaining pedagogy
(Paris, 2012). According to Paris (2012), “Culturally sustaining requires that our
pedagogies be more than responsive of or relevant to cultural experiences and
practices…it requires that they...simultaneously offer access to dominant
cultural competence” (p. 95).
Research in Hawai‘i and Pacific communities demonstrates the importance of
culturally sustaining pedagogy as we strive toward social justice and overcome
deficit theories (Furuto, 2014; Kanaʻiaupuni, 2005). Through interconnected
work with educational institutions, research organizations, and community
partners, we have created an ethnomathematics program to further a deeper
understanding of the psychological and other aspects of teaching and learning
mathematics and the implications thereof (Adler & Venkat, 2014).
A tradition that runs deep in Indigenous peoples of Hawai‘i and the Pacific for
over 2,000 years is deep sea voyaging by celestial navigation without modern
navigational tools (Finney, Kilonsky, Somsen, & Stroup, 1986). Traditional
wayfinding is guided by the sun, moon, stars, winds, currents, and mathematical
modeling. When the navigation renaissance began in the early 1970s by the
Polynesian Voyaging Society (PVS), Native Hawaiian and others voyaged to
prove that purposeful migration occurred across the Pacific (PVS, 2016). Now,
with the tradition of wayfinding revived and thriving, the voyages allow new
generations to honor and sustain knowledge, culture, and values through
education. The PVS prototype canoe Hōkūle‘a has sailed over 160,000 nautical
miles and spawned a legacy of more than 25 deep sea voyaging canoes birthed
across 11 Pacific Island nations (Finney et al., 1986; Furuto, 2018). Hōkūle‘a
serves as a powerful vehicle to draw on the strengths of our Pacific histories,
identities, and cultures, and broadens the participation of groups historically
underrepresented in mathematics.
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Hōkūle‘a’s most recent voyage circumnavigated the globe from 2013–2017
with a mission to mālama honua—to “care for Island Earth” and all people and
places as ‘ohana (“family”). The lead author was an apprentice navigator and
education specialist on the voyage, sailing with leaders such as the Archbishop
Desmond Tutu, His Holiness the 14th Dalai Lama, and United Nations (UN)
Secretary General Ban Ki-moon. From outside the UN Headquarters on World
Oceans Day 2016, Ban Ki-moon stated, “I am honored to be part of the Mālama
Honua Worldwide Voyage. I am inspired by its global mission, and support our
common cause of ushering in a more sustainable future and a life of dignity for
all through education.”
SETTING AND SIGNIFICANCE OF WORK
Knowledge and action for enduring, transformational change toward the 4th
Industrial Revolution comes from working with and learning from the
populations we are endeavoring to serve, and co-constructing thinking skills
necessary for the future (Powell & Frankenstein, 1997). According to Jaworski,
Wood, and Dawson (1999), “In-service providers cannot just ‘deliver’ a course
or workshop. They must become part of learning communities” (p. 12). This is
what we have strived to do by bringing the voyages back to land.
Hawai‘i’s population is among the most diverse in the nation. The breakdown is
Caucasian (25%), Filipino (15%), Japanese (14%), Native Hawaiian/Pacific
Islander (10%), and others (U.S. Census Bureau, 2010). There are a range of
schools classified as urban, suburban, and rural. The Hawai‘i State Department
of Education (HIDOE) serves many students in poverty, and 47% receive free
and reduced lunch (HIDOE, 2020). Moreover, Hawai‘i is the only statewide
school district in the nation, and operates a single public higher education
system at the University of Hawai‘i (UH). The data and context make Hawai‘i a
valuable study, and provide a significant lens into the future of diversity in the
U.S. with global implications.
In Fall 2013, the PVS Promise to Children was authored by educational
leadership in Hawai‘i and the Pacific, including the HIDOE Superintendent and
UH system President who participated as crew members on the Mālama Honua
Worldwide Voyage. This alliance spans early childhood education through
graduate studies (P–20), public and private sectors, and invites new partners to
achieve collective impact (Kania & Kramer, 2011). As a result of P–20
collaborations, the HIDOE created learning outcomes to inform policy at the
statewide level. Nā Hopena Aʻo (2015) is a framework to honor the unique
context of Hawai‘i’s Indigenous language and culture. Similarly, interwoven in
the UH System Strategic Directions 2015–2021 (2015) are key imperatives to
being a foremost Indigenous-serving institution and advancing sustainability,
with the Mālama Honua Worldwide Voyage as a catalyst.
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The College of Education at the UH system’s flagship campus, UH Mānoa, is
ideal to help achieve P–20 knowledge and action for change through
ethnomathematics. The College of Education directs teacher preparation
programs, curriculum design, and research projects in Hawai‘i and U.S.
affiliated Pacific Islands. It produces more than 65% of Hawai‘i’s teaching
force and prepares professionals to contribute to a just, diverse, and democratic
society across the Pacific (UH IRO, 2020).
RESEARCH METHODS AND DATA
The Ethnomathematics Institute was developed to bring together research
institutions, cultural practitioners, and community-based organizations in
support of undergraduate STEM majors at UH West O‘ahu (2008-2013), and
later, transitioned to UH Mānoa to strengthen professional development for P–
20 STEM educators (2013-2018). Grant funding was provided over the years
by the National Science Foundation and U.S. Department of Education, among
others.
The main objectives of the institute were to: (1) explore promising practices in
historically marginalized populations in alignment with national and state
standards, such as Mathematics Common Core State Standards (CCSS), Next
Generation Science Standards (NGSS), and Nā Hopena Aʻo (HĀ); (2) prepare
teachers as leaders to provide ethnomathematics instruction and professional
development in their schools and communities that are relevant, contextualized,
and sustainable; and (3) strengthen campus-community partnerships to build
sustainable networks within Hawai‘i and the Pacific.
From 2013-2018, the participants in the Ethnomathematics Institute represented
a diverse range of experience, disciplines, grade levels, and locations (Table 1).
Demographic Descriptions
Grade level taught during study year (n = 78):
Elementary school (Grades K–5)
Middle school (Grades 6–8)
High school (Grades 9–12)
District resource teacher (K–12)
Undergraduate students
Post-secondary teachers
Other (i.e., non-formal, informal educators)
Ethnic background (n = 78):
Asian
Caucasian
Native Hawaiian

No. of teachers
12
18
28
4
6
6
4
24
24
18
165

Hispanic
Pacific Islander
Other
No. of years teaching (n = 78):
<1
1–4
5–10
11–15
>15
School type (n = 78):
Public
Public charter
Private
Disciplines taught during study year (n = 78):
English
Math
Science
Technology
All subjects (elementary)

4
4
4
2
30
11
13
22
58
15
5
4
32
24
6
12

Table 1: Demographic descriptions of participants
Within the Ethnomathematics Institute, learning occurred in formal and
informal place-based contexts. Through real-world applications from mountains
to sea, the project activities, assignments, and assessments bridged Indigenous
wisdom and 21st century skills to classrooms and communities. For example,
content areas included: wayfinding by geometrical angles of the sun, moon, and
stars; algebraic studies of currents and water quality in nearby rivers and
streams; and monitoring the impact of climate change on school gardens, among
others (Furuto, 2018).
Project evaluation from 2013-2018 was based on mixed-methods grounded in
strengths-based approaches. The evaluators collected both formative and
summative data. Evaluation questions were aligned with the three objectives of
the Ethnomathematics Institute (Table 2).
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Goals

Evaluation Questions

Increase knowledge of content and
pedagogy in culturally sustaining
mathematics aligned with Common
Core State Standards (CCSS), Next
Generation Science Standards (NGSS),
and Nā Hopena Aʻo (HĀ)
Prepare teachers as leaders to provide
instruction and professional
development in ethnomathematics in
their schools and communities through
high-quality learning that is relevant,
contextualized, and sustainable
Strengthen campus-community
partnerships within Hawai‘i and the
Pacific for sustainable classroom and
community networks

1. To what extent did the participants
perceive that the project affected their
knowledge of culturally sustaining
mathematics pedagogies aligned with
CCSS, NGSS, and HĀ?
2. How did the participants perceive the
process of their lesson plan
development and implementation?

3. To what extent did the participants
report the project cultivated a
supportive, sustained community?

Table 2: Program goals and evaluation questions
Qualitative data was collected using semi-structured focus groups. Content
analysis was utilized to evaluate constructed response questions with a
grounded theory approach (Corbin & Strauss, 2014). Participants reported that
the program increased culturally responsive pedagogy and emphasized the
importance of understanding student culture, promotion of cultural
understanding, and adjustment of teaching practice to reflect student culture
using pedagogical strategies familiar to students. One participant commented, “I
am making…a point to connect almost everything I teach to something the kids
know about already, something that is in our community or environment and
close to their hearts. It is making all the difference.”
Quantitative data analysis consisted of descriptive statistics. In general,
participants perceived the Ethnomathematics Institute to be valuable and
relevant to their teaching practice, as measured on a Likert scale from 1-5 with
1 = Do Not Agree and 5 = Strongly Agree (N = 78, M = 4.84, SD = 0.37). At
the end of the Ethnomathematics Institute, participants were most likely to agree
that they understood and could incorporate culturally sustaining pedagogy
aligned with state and federal standards into their classrooms. The
disaggregated items had a reliability of 0.75 (Cronbach’s alpha) and an overall
mean of 4.15 (select results in Table 3).
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Prompt
1. The project helped me better understand and
incorporate culturally sustaining pedagogy
2. The project helped me better understand and
incorporate mathematics content
3. The project helped me better understand and
incorporate Common Core State Standards
4. The project helped me better understand and
incorporate Next Generation Science Standards
5. The project helped me better understand and
incorporate Nā Hopena Aʻo

N

M

SD

Min,
Max

78

4.74

0.45

4, 5

78

4.42

0.69

3, 5

78

4.78

0.52

4, 5

78

4.52

0.65

3, 5

78

4.78

0. 56

4, 5

Table 3: Understanding and incorporation of pedagogy, content, and standards
RESULTS
Over the past ten years, the Ethnomathematics Institute has grown through
successes and challenges. When the program was based at UH West O‘ahu,
performance measures included a 1400% increase in undergraduate students
enrolled in mathematics courses, as the population grew from 940 students in
2007 to 2,361 students in 2013 (UH IRO, 2020). This led to the development of
11 new mathematics courses tied to institutional learning outcomes,
accreditation, and graduation requirements, all of which are grounded in
ethnomathematics. When the Ethnomathematics Institute transitioned into a
yearlong professional development program for P-20 educators, the participants
represented all HIDOE complexes and districts. This led to an integrated
statewide network that extended to the Pacific and demonstrated a commitment
to transform education.
The world’s first academic program in ethnomathematics was institutionalized
at the UH Mānoa College of Education in 2018, thus leading the way for
mathematics education. The 15-credit program is designed to lead into the
M.Ed. Curriculum Studies: Mathematics Education, providing an attractive
option for graduate students. There are no master’s degrees in mathematics
education at any other UH system institutions or U.S. affiliated Pacific Islands.
Moreover, in an unprecedented move, the Hawai‘i Teacher Standards Board,
which licenses teachers throughout Hawai‘i and U.S. affiliated Pacific Islands,
officially approved ethnomathematics as a field of licensure in 2018. This
approval indicates that program assessments, rubrics, and frameworks aligned
with the Council of Chief State School Officers’ model core teaching standards
(CCSSO, 2013).

168

CONCLUSIONS
A decade of research, theory, and praxis has ultimately led our voyage to the
creation of a new academic program. This illustrates how ethnomathematics has
empowered teachers as leaders, through equitable practices aligned with state
and federal standards that bridge Indigenous wisdom and 21st century learning.
The skills necessary for the 4th Industrial Revolution require innovative and
interdisciplinary research-based practices that further our understanding of
teaching and learning mathematics (Adler & Venkat, 2014; Maynard, 2015).
Three decades after the 1984 International Congress on Mathematical
Education, we have increasingly hopeful responses to the challenge of reexamining the equilibrium of mathematics. “Mathematics for all” is not just a
vision but a growing reality. As we reflect on our calls to action, we are inspired
by the proverb, “‘A‘ohe hana nui ke alu‘ia—No task is too big when done
together by all” (Pukui, 1993, p. 18). Through storms and calm seas, we will
remain steadfast in our firm commitment to follow the “North Star” to equity,
empowerment, and dignity for all.
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FLEXIBILITY IN DEALING WITH MATHEMATICAL
SITUATIONS IN WORD PROBLEMS – A PILOT STUDY ON
AN INTERVENTION FOR SECOND GRADERS
Laura Gabler, Stefan Ufer
LMU Munich
Empirical studies have underlined students’ difficulties with arithmetic word
problems involving comparisons of sets. Although research has proposed
strategies to reinterpret difficult word problems into easier ones, no
corresponding interventions have been designed and evaluated. This study takes
up the idea and aims at (1) replicating and systematizing former results on the
difficulty of word problems and (2) investigating, if second graders are able to
identify similar situation structures in pairs of word problems, and use this
information to solve more difficult word problems. Results did only partially
replicate prior research on the difficulty of word problems, and did not show
that students transferred situation structures between pairs of tasks. This
underlines the necessity of a corresponding intervention study.
INTRODUCTION
Prior research has shown that the way an arithmetic problem is presented
influences the difficulty for learners: The same problem presented in numerical
format (e.g., 3 + 5 = 8) is solved 10 to 30% less frequently, if it is embedded in
a word problem (Carpenter, Corbitt, Kepner, Lindquist, & Reys, 1980). This
implies that factors other than arithmetic skills influence a word problem’s
difficulty. Current research often distinguishes between comprehension
obstacles, which relate to reading comprehension, and conceptual obstacles,
which relate to problems with the acquisition of the semantic problem structure
of a word problem (Prediger & Krägeloh, 2015). In this article, we present a
preparatory study for the design of an intervention program with a focus on the
analysis of conceptual obstacles: After summarizing processes and difficulties
occurring when solving of word problems, and presenting strategies to tackle
these difficulties, we investigate, if students already make use of these strategies
spontaneously.
CURRENT STATE OF RESEARCH
In the past, there has been extensive research on solving word problems (Stern,
1993; Vicente, Orrantia, & Verschaffel, 2008), in particular focusing on onestep arithmetic word problems on addition and subtraction. Common
frameworks on solving word problems (e.g., Kintsch & Greeno, 1985) include
two models that need to be constructed individually: the situation model and the
mathematical problem model. An alternative perspective focuses on structures
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that problem authors may have intended while writing word problems.
According to this perspective, students need to reconstruct these structures in
the form of situation models when solving the problem. The relationship
between these two perspectives will be outlined in the following.
Problem authors can realize a word problem linguistically in different ways
(text base). For instance, a description of the comparison of two sets requires
relational terms. The authors can decide how they describe the relation (with
terms like “more”, “less”, “bigger”, or “smaller”, etc.). (1) As a first step of
solving a word problem, the learners decode this generated text base and
integrate the information and prior knowledge into an initial situation model
(Kintsch & Greeno, 1985). At best, the first “draft” of an individual situation
model contains the basic components of the author’s intended situation
structure. In course of the solution process, learners can enrich their situation
model so that it also reflects alternative situation structures, using inferences
based on their prior knowledge (Kintsch, 1998). (2) Furthermore, the learners
need to transfer the situation model to a mathematical problem model by
describing their situation model with mathematical concepts (Kintsch &
Greeno, 1985). At best, this mathematical problem model corresponds to the
author’s intended mathematical structure of the word problem. To find an
adequate mathematical problem model based on the situation model, the
learners need to know, which mathematical structures can describe a certain
situation structure. The constructed situation model is essential during this
process. Depending on the aspects of the situation structure, which are available
in the individual situation model, the learners are assumed to activate different
facets of their individual knowledge, which might be more or less helpful for
the construction of a mathematical problem model.
Various prior studies have investigated, which factors influence the difficulty of
solving word problems (e.g., De Corte & Verschaffel, 1987). One line of
research indicates that the linguistic presentation influences the difficulty of
word problems (Bailey & Butler, 2003). Beyond this, the intended situation
structure of word problems has been found as another relevant factor. Different
characteristics of this situation structure may influence the difficulty of a word
problem on addition and subtraction: the semantic structure, the unknown set,
and the additive or subtractive wording.
Regarding the semantic structure, research on word problems on addition and
subtraction often distinguished between change, combine, compare, and
equalize situations (e.g., Riley, Greeno, & Heller, 1983). While change and
equalize word problems describe a dynamic action, combine and compare word
problems are considered static situations. Past research has shown that students’
solution rates vary with the semantic structures in a word problem, and compare
problems seem to be particularly challenging for learners (Riley & Greeno,
1988; Stern, 1993). One reason might be that the difference set in compare
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problems does not describe an existing quantity but a relationship between two
sets and therefore is hard to represent in a situation model. In the sequel, we
mostly exclude combine problems from our analysis, since they have a
substantially different situation structure and are usually not among the more
difficult problem types.
Moreover, one of the three involved sets of a one-step word problem is usually
unknown initially (unknown set). In change word problems, this can be the start
set, the change set, or the result set, whereas these options are called reference
set, difference set, or compare set in compare word problems (Riley et al.,
1983). Studies on the impact of the unknown set agree that word problems with
an unknown reference set or start set are most difficult (Stern, 1993).
Additionally, additive or subtractive wording (a/s wording) (Fuson, Carroll, &
Landis, 1996) can be seen as a part of the situation structure: It determines a
certain direction of the action or a certain perspective on a compare situation,
which can be represented in a situation model. While the a/s wording of
dynamic change and equalize problems is expressed with action verbs (additive
wording: e.g., “to get”, “to win”, subtractive wording: e.g., “to give”, “to lose”),
the comparison of sets requires relational terms such as “more than”, “bigger
than” (additive wording) or “less than”, “smaller than” (subtractive wording).
Combined with the mathematical structure of a word problem, the a/s wording
influences the difficulty of a task: If the a/s wording and the directly applicable
mathematical operation do not match (e.g., additive wording in a problem that
can be solved by a direct subtraction) lower solution rates for the word problem
are observed. These word problems are called inconsistent (Lewis & Mayer,
1987).
Differences in performance caused by the various characteristics of the situation
structure led to the idea that reinterpreting more difficult types of word
problems by reinterpreting them in terms of easier situation structures could be
useful for solving them. Greeno (1980) proposes to use easier accessible
semantic structures: Instead of solving change word problems, he suggests that
students could adapt their situation model by reinterpreting the situation as a
combine word problem. Alternatively, Stern (1993) proposes to reinterpret a
word problem’s a/s wording. Being able to transfer between different directions
of mathematical relations (e.g., “Anna has two marbles more than Ben.” equals
“Ben has two marbles less than Anna.”) or actions might help learners to
reinterpret inconsistent word problems as easier, consistent word problems. For
this, learners need to understand the equivalence of such symmetric relational
expressions. Both approaches describe processes that require the enrichment of
the initial situation model with an alternative situation structure that represents a
different perspective on the situation. Being able to make such inferences
towards alternative situation structures provides flexibility in dealing with
mathematical situations. We assume that this flexibility might support learners
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to find a mathematical problem model based on the enriched situation model. A
lack of this flexibility could be one cause for the described differences in
performance when solving word problems. Accordingly, an intervention
supporting students in acquiring this flexibility might improve the students’
performance in solving difficult word problems.
However, it is currently unclear why learners do not apply the reinterpretation
of situation structures spontaneously. On the one hand, learners might not have
gained flexibility in dealing with mathematical situations yet. This would imply
the need for an intervention study to determine, whether the skill can be trained.
On the other hand, learners might have acquired the required skill but fail to
apply it. In this case, solving two consecutive, structurally similar tasks should
elicit the application of this flexibility: Students might transfer features of the
empirically easier situation structure (e.g., equalize situations) to the situation
structure of the next, more difficult word problem (e.g., compare situations), if
it is embedded in the same context situation. Finally, if providing a hint to use
this structural similarity of consecutive tasks would trigger learners to apply the
described strategy, an intervention would need to focus on the application rather
than the acquisition of this flexibility.
AIMS AND RESEARCH QUESTIONS
To study if an intervention based on Greeno’s and Stern’s suggestions could be
helpful, two main issues need to be resolved: The first aim of this contribution
is to replicate prior results regarding task difficulty, which are fundamental for
the intervention.
Q1: Which of the task features semantic structure, a/s wording, and unknown
set cause differences regarding the difficulty of word problems on addition and
subtraction?
Based on prior studies, we expected that compare word problems would be
more difficult than equalize (H1.1) and change word problems (H1.2). Solution
rates should be higher for consistent word problems than for inconsistent word
problems (H1.3). Moreover, existing studies have varied surface features of the
word problems (names, quantities, involved objects) together with the
mentioned task features. Our study controls the variation of difficulty caused by
these surface features. We expected only minor differences in solution rates due
to surface features (H1.4).
The second aim of this study was to study the (spontaneous) use of the
described strategy to reinterpret situation structures.
Q2: Do students use similar situation structures spontaneously for the solution
of word problems? Does a hint support the use of the strategy?
The successful use of this strategy should cause higher solution rates for items
for the second of two structurally similar, consecutive word problems (as
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compared to the first problem in the pair, H2.1). We expected stronger
differences, when compare situations occurred after a dynamic situation, than in
the reverse sequence (H2.2). In the case that students have already gained the
required knowledge but fail to apply the strategy spon-taneously, we assumed
that the effects in H2.1 and H2.2 would be more pronounced, if the learners
receive an explicit hint on the similarity of the situation structures (H2.3).
METHOD
To answer the research questions, paper-and-pencil based tests were used in a
cross-sectional study with second graders from eight classrooms in Germany
(N = 139). Each student solved twenty different word problems on addition and
subtraction, which were selected from a larger collection of task variations. To
examine Q2, the word problems were arranged in pairs. Each pair of word
problems contained two structurally similar word problems with the same
surface features, a/s wording, and unknown set, but differed only in their
semantic structure. An exemplary pair of word problems could consist of task
A: “Anna has 13 marbles, Ben has 8 marbles. How many marbles does Anna
have to give Ben, so that she has as many as Ben?” and task B: “Anna has 13
marbles, Ben has 8 marbles. How many marbles does Anna have more than
Ben?” In this example, the first word problem deals with the equalization of
sets, while the second word problem describes a similar comparison of sets. For
the compilation of all possible versions of pairs of word problems, we varied
combinations of semantic structures (change and compare, equalize and
compare), the a/s wording, and the unknown set systematically. These
prototypical types were each embedded in twelve different situation contexts. In
the end, we generated a second set of word problems by reversing the order of
the two word problems within each pair.
Procedure: Each student solved ten randomly selected pairs of word problems
in a random sequence. Each questionnaire also contained two distractor pairs of
word problems, which had dissimilar mathematical structures in the two tasks.
This was done to keep students from solving only the first task and
automatically transferring the answer to the second word problem. Each page of
the questionnaire showed one word problem and students were instructed to not
move backwards through the pages to avoid them from adjusting their answers
retrospectively. In half of the participating classrooms, students received an
explicit hint, which aimed to encourage them to use similar structures for
solving the following word problem.
Coding: Students’ solutions were coded in two different ways: The first option
(correct result) classified the answer of a student as correct, if the numerical
result was correct. The second option (correct operation) classified the answer
of a student as correct, if at least the calculation or the result was correct.
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Statistical analysis: For the inferential statistical analyses, we used generalized
linear mixed models for dichotomous data with a logit link function (Bates,
Maechler, Bolker, & Walker, 2014), which predict the correctness of an
operation or a result for each task based on individual person features and task
features. Dependencies between answers of the same person were taken into
account by including a random intercept. For the examination of main effects
and interaction effects of the task features, we used likelihood ratio (LR) tests
based on a chi-square statistic. To compare solution rates under different
conditions, we calculated contrasts between the respective estimated marginal
means. The reported regression coefficients can be interpreted as difference
values on a log odds ratio scale similar to differences of item parameters in an
IRT model. All calculations were executed in R with the packages lme4 (Bates
et al., 2014) and emmeans (Lenth, Singmann, Love, Buerkner, & Herve, 2018).
RESULTS
To answer Q1, we analyzed only the first task of each pair of word problems
excluding the distractor pairs. As expected (H1.4), the variation of the situation
context explained only a small proportion of variance (less than 0.01%). First,
we analyzed the main effects of a word problem’s semantic structure, unknown
set, and a/s wording. There were no significant differences between the
semantic structures concerning the frequency of correct results (change: 77.1%,
equalize: 71.0%, compare: 72.1%; LR test χ2(2) = 4.06; p = 0.13). However,
students identified the correct operation significantly less frequently (B = -0.60;
p = 0.03) in equalize word problems than in change word problems (change:
82.4%; equalize: 75.4%; compare; 76.3%; LR test χ2(2) = 6.71; p = 0.027).
Concerning compare word problems, there were no significant differences
regarding the frequency of correct operations in comparison to change and
equalize word problems. These results did not confirm H1.1 and H1.2. The
main effects of a/s wording on the frequency of correct results (LR test
χ2(1) = 0.54; p = 0.46) and the frequency of correct operations (LR test
χ2(1) = 2.70; p = 0.10) were not significant. However, we found significant
differences for the frequency of correct results (LR test χ2(2) = 20.99; p < 0.001)
and correct operations (LR test χ2(2) = 32.72; p < 0.001) depending on the
unknown set. Students gave the correct result significantly more often, if the
result/compare set (78.1%; B = 0.51; p < 0.001), or the change/difference set
(74.0%; B = 0.81; p = 0.001) was unknown, than if the start/reference set was
unknown (66.8%). Similar effects occurred, when the identification of correct
operations was analyzed. This matches with results by Stern (1993).
Second, we analyzed the interactions between the three main effects. The results
showed a significant interaction effect of unknown set and a/s wording for the
frequency of correct results (LR test, χ2(2) = 22.40; p < 0.001) as well as the
frequency of correct operations (LR test, χ2(2) = 30.84; p < 0.001). Furthermore,
there was an interaction of semantic structure and a/s wording (LR test,
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χ2(2) = 8.20; p = 0.017). The triple interaction was not significant for both
performance measures (results: LR test, χ2(4) = 2.75; p = 0.60; operations: LR
test, χ2(4) = 2.61; p = 0.62). As expected (H1.3), correct results and operations
occurred more frequently, if the a/s wording matched the operation necessary to
solve the problem (consistent word problems).
For Q2, we analyzed both tasks of each word problem pair. The main effect of
task position (first vs. second task in a pair) was not significant for both coding
options and all variations of word problem pairs (e.g., LR test for pairs of
compare and change word problems: correct results: χ2(1) = 1.61; p = 0.20,
correct operation: χ2(1) = 1.67; p = 0.28). Consequently, the hypothesis that the
processing of a structurally similar word problem supports at solving the
following task was not confirmed (H2.1). Also, the interaction of task position
and semantic structure was not significant in all cases. Thus, the assumption
that the solution of change or equalize word problems improves the solution
rates of structurally similar, subsequent compare word problems was not
confirmed (H2.2). Finally, we included the effect of hint into the models. This
main effect and its interaction with task position was not significant for both
combinations of semantic structures. In addition, the interaction of hint and
semantic structure and the triple interaction of hint, task position, and semantic
structure was not significant. Consequently, the hint showed no effect on the
use of structurally similar word problems (H2.3).
DISCUSSION
One aim of this contribution was to investigate if prior results concerning
factors influencing the difficulty of word problems on addition and subtraction
could be replicated (Q1). Results indicate higher, more homogenous solution
rates compared to previous studies (e.g., Stern & Lehrndorfer, 1992 in grade 1).
In particular, substantial solution rates for compare word problems contradicted
prior results that classified this type as the most difficult type. This finding
could be explained by the assumption that learners in grade 2 might already
have gained experiences with all semantic structures. Additionally, students
might benefit from the advancement of mathematics education since the
reported studies were conducted (early 1990s). Results underline, that the a/s
wording of a word problem is far more important for the identification of a
correct operation or result. Consequently, an intervention supporting students in
solving word problems should not only focus on the understanding of semantic
structures, but also on equivalent statements concerning the a/s wording of a
word problem.
Regarding the use of similar situation structures for the solution of consecutive
word problems (Q2), results indicate that the participating students did not use
preceding, structurally similar word problems to solve subsequent tasks in the
same situation context, even if the students received a hint on their structural
177

similarity. One explanation could be, that because of the similar difficulty of
both tasks in each pair of word problems, learners might not have considered
the transfer of situation features useful. Another reason might be that students
were not capable of applying this strategy. Finally, it is also possible that the
students did not apply the described strategy for other, unknown reasons,
although they were able to apply it in principle. Each of these explanations
speaks for further research to obtain more evidence whether and how flexibility
in dealing with mathematical situations can support students in solving word
problems.
Although the present study allows statements on causal relationships between
task features and task difficulty because of its experimental design, some
questions remain open. For example, the study provides valuable information
for the design of an intervention, but cannot predict its potential effect. In order
to understand mechanisms underlying the identified relations better, an in-depth
analysis of individual problem solving and learning processes would be
valuable. Another open question concerns the conscious restriction of task
variety in this study, as only one-step word problems were considered. In which
way learners apply the examined skills in more complex situation should be
analyzed in further research. Nevertheless, this study provides an update on
older results concerning factors influencing the difficulty of word problems on
addition and subtraction, which need to be integrated in further investigations.
Regarding an intervention study to support students, this study contributes
essential implications for the focus of a training program. The result that
students do not use strategies of dealing flexibly with situation structures
underlines the need to analyze potential obstacles.
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In interdisciplinary teaching, students’ attitude to generalize mathematical
knowledge to new contexts of application is encouraged naturally. Moreover, it
fosters the development of creativity and critical thinking. In our research, we
focused on integration of Mathematics and Arts in primary school. We designed
and tested a Teaching Learning Sequence about axial symmetry, to develop
mathematical skills through the execution of artistic techniques and reflections
on products and actions carried out. In this paper, we present tasks and results
about students’ mathematical activity obtained analyzing classroom
implementations with children in 4th and 5th grade in Italy. The generalization
processes make interesting information about their conceptualization and
schemes application and validation emerge.
INTRODUCTION
When students, by themselves or guided by teachers, search for new situations
and contexts in which applying and revising their mathematical knowledge,
they develop successfully key aspects of mathematical thinking, like problem
solving and generalization; design research should “offer teachers an
empirically grounded theory on how a certain set of instructional activities can
work.” (Gravemeijer, 2004). In interdisciplinary tasks, students’ attitude to
generalize mathematical knowledge to new contexts of application is
encouraged naturally. The European Union recently published
recommendations (EU Council, 2018) to integrate all areas of the scientific
disciplines with their applications in technology and engineering, and with
artistic expressions (STEAM). Benefits would be, for example, the positive
effects of art in interaction with different disciplines, including mathematics,
from the affective and motivational point of view. Moreover, it fosters the
development of creativity and critical thinking (ibid., 2018). Among the several
possibilities to pursue such goals, we focused on integration of Mathematics and
Arts in primary school. We decided to design and test a Teaching Learning
Sequences (TLS, Psillos & Kariotoglou, 2016) about axial symmetry, where
students were asked to “reinvent” mathematical concepts (Gravemeijer, 2004)
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and develop mathematical skills through the execution of artistic techniques and
reflections on products and actions carried out.
In this work, we present some tasks of this interdisciplinary TLS and some
results we obtained analyzing classroom implementations. We focus
particularly on the students’ mathematical activity. We worked with children in
4th and 5th grade in different schools across Italy. We collected data through
video and audio recordings, observation and materials produced during the
lessons by the students. Results show that encouraging students to generalize
make interesting information about their conceptualization emerge. Moreover,
we show how linguistic practices and discussions are important to self-realize
this generalization and conceptualization mechanism.
LITERATURE REVIEW
In many research, it has been shown that learning axial symmetry is not trivial
for primary school students. First of all, the term “symmetry” might be used in
different ways (Chesnais, 2012): (a) symmetry as a property of a given figure;
(b) axial symmetry as a ternary relationship involving two figures and an axis
and/or (c) symmetry as geometrical transformation involving points.
Moreover, axial symmetry is a mathematical concept but also an everyday
concept (ibid., 2012). From a mathematical point of view, the geometrical
transformation comes before symmetry as a property, being the property a result
of the invariance of the figure under the transformation. On the other hand, in
the everyday concept, the geometrical transformation could be seen only in the
paper folding movement. If not expanded upon, it can lead to the main
misconceptions about symmetry, that can be an obstacle to global
characterization of the properties of a figure and of the geometrical
transformation of the plane (ibid., 2012). It is possible for the teachers not to see
these conceptions, since students will continue to produce results as
constructing the mirror image of a figure or identifying axes of symmetry on a
single simple figure. In general, students are more confident with tasks that
require an intrafigural perspective (Piaget & Garcia, 1989), where attention is
directed towards the internal relationships of figures, than with tasks
involving interfigural demands requiring attention to the relationships between
the figures and objects that are external to them (Healy, 2004). Relying on this
review, we decided to orient the students’ activity gradually towards the
construction of the mathematical concept and an interfigural approach,
encouraging them, by means of generalization and verbalization tasks, to
reframe the everyday characterization of the axial symmetry.
THEORETICAL FRAMEWORK
In this study, we refer to generalization as the process of applying a given
argument in a broader context (Harel & Tall, 1991). Generalization is classified
as expansive generalization when the subject expands the applicability range of
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an existing scheme without reconstructing it; reconstructive generalization
when the subject reconstructs a scheme to widen its applicability range (ibid.,
1991). A common trait is the need to change the applicability range of a given
concept, extending it to a broader concept. In reconstructive generalization, the
old scheme is changed and extended, to be embedded in a more general scheme,
that still “contains”, or is a generalization of, the first schema.
According to Vygotsky (2012), concepts can be spontaneous or scientific,
where the former are the result of a generalization process of everyday personal
experience. Considering our tasks and our target grade, we refer essentially to
the Theory of Conceptual Fields (Vergnaud, 1998) to frame the notions of
concept and scheme. According to Vergnaud (1998; 2013), mathematical
knowledge is centered and constructed around a concept; a concept results from
a process of actions and perceptions. Concept is constituted by three
components: the set of situations the concept is rooted in and has meaning on, a
set of operational invariants and the set of different linguistic and non-linguistic
representations used to represent it.
A scheme (Vergnaud, 2013) is defined as “invariant organization of activity and
behavior for a certain class of situations” (p. 47); to tackle new situations extend
the scope of application of the scheme. It is made of four categories of
components: goals and anticipation, a set of rules of action, operational
invariants and possibilities of inferences. Operational invariants, which make
the scheme operate and often remain implicit, can be of two kinds: theorems-inaction and concepts-in-action (ibid., 2013). They can be expressed by words and
sentences, but their original function is action and the application of schemes is
based on them.
METHODOLOGY
We designed the TLS following these principles: a growing challenge level; to
foster generalization (in the meaning given by Harel and Tall (1991), to
promote linguistic practices that can be meaningful to connect the different
activities and to build up to a gradual conceptualization (in the sense of
Vergnaud’s Theory of Conceptual Fields, 1998; 2013), developing a more
precise language and promoting argumentation.
In the first two tasks, students met the first two situations:
Task (1), artistic symmetry: folding the paper with colors, a “similar” figure is
obtained (same shape, same, area, same colors).
Task (2), modelling the art: doing “the same things” on the left and on the right,
at the same height and the same distance with respect to a line, a figure is
obtained that resembles the figure obtained by folding.
We told the students that the line obtained folding and the line drawn in the
second situation were both called ‘axes of symmetry’, that the figure obtained
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by folding was ‘the symmetric figure’ with respect to the starting one and that
the whole ‘figure is symmetric’. Thus, we introduced some terms and the
relationships between different elements of a conceptual field named
‘symmetry’.
Task (3), TEP: “explain to a younger student how it is possible to build a
symmetrical figure with respect to another figure”.
Here students are asked to produce a textual eigenproduction (TEP, D’Amore &
Maier, 2002), i.e. texts produced by students in an autonomous way to describe
some mathematical situation. The goal of TEPs is that of better understanding
and exploring the true conceptualization of the student. We expected the
students to find linguistic and/or not linguistic representations of their concepts
and to start making explicit their actions that they should then organize to make
them become schemes.
Task (4), square: “find, by folding, the axes of symmetry of a square”.
Students are expected to generate a first version of their concept of axis of
symmetry including: three situations (1, 2 and 4), an operational invariant
(concept in action: if, folding, the two parts are overlapping exactly, the fold
represents an axis of symmetry) and graphic and linguistic representations of
the axis. Meanwhile, since they have to solve a new task, they are also asked to
start generalizing their previous actions to a scheme, composed by: one goal (to
find axes of symmetry), the rules of action (correct procedure to build a fold
that is an axis and a control procedure to check if it is an axis or not), an
operational invariant (concept in action of axis of symmetry), a set of possibility
of inference (conditions to carry out the procedure: possibility to fold the paper,
possibility to check if the pieces of the figure have the same features).
Task (5) star: “find, by folding, the axes of symmetry of a regular 5-pointed
star”.
Students are expected to enrich their previous concept, including another
situation and to reinforce the previous scheme. Students are expected (and
encouraged) to use their linguistic characterization of the concept in action, on
which the scheme should be based (task 3), to validate their actions in the
different situations (4 and 5).
Task (6), snowflake: “build, as you want, this snowflake” (see Figure 1).

Figure 1: The snowflake to build from a blank sheet of Task 6.
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Students are expected to recognize that the figure is symmetric, what are the
axes of symmetry, and to decide to exploit this property to build the figure
without retracing it, folding a sheet of paper (scheme 1) and/or using the
distances from the axes (scheme 2). To do this, the students should: study the
situation in terms of possibilities of inference; recognize the same goals of Task
4 and 5 (to find axes of symmetry) even if it is not mentioned in the description
of the task; carry out a set of rules to identify the correct folds. Only after the
application of the scheme, the students should draw the starting figure,
reproducing it symmetrically, to have the most correct result.
Our research questions are:
1. How do the students face spontaneously tasks in which a concept is
expected to be applied in a new situation? What kind of information can
the observation of a process of generalization give about the students’
conceptualization?
2. Whether and how the verbalization tasks and the classroom discussions
lead the students to a refinement or a generalization of their personal
concepts?
Context and participants
The TLS was implemented in classes of students 8 to 10 years old (two 4 th
grade and four 5th grade classes of primary school) as part of an in-service
teacher training lasting one semester. Class context and formation are variable
both geographically through the country and in terms of background of the
students. The class teacher acted as main teacher for the TLS; one or more of
the authors planned the lesson with the teachers involved, collected data about
the students, assisted and helped, intervening occasionally, during all teaching
blocks.
Data collection and analysis
The explorative nature of the study led us to use qualitative techniques for data
collection towards an interpretative approach. The research data were collected
over several sessions at school and consists of (1) audio and video recordings,
(2) documents review, (3) researchers’ field notes and (4) students’ textual
productions (TEPs, D’Amore & Meier, 2002).
In particular, (1) videos were analyzed by more researchers and transcripts were
finally used as data which we present here. Video analysis (Powell et al., 2003)
has been done in more phases: a first review of the videos, cataloguing their
content and annotating some particular episodes; a deeper analysis with
transcription of some episodes, that were flagged as occurring of generalization;
connection of single episodes to consider the overall development of the
students’ conceptualization. Focus was, as said, on the understanding of the
students’ conceptualization of axial symmetry, analyzing data inside
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Vergnaud’s Theory of Conceptual Fields (1998; 2013) and with an eye on the
generalization processes that took place (Harel & Tall, 1991).
RESULTS
In relation to our first research question, we observed, in the majority cases, in
the tasks from Task 3 to Task 6, spontaneous application of previous knowledge
to the new situations they are facing. However, is the procedure always correct?
Re-applying the spontaneous concepts (in this sense, generalizing; Vygotsky,
2012) can lead the students to different situations. A spontaneous expansive
generalization process can be correct but still lead to some non-correct
conclusion, due to a concept in action that is either incomplete, and therefore
not extendable to other cases without adding other conditions, or valid only in
some situations, thus becoming not correct when the related scheme is applied
to a new range of situations. Examples can be seen in Table 1.
We can observe that one of the main risks here is that students go on with what
they think is a good property (concept in action), and apply it in a range where it
will not work without realizing it will not actually be valid. However, without
asking students questions that encourage them to apply their schemes in a new
situation, these incomplete or situated concepts would not be identified and
revised by the students.
From the video analysis, we could pinpoint also different cases in which correct
generalization occurs, both expansive and reconstructive. Some students
connect the two schemes, performing in this way a sort of reconstructive
generalization. Viola and Andrea, for instance, in Task 6, overlapping the
drawing with a folding, realize that “sides cannot be longer or shorter, they need
to have the same measures!”, connecting the two schemes and reconstructing
Scheme (2), which allows them to re-describe the concepts in action of the
paper folding Scheme (1) in terms of measures and distances.
Situation Examples of students’
/ Concept sentences/indicators

Initial
concept

I1

Folding
the paper

“Axes of Symmetry
are lines” (also
“zigzag” lines)
“Symmetry is just
folding the paper”

I2

Two
parts
with the
same
area

“a line that divides
the paper in two
halves with the same
area”

Incomplete
concept

What happens when reapplying the concept
Students identify every
fold/line, or every line
dividing the figure in two
parts with the same area,
with an axis of symmetry.
The right answers based on
this incomplete concept, are
true but partial.
There is a need for a
strengthening of the concept
in action.
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“the axis of symmetry Students apply the concept
is a vertical line
they inferred from a
S1
Concept
dividing the figure in particular example, but it is
valid in some
two parts”
not working when changing
situation but
when “finding all the the setting. More difficult to
that becomes
correct, there is a need to
axes of symmetry of
not correct if
revise the concept in
Axes not
a figure”, students
changing the
action, removing some
applicability S2 related to iterate the procedure,
features of the line (S1) or
the figure with the new figures
range
referring the concept to a
obtained by folding
given figure (S2).
the first one.
Axis has
to be
vertical

Table 1. Examples of data analysis
Expansive generalization occurs in many more cases, in all tasks: Task 3 – Task
6, i.e. students keep one scheme they built, always applying the same to a new
situation and expanding it, without seeing the connection between folding and
overlapping on one hand, lengths and measures on the other hand. This is for
example the case of Dora, who generalizes in every situation her scheme about
symmetry as folding (1), even when it was easier to use Scheme 2, and never
compare the two.
On some occasions, the attempt to generalize the concept will first lead to a
non-correct conclusion in a broader situation, but it can also help realize the
mistake and therefore adjust the concept and definition the students are trying to
identify. For example, as in the transcript below, after an I2 occurring, Elin and
then Sara realize there is something not working with their previously discussed
definition of axis of symmetry as “a line that divides the paper in two halves
with the same area” (Andrea I2 misconception).
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Teacher:

Why is the diagonal of the square an axis of symmetry?

Andrea:

Because it is a line that divides the paper in two halves that are the
same, the quantity is the same. […]

Teacher:

So, if I do this, showing a square that is folded in two parts with the
same area, but where the fold is not an axis of symmetry, I fold the
square and obtain two pieces with the same area, are they the same?
Is this fold representing an axis of symmetry?

Class:

Yes! No! Yes!

Teacher:

Why is it or why not? Please try to provide some arguments.

Michael:

Yes, because there is a line, anyways… [I1 misconception]

Andrea:

It works because there is the same half [on both sides – I2
misconception]

Elin:

I say no, because…because the figure is rotated. It is the same half
on both sides, but one goes up and the other goes down… the same
figure is turned one facing up and the other facing down […]

Sara:

I say no, because…so, it looks like it is, because it forms a line that
divides the sheet into two parts that are equal. But in my opinion, it
is not an axis of symmetry because…it should have been like this”
indicates the diagonal folding with the hands […]

James:

“the angles are not corresponding…”

Sara:

Ok, if I try again with the colors experiment and fold the paper it
will not work. If I do once more the thing with the thread, it could
not work on the other side. The two sides are different [they will not
overlap]”.

During the discussion, students realize their starting point was correct only if
applied to the initial problem of a rectangle divided in two parts, but also that
not all lines, even if dividing the figure in two equal parts with the same area,
are axes of symmetry for a figure. Therefore, the discussion led to an
enrichment of the concept, reconstructed to be adapted to the new situation.
DISCUSSION AND CONCLUSION
We observed that students facing tasks in which a concept is expected to be
applied in a new situation re-apply their previous schemes and concepts in
action to the new situation. While this spontaneous generalization inclination
does not surprise, as it seems to be in fact natural in the students, it is interesting
to observe the complete process students are undertaking, to get information
about their conceptualization. The kind of tasks proposed are revealing
students’ misconceptions (as in Table 1), which cannot always be observed with
standard “textbook exercises” and which cannot be identified by the class
teachers themselves, who were surprised by this discovery during the
implementations.
While re-applying schemes is a spontaneous process, the same cannot be said of
the processes of evaluation of the consistency between the concept in action and
the linguistic representations and the control of the rules applied in the new
situation. With an appropriate mediation by the teachers and encouraging
discussion with peers and argumentation, the lack of a proper control or
validation structure for the generalization process can be identified. Properly
guided by the teacher, students can understand that their set of rules might not
be applicable to every situation and revise their concept in action and scheme to
adapt them to the new situations. In Task 3 and Task 6 students are encouraged
to connect two schemes based on two different concepts in action and to carry
out a reconstructive generalization by means of a verbalization task and a
problem- solving activity. While in the first task this process of generalization
never occurs, we observed it in the problem-solving activity, and other students
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did it during the discussion about their solutions, using one Scheme (2) to check
the validity of the procedure carried out with the other Scheme (1).
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EARLY DROPOUT FROM UNIVERSITY MATHEMATICS:
THE ROLE OF STUDENTS’ ATTITUDES TOWARDS
MATHEMATICS
Sebastian Geisler
Ruhr University Bochum, Germany
High dropout rates in mathematics during the first year at university underline
students’ difficulties in the transition from school to university mathematics. In
this contribution, we present a quantitative study based on the threedimensional model for attitude towards mathematics. Using questionnaires, we
analyse differences concerning attitudes towards mathematics between dropped
out students and students who continued their studies of mathematics. Our
results show that dropped out students are less interested in university
mathematics and report a lower mathematical self-concept than those students
who continued their studies. Moreover, dropped out students report a decline of
their mathematical self-concept during the transition from school to university
mathematics.
INTRODUCTION
Dropout is a major concern in university mathematics. In Germany nearly 80 %
of all mathematics students drop out or change their subject (Dieter & Törner,
2012) – most of them during their first year at university, so called early
dropout. These facts reveal students’ difficulties during the transition from
school to university mathematics.
One obstacle during the transition are the major differences between
mathematics at school and at university. These differences have been
extensively discussed in the literature – for a detailed discussion see Ufer, Rach
and Kosiol (2017). At school, new concepts are introduced with many examples
aiming at an intuitive understanding. In contrast, new concepts at university are
introduced via formal definitions. Whereas tasks in school mathematics are
often focused on solving real-world problems and schematic calculations,
typical tasks at university involve proofing (cf. Ufer et al., 2017). These tasks
usually are not directly connected to the real world and cannot be solved by
schematic calculations. In Germany, freshmen traditionally attend the courses
Real Analysis and Linear Algebra which are focussed on formal definitions and
deductive proofs (Halverscheid & Pustelnik, 2013). Both courses are usually
accompanied by weekly tutorials and homework tasks with a strong focus on
proofs.
According to theories of person-environment-fit (e.g. Swanson & Fouad, 1999)
a sufficient fit between the characteristics of the students (e.g. attitudes, prior
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knowledge, learning behaviour) and the characteristics of the university (e.g.
contents, learning environment) is necessary for a successful transition. Due to
the already mentioned differences between mathematics at school and at
university, this fit does not seem to be self-evident. However, a sufficient fit
between the characteristics of the students and the characteristics of the
university leads to satisfaction and appropriate achievements of the students
(Swanson & Fouad, 1999) while an insufficient fit increases the risk for
dropout. According to Haak (2017), an insufficient fit leads to a personal crisis.
This crisis is frequently mentioned in the mathematics education literature (e.g.
Di Martino & Gregorio, 2019). Haak (2017) proposes two ways to overcome
this crisis: Students can either adapt their personal characteristics (e.g. their
attitudes or their learning behaviour) or they can decide to drop out.
While early studies in the field of transition to university mathematics had
mainly a cognitive orientation (Artigue, 2016), recent research pays attention to
affect and the role of attitudes during the transition as well (e.g. Rach & Heinze,
2017; Di Martino & Gregorio, 2019). In this contribution, we focus on the role
of students’ attitudes towards mathematics for early dropout from university
mathematics.
ATTITUDES TOWARDS MATHEMATICS
The question how to conceptualise attitudes and mathematics related affect has
been frequently discussed in the mathematics education literature (Di Martino &
Zan, 2011). Di Martino and Zan (2011) have proposed a Three-dimensional
Model for Attitude (TMA) towards mathematics (comprising the dimensions
emotional disposition, vision of mathematics and perceived competence), which
is based on an analysis of school students’ narratives about their attitudes to and
experiences with mathematics. Following the TMA, we understand attitudes
towards mathematics as an interplay between interest in mathematics
(emotional disposition), beliefs concerning the nature of mathematics (vision of
mathematics) and mathematical self-concept (perceived competence) (cf. Di
Martino & Gregorio, 2019). The TMA has already been used in qualitative
studies focussing on students’ experiences and difficulties during the transition
to university mathematics (e.g. Di Martino & Gregorio, 2019).
Interest in Mathematics
Individual interest is considered to be a rather stable relationship between an
(abstract) object and a person, comprising of emotional (e.g feeling of joy while
engaging with the object of interest) and value related (e.g. personal esteem of
the object of interest) components (Krapp, 2007). Since people are motivated to
engage with the objects of interest, interest is considered to play a crucial role
for successful learning processes.
Studies concerning the role of interest during the transition from school to
university mathematics have reported contradictory results (cf. Ufer et al.,
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2017). Ufer et al. (2017) have argued, that a clear distinction between interest in
school mathematics and interest in university mathematics is necessary, when
dealing with interest during the transition. Otherwise it is not clear whether
students have school or university mathematics in mind, while answering items
measuring interest in mathematics. Kosiol, Rach and Ufer (2019) found that
interest in university mathematics goes hand in hand with more satisfaction
during the first term at university, while interest in school mathematics is
connected with less satisfaction. We follow the argumentation of Ufer et al.
(2017) and differentiate between interest in school mathematics and interest in
university mathematics in this contribution.
Beliefs Concerning the Nature of Mathematics
Philipp (2007, p. 259) describes beliefs as “propositions about the world that are
thought to be true”. Traditionally we distinguish between rather static and
dynamic beliefs concerning the nature of mathematics (Grigutsch & Törner,
1998). Static beliefs are characterized by the view that mathematics is a static
summary of different (unconnected) procedures, rules and formula. In contrast,
dynamic beliefs highlight that mathematics is a creative process and field of
research with applications in other domains and everyday life.
Regardless that university teachers hold static as well as dynamic beliefs
(Grigutsch & Törner, 1998), dynamic beliefs seem to be more beneficial than
static ones during the transition. Dynamic beliefs correlate positive with interest
in mathematics during the first year at university (Liebendörfer & Schukajlow,
2017). Moreover, students with rather dynamic beliefs are more successful in
exams than students with rather static beliefs (Crawford, Gordon, Nicholas &
Prosser, 1994).
Mathematical Self-Concept
Bong and Skaalvik (2003) describe self-concept as a person’s perception about
herself or himself with emphasis on the own skills and abilities. The selfconcept is influenced by prior experiences especially mastery experiences and
the feeling of competence and success in a particular domain (Bong & Skaalvik,
2003).
Di Martino and Gregorio (2019) found that most mathematics students start
their studies with a high mathematical self-concept but report decreasing selfconcept during the transition due to experiences of failure. Rach and Heinze
(2017) found that students’ mathematical self-concept predicts their exam
attendance in the first term at university. Students who do not attend their exams
– according to Baars and Arnold (2014) an useful indicator for dropout – report
a lower mathematical self-concept than those students who attend the exams.
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RESEARCH QUESTIONS AND METHODS
In this contribution, we want to clarify the role of students’ attitudes towards
mathematics for early dropout during the first year at university. Since the
character of mathematics changes during the transition from school to
university, changes in students’ attitudes during this transition phase are likely.
Furthermore, an adaption of attitudes is one possibility to overcome the crisis
that occurs if students’ attitudes do not fit to the characteristics of university
mathematics (Haak, 2017). Therefore, we consider students’ attitudes at the
beginning of the first term and during the first term at university. This leads to
the following questions and hypotheses:
1) Do students who dropped out from mathematics and students who
continued with their studies already differ concerning their attitudes
towards mathematics at the beginning of the first term?
2) Do students who dropped out from mathematics and students who
continued with their studies differ concerning their attitudes towards
mathematics in the middle of the first term?
Overall, we expect the differences between the two groups of students during
the first term to be larger but in the same direction as the differences at the
beginning of the term. In detail, we phrase the following three hypotheses:
Since interest in university mathematics goes hand in hand with more
satisfaction (Kosiol et al., 2019), we expect that students who dropped out
report less interest in university mathematics than those students who continued
their studies of mathematics (H1). We have no special hypothesis concerning
the interest in school mathematics.
With regard to beliefs concerning the nature of mathematics, dynamic beliefs
seem to be more beneficial for a successful transition than static beliefs
(Crawford et al., 1994). That is why we expect that dropped out students tend to
agree more to static beliefs and less to dynamic beliefs than those students who
continued their studies (H2).
Based on the result that students with low mathematical self-concept often do
not attend their exams (Rach & Heinze, 2017) – which is an indicator for
dropout – we believe that dropped out students will report a lower
mathematical self-concept than those students who continued their studies of
mathematics (H3).
In order to answer the research questions, two questionnaires – one at the
beginning of the first term (at the end of the second week, T1) and one in the
middle of the first term (at the end of the ninth week, T2) – were used. At the
end of the first year we checked whether students continued their studies or
dropped out. The questionnaires have been handed out in the Real Analysis and
the Linear Algebra lectures (which German freshmen usually attend during their
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first term) at a large public German university. The instruments used in the
questionnaires can be found in table 1.
Variable
Interest School
Mathematics
Interest University
Mathematics
Beliefs: static

Source
Ufer et al.,
2017

Beliefs: dynamic

Laschke &
Blömeke,
2013

Mathematical
Self-Concept

Kauper et
al., 2012

#

(T1/T2)

5

0,80/ 0,80 In school, mathematics was
very important for me.

5

0,88/0,87

6

0,52/ 0,64 Mathematics means learning,
remembering and applying.

6

0,71/ 0,76 Mathematics involves creativity
and new ideas.
0,84/ 0,82 I am very good in my study
subject mathematics.

4

Example

The kind of mathematics that is
done at university is fun for me.

Table 1: Instruments used in the questionnaire with number of items (#) and
reliability (cronbachs )
All items had to be answered on a five-point likert scale (1= totally disagree;
5=totally agree). 271 freshmen (mathematics majors and mathematics preservice teachers) voluntarily filled out the first questionnaire. 222 freshmen
participated in the second survey. All used scales had at least satisfying
reliability, except the static beliefs scale, which has therefore been excluded
from the further data analysis.
RESULTS
To answer the research questions and to check the hypotheses, multivariate
analyses of variance (MANOVA) were used – to avoid the cumulation of the error compared with single t-tests. In the following, we first describe the results
concerning students’ attitudes at the beginning of the first term (T1), before
discussing the results concerning students’ attitudes during the term (T2).
Attitudes at the Beginning of the first Term (T1)
A large group of students who dropped out during their first year did not attend
the lectures at the middle of the first term (T2) anymore. Therefore, we compare
three groups of students: students who continued their studies (no dropout),
students who dropped out prior to T2 (very early dropout) and students who
dropped out during the first year but after T2 (early dropout). Table 2 shows the
results concerning the differences between these groups:
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Variable

Very Early
Dropout
N=59

Early
Dropout
N=40

No
Dropout
N=172

2

M

SD

M

SD

M

3,41

0,65

3,45

0,63

3,62

0,69 0,02

Interest University Mathematics 2,55

0,79

2,86

0,78

3,17

0,83 0,09***

Beliefs: dynamic

3,50

0,54

3,60

0,53

3,74

0,59 0,03*

Mathematical Self-Concept

2,41

0,62

2,76

0,58

2,97

0,70 0,10***

Interest School Mathematics

SD

Table 2: Means, standard deviations and results of the MANOVA concerning
the attitudes towards mathematics at T1; N=271; *p<0.05; ***p<0.001
As expected, dropped out students report less interest in university mathematics
(H1), less dynamic beliefs (H2) and a lower self-concept (H3). No significant
differences can be found with regard to interest in school mathematics. Due to
the fact, that the static beliefs have been excluded from the analysis, H2 can
only be confirmed partially.
Post-Hoc-tests (with Bonferroni correction) show that mainly the differences
between the very early dropped out students and the students who continued
their studies are significant. Furthermore, the very early dropped out students
report significantly lower self-concept than the early dropped out ones.
However, early dropped out students do not differ significantly in their attitudes
from students who continued their studies.
Attitudes during the First Term (T2)
Since the very early dropped out students did not attend the lectures at T2
anymore, differences concerning the attitudes during the first term can only be
compared between early dropped out students and those students who continued
their studies. Table 3 shows these differences. As expected dropped out students
report significantly less interest in university mathematics than the students who
continued their studies (H1). We found no significant differences with regard to
interest in school mathematics and dynamic beliefs. However, early dropped out
students report significantly less mathematical self-concept than the students
that continued their studies (H3).

194

Variable

Early Dropout
N=56

No Dropout
N=166

2

M

SD

M

SD

Interest School Mathematics

3,62

0,72

3,70

0,72

0,00

Interest University Mathematics

2,97

0,79

3,27

0,81

0,03*

Beliefs: dynamic

3,40

0,60

3,42

0,64

0,00

Mathematical Self-Concept

2,51

0,63

2,95

0,66

0,06***

Table 3: Means, standard deviations and results of the MANOVA concerning
the attitudes towards mathematics at T2; N=222; *p<0.05; ***p<0.001
This is remarkable because at the beginning of their studies, these two groups of
students did not differ significantly concerning their mathematical self-concept.
A closer look at the means at T1 and T2 reveal that the mathematical selfconcept of those students who continued their studies remains nearly constant
while the early dropped out students report a clear decline of their self-concept.
DISCUSSION
Our results indicate that dropped out students and students who continued their
studies of mathematics differ mainly concerning their interest in university
mathematics and their self-concept. The differences found depend on the time
of measurement.
At the beginning of the first term, only the very early dropped out students
report less interest in mathematics, less agreement to dynamic beliefs and a
lower mathematical self-concept than the students who continued their studies.
It seems that the very early dropped out students start their studies of
mathematics with unfavourable attitudes that do not fit to university
mathematics (in the sense of person-environment-fit). It seems that these
students do not try to adapt their attitudes (as proposed by Haak (2017)) and
therefore drop out very fast. It remains the question, whether some kind of
supporting program would be beneficial for this group or if the very early
dropout has to be understood as a fast correction of a wrong study choice. In
this case it would be helpful to inform future students better about mathematics
at university to enable them to make deliberate and appropriate study choices.
Especially information about major differences between mathematics at school
and at university should be given – preferably already during secondary school.
The early dropped out students did not differ from those students who continued
their studies concerning their attitudes towards mathematics at the beginning of
the first term. However, in the middle of the first term, the early dropped out
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students report significantly less interest in university mathematics and a lower
mathematical self-concept than the students who continued their studies. While
the self-concept of the students who continued their studies remained nearly
constant during the transition, the self-concept of the early dropped out students
decreased. This is in line with the findings of qualitative studies like the one of
Di Martino and Gregorio (2019) who found that the mathematical self-concept
of many students – even those that continued their studies – decreases during
the transition from school to university due to the unexpected experiences of
failure in mathematics. Many experiences of failure during the transition are
connected to students’ problems with the weekly homework tasks (Liebendörfer
& Hochmuth, 2017). Therefore, the design of these tasks could be reconsidered.
Tasks that are challenging but offer experiences of success might help
strengthening students’ mathematical self-concept.
All in all, we found clear evidence for differences concerning the attitudes
towards mathematics between students who dropped out and those who
continued their studies. However, our study has some limitations. We only
collected data at one university, thus our results might only reflect the local
situation. The questionnaires relied on self-reports that can be biased. In
addition, questionnaires were filled out during lectures. Students who do not
regularly attend the lectures were not captured in our study. Our ongoing
research will now focus on supporting measures that foster students’
mathematical self-concept.
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EXTENDING PISA’S MATHEMATICS SELF-EFFICACY
SCALE TO A MULTIDIMENSIONAL MEASUREMENT
MODEL: RESULTS OF A SWISS NATIONAL LARGE-SCALE
ASSESSMENT
Boris Girnat
University of Hildesheim
This paper presents an extension of the unidimensional PISA 2003/2012
mathematics self-efficacy scale to a four-dimensional measuring model related
to the mathematical subdomains algebra, applied mathematics, geometry, and
probability theory. Its first application in a Swiss large-scale assessment shows
the following results: 1) The four-dimensional model allows a more finegrained analysis of group differences, illustrated here with respect to gender
and schools levels. 2) The subdimensions of self-efficacy are good predictors for
the mathematics test outcome, but work differently: algebra and applied
mathematics are most important. 3) The explanatory value of the predictors is
different in homogeneous and heterogeneous groups and can be supplemented
by a scale on mathematics self-concept (only) in homogeneous groups.
INTRODUCTION: PISA’S MATHEMATICS SELF-ASSESSMENT
In 2016, the first national school assessment took place in Switzerland, focussed
on mathematics in grade 9 (Konsortium ÜGK, 2019). Typical for a large-scale
assessment, this survey consisted of two parts: a performance test and a context
questionnaire gathering data that are suspected to allow a deeper insight in the
outcome of the performance test (cf. Martin, Mullis, Arora, & Preuschoff,
2014). Some variables of a context questionnaire are often linked to selfassessment, following the idea that students’ beliefs about their own abilities
could be a good background variable to analyse and interpret their test scores.
Mathematics self-assessment can be measured in different ways. Usually, two
approaches are used: The first one is related to a person’s so-called mathematics
self-concept. It is measured by items based on general statements like “I have
always believed that mathematics is one of my best subjects” (cf. Marsh, 1990).
The second approach is called mathematics self-efficacy and is based on
Bandura’s theory of (academic) self-efficacy (cf. Bandura, 1977 & 1986).
Bandura defined self-efficacy expectation as “people’s judgments of their
capabilities to organize and execute courses of action required to attain
designated types of performances” (Bandura, 1986, p. 391). Applied to
mathematics, Bandura’s theory implies the strategy to measure mathematics
self-assessment by items that allow a person to express his or her level of
confidence about feeling able to solve specific problems that are relevant to
mathematics in general or to a specific mathematical subdomain of interest.
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Research has shown that scales based on these two approaches are correlated,
but empirically distinguishable (cf. Multon, Brown, & Lent, 1991). Both of
them are good predictors of test performance (Hackett & Betz, 1989).
The supervising group of researcher that were responsible for the Swiss context
questionnaire decided to measure both mathematics self-concept and
mathematics self-efficacy (cf. Hascher, Brühwiler, & Girnat, 2019). They
followed the PISA framework, adopting the items of PISA 2003 and 2012
(OECD, 2005, pp. 291–294, & OECD, 2014, pp. 322–323). However, a Swiss
pre-study with about 2,000 participants in 2015 had shown that the PISA selfefficacy scale could not be regarded as unidimensional. A factor analysis led to
the conclusion that the different subdomains of mathematics formed related, but
empirically distinguishable factors that should not be mixed up in one
unidimensional scale (cf. Girnat, 2018). An independent study came to the same
result analysing the original PISA data of 2003 (Oberski, 2014, p. 13).
Therefore, the supervisors of the Swiss test decided to use a multidimensional
measuring model. As far as possible, the PISA items were reused. However, the
PISA scales did not contain enough items to implement this idea: With regard to
the Swiss curriculum, it was necessary to measure self-efficacy with respect to
elementary geometry and probability theory – the PISA scale contains neither of
them –; for statistical reasons, each scale should consist of at least four items to
be a sufficient measurement tool (cf. Beaujean, 2014, pp. 145–152). Insofar, the
supervising group decided to use a “4x4 arrangement” that relies on four scales,
each of them containing four items to measure the following mathematics
subdomains: applied mathematics (app), algebra (alg), elementary geometry
(geo), and probability theory (prb), reusing as many PISA items as possible:
seff.app1) Calculating how much cheaper a TV would be after a 30% discount.
(PISA)
seff.app2) Calculating how many square metres of tiles you need to cover a floor.
(PISA)
seff.app3) Calculating the petrol consumption rate of a car. (PISA)
seff.app4) Finding the actual distance between two places on a map with a 1:10
000 scale that problem. (PISA)
seff.alg1) Solving an equation like 3x+5= 17. (PISA)
seff.alg2) Solving an equation like 2(x+3) = (x + 3)(x - 3). (PISA)
seff.alg3) Developing and simplifying an algebraic expression like 2a(5a-3b)².
seff.alg4) Solving an equation like 2x-3=4x+5.
seff.geo1) Applying the Pythagorean Theorem to calculate the length of one side
of a tri-angle.
seff.geo2) Constructing a perpendicular bisector using compass and ruler.
seff.geo3) Calculating the area of a parallelogram.
seff.geo4) Constructing the focus of a triangle.

200

seff.prb1) Calculating the probability of throwing a dice twice in succession to
achieve two sixes.
seff.prb2) Calculating the probability of getting the first prize in a lottery.
seff.prb3) Calculating how likely it is to take two sweets of the same colour from
a sweet jar.
seff.prb4) Calculating how likely it is that two pupils in a class have the same
birthday.

As mathematics self-efficacy is related to mathematics self-concept, a short
scale to measure the latter (abbreviated as matcon) was included in the
questionnaire, also based on items used by PISA (cf. OECD, 2013b, p. 95):
matcon1) I get good grades in mathematics. (PISA)
matcon2) Mathematics is one of my best subjects. (PISA, shortened)
matcon3) I have always been good at mathematics.

The research questions related to these scales are as follows: 1) Are the
statistical properties of the four-dimensional model of self-efficacy sufficient?
2) How can this model be used to gain deeper insights into the test population?
Following PISA, gender differences and differences concerning different school
level are of a special interest (cf. OECD, 2013b, p. 91). 3) How are the four
scales related to each other and to the mathematics self-concept scale? 4) Are
the four scales good predictors for the test scores of the participants? After a
short description of the Swiss test, these question will be answered in the
following section.
CONTENT, SAMPLE, AND METHODS
A total of 22,423 students took part in the Swiss test in 2016. This population
was a representative sample of Swiss students in class 9 (according to the Swiss
numbering grade 11). Insofar, exactly the same grade was tested, which is also
the basis of the PISA studies. The context questionnaire was available in two
variants: The first variant was focussed on sociological issues. Only the second
variant contained questions related to mathematics. This variant was worked on
by 11,131 students and is the basis of the following analysis (Konsortium ÜGK,
2019). The performance test (cf. Girnat & Linneweber-Lammerskitten, 2019)
consisted of 180 test items that were related to five subdomains of mathematics
(data and probability, quantities and measurement, functional relationships,
numbers and variables, space and shape) and five mathematical processes
(reasoning and argument, representation and communication, concepts and
knowledge, mathematisation, operations and calculations). This framework is
quite similar to that one used in PISA (cf. OECD 2013a, p. 26), however, the
items were designed in such a way that they meet the Swiss curriculum more
precisely than a worldwide study like PISA can do. The sampling design and
the evaluation of the test followed the standards of PISA (cf. Angelone &
Keller, 2019). The data from the test are linked to the questionnaire data. A
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Rasch model is used for the test, including 50 plausible values as technical tools
(cf. Mislevy, 1991). The questionnaire data and the plausible values are
evaluated using structural equation modelling (Loehlin & Beaujean, 2017, pp.
95–125). This is the same method that PISA applies (cf. OECD, 2005, p. 293).
The calculations were done using the R packages TAM (Robitzsch, Kiefer, &
Wu, 2019) and lavaan (Rosseel, 2012).
RESULTS
According to the research questions, the first step of the evaluation is to check
the statistical properties of the scales. Cronbach’s alpha is used as a measure of
reliability (cf. Cronbach, 1951). Various quality criteria (fit indices) are known
from the context of the structural equation modelling. CFI, SRMR and RMSEA
are reported here (for the definition and interpretation of these values cf.
Beaujean, 2014, pp. 153–166; a short summary: CFI should be greater than
0.95, but definitively not below 0.90, SRMR should be lower than 0.06 and
RMSEA lower than 0.05 or 0.08 according to different sources).
Scale

Cronbach’s alpha

CFI

SRMR

RMSEA

matcon

0.89

n.a.

n.a.

n.a.

seff.app

0.79

0.993

0.017

0.047

seff.alg

0.90

0.951

0.036

0.076

seff.geo

0.76

0.994

0.013

0.039

seff.prb

0.88

0.982

0.026

0.079

Table 1: Reliabilities and fit indices of the scales
The values reported in Table 1 indicate good reliabilities and fit indices (the
latter are not available for matcon, since this scale consists of three items only).
Hence, the scales are usable measuring instruments. Next, the correlations
between the scales and the test outcome are reported. Since a structural equation
model is used, the correlations reported here are latent correlations, i.e. these
correlations are stripped from the measurement error observed variables are
contaminated with and, hence, they reflect the relationship between the
underlying latent concept more accurately than normal (Pearson) correlations
between the row sums of the scales (cf. Beaujean, 2014). The asterisks here and
in the following denote the usual significance levels.
test
matcon
seff.app
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matcon

seff.app

seff.alg

seff.geo

seff.prb

0.36***

0.55***

0.53***

0.55***

0.30***

0.56***

0.38***

0.45***

0.41***

0.66***

0.87***

0.69***

seff.alg

0.73***

seff.geo

0.39***
0.49***

Table 2: Latent correlations (SRMR 0.052, RMSEA 0.059)
The correlations reported in Table 2 are mostly moderate (maybe except for the
pair seff.app and seff.geo), which indicates that the underlying concept are
empirically distinguishable and do in fact measure different aspects of
mathematics self-efficacy.
The next focus is set to group differences. Following the PISA framework,
gender differences are regarded first, and different school levels are the second
part of this examination. In Switzerland, mathematics is taught from grade 7 to
9 on three different levels: Level “a” is the lowest, “e” the middle, and “p” the
highest.
In PISA 2012, there are some remarks on gender difference concerning
mathematics self-efficacy: “No gender differences in confidence are observed
when students are asked about doing tasks that are more abstract and clearly
match classroom content, such as solving a linear or a quadratic equation.
However, gender differences are striking when students are asked to report their
ability to solve applied mathematical tasks.” (OECD, 2013, p. 91). This
statement is based on analysing the single items of the PISA scale. By doing so,
the authors implicitly admit that is questionable to combine these items to a
unidimensional scale. Analysing single items is a questionable method, since
single self-efficacy items are focussed on just one specific task and are much
more affected by random measurement errors than a scale based on several
items. Having the scales introduced here, this issue can now be answered on a
profound basis.
Table 3 shows the mean differences between the relevant groups. The
differences are reported in terms of Cohen’s d (Cohen, 1988), i.e. the mean of
one group (the “reference group”) is set to zero (in Table 3 the group following
“vs”, e.g. “male” in case of gender) and the mean of the other group is given as
the difference to the reference group using the standard deviation as the
measurement unit. Cohen’s d is usually interpreted as follows (Cohen, 1988): d
= 0.2 indicates a small effect, d = 0.5 a medium effect, and d = 0.8 a strong
effect.
scale

female vs male

e vs a

p vs a

p vs a

test

-0.14***

1.02***

0.96***

1.92***

matcon

-0.63***

0.06*

0.00

0.06*

seff.app

-0.60***

0.39***

0.40***

0.79***

seff.alg

0.00

0.56***

0.57***

1.13***
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seff.geo

-0.23***

0.43***

0.57***

1.00***

seff.prb

-0.54***

0.14***

0.06*

0.20**

Table 3: Mean differences concerning gender and school levels
Table 3 shows some remarkable results: The mean difference between male and
female students is relatively small (d = -0.14), however, the differences
concerning self-concept is approximately four times as large (d = -0.63). In
view of this discrepancy, one can speak of a considerable self-underestimation
of female students, if they rated themselves on an abstract level of items related
to their mathematics abilities. This observation does also hold with respect to
the self-efficacy scale focussed on applied mathematics and probability theory,
but not on the one related to algebra. Insofar, the conjecture stated in PISA 2012
can be verified: Female students report a lower ability to solve applied
mathematical tasks, but this is not the case as far as algebraic topics are
concerned. If this finding holds beyond algebra and can be extended to tasks
“that are more abstract and clearly match classroom content” is an open
question.
With regard to the different school level, one observation is most striking: There
are (very) large differences concerning the test outcome, however, mathematics
self-concept does not reflect these differences to the slightest extend. The selfefficacy scales reflect this difference at least about half. This suggests the
hypothesis that self-concept is a measure that does not work across groups, if
the groups differ substantially in their performance. The self-efficacy scales,
however, – probably because they are linked to specific mathematical tasks –
are able to determine cross-group differences.

Figure 1: Linear model to predict test outcome (SRMR 0.037, RMSEA 0.052)
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The last part of the analysis is dedicated to linear models (Searle & Gruber,
2016). In Figure 1, a path diagram is shown that uses all the scales as predictors
of the test score (the value on top of each arrow expresses the unstandardised
regression coefficient, the second value (in brackets) is the standard error of this
coefficient, and the third value (bold) is the corresponding standardised
regression coefficient; only the latter can be compared between different arrows
and models). Overall, the variance explained by this model is considerable (R² =
0.362). However, the impact of the predictors is rather diverse: Geometry is not
significant; and – very astonishing – probability theory has a negative impact.
Only self-efficacy concerning algebra and applied mathematics are powerful
predictors, whereas self-concept has just a very small impact.

Figure 2: Linear models for gender and school levels (SRMR 0.039, RMSEA
0.053)
Figure 2 shows two models in which the regression was carried out differently
for the grouping variables gender and school types (only the standardised
regression coefficients are reported here, and the insignificant predictor related
to geometry is omitted). While the model on the left shows no remarkable
gender differences, the model on the right reveals informative information about
self-concept: If you divide the overall sample (Figure 1) into the more
homogeneous subsamples related to school levels (Figure 2, right side), the selfconcept will become a strong predictor, while the role of self-efficacy in algebra
will decrease. This supports the hypothesis that was already expressed in the
context of group differences (Table 3): The self-concept seems to be a scale that
is only meaningful in relatively homogeneous groups, whereas the self-efficacy
scales allow a comparison of students even in heterogeneous groups.
CONCLUSIONS
The four-dimensional extension of the PISA mathematics self-efficacy scale
presented here allows deeper insights than the original unidimensional PISA
model: It provides a valid statistical basis to examine group differences related
to different subdomains of mathematics. It can be confirmed that gender
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difference do not appear with respect to algebra, while they are remarkable (and
excessively high) concerning applied mathematics, geometry, and probability
theory. Both, the group differences related to school levels and the linear
models, reveal a fundamental difference in the nature of the self-concept and
self-efficacy scales: The first do only work within relatively homogenous
groups; the latter are able to determine cross-group differences also within a
heterogeneous sample. The reason may be the fact that self-efficacy items a
formulated on the basis of concrete mathematical tasks that seems to work as
“objective anchors” across groups, whereas the abstractly worded self-efficacy
items appears to be understood by students as being relative to their classmates
and their average abilities. Overall and across groups, the two self-efficacy
scales on applied mathematics and algebra are the most powerful predictors to
test outcome.
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PROSPECTIVE PRIMARY SCHOOL TEACHERS’
AND SECONDARY SCHOOL MATH TEACHERS’
MATHEMATICS KNOWLEDGE AND BELIEFS
David Maximiliano Gómez, María Victoria Martínez Videla
Institute of Educational Sciences (ICEd), Universidad de O’Higgins, Rancagua,
Chile
Teachers’ mathematical knowledge and beliefs are important components of
teachers’ professional knowledge. In this work, we compared the primary
school mathematical knowledge and beliefs of prospective primary school
teachers and prospective secondary school mathematics teachers at the
beginning of their first year of undergraduate studies. The school mathematical
knowledge of prospective secondary math teachers was in general higher than
that of prospective primary teachers, particularly in Algebra. It was also higher
across the three TIMSS cognitive domains (Knowing, Applying, Reasoning).
Prospective teachers’ beliefs about the teaching and learning of mathematics
were more similar across programs than beliefs about the nature of
mathematics and about one’s self-concept as learner of mathematics.
INTRODUCTION
Different models have established the domains of knowledge and practice that
an individual should develop to become a mathematics teacher (Shulman, 1987;
Ball, Thames, & Phelps, 2008). Other authors have enriched these models of
knowledge by incorporating the individual’s belief system (e.g. Beswick,
Callingham, & Watson, 2012; Carrillo, Contreras, & Flores, 2013).
There are many studies aiming at measuring prospective teachers’ and inservice teachers’ different types of professional knowledge: content knowledge,
pedagogical content knowledge, and/or beliefs (e.g. Beswick & Goos, 2012;
Blömeke, Suhl, & Kaiser, 2011; Tatto & Senk, 2011). These studies, however,
show great variability in the populations considered. For instance, Depaepe et
al. (2015) contrasted mathematics knowledge in the domain of rational numbers
between prospective primary school teachers (PST) and secondary school
mathematics teachers (SSMT), showing that SSMT students have higher
content knowledge than PST students. However, it should be noted that in some
countries PST and SSMT programs are not directly comparable, as the former
tend to be undergraduate programs or programs not offered by universities and
therefore not leading to an academic degree, whereas the latter may take the
form of undergraduate or graduate programs.
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The Chilean Context
In Chile, legal regulations allow only universities to offer teacher training
programs of any educational level and modality (early childhood education,
primary school, special education, secondary school). Moreover, recent legal
changes require these programs to follow specific guidelines such as the
application of diagnostic assessments to all enrolled students at the beginning of
the training programs, and the design and implementation of formative actions
based on the results.
Martínez Videla et al. (2019) developed an assessment of mathematics content
knowledge and beliefs for students enrolled in primary school teacher training
programs. The knowledge section of the instrument focuses on school
mathematical knowledge, that is to say mathematical content knowledge
specific to the primary school levels, as these contents are those that the
prospective teachers are expected to teach once working in the school system.
School Mathematical Knowledge and Beliefs
School Mathematical Knowledge (SMK) is considered as the contents and skills
that a school curriculum defines in order to foster greater capacities in a
country’s citizens, such as the abilities to think abstractly and systematically, to
experiment and learn to learn, to communicate and work collaboratively, to
solve problems, to handle uncertainty, and to adapt to change (Kerr, 2002). This
definition of SMK includes not only mathematical content, but also skills
related to mathematical activities. Martínez Videla et al.’s (2019) instrument
conceptualized mathematical skills using the TIMSS framework (Grønmo,
Lindquist, Arora, & Mullis, 2013), which appears to be more consistent with
instruments that seek to determine how much a person knows according to a
prescribed curriculum.
The second element, beliefs, is understood not only as a verbalization of what is
believed, but also as the willingness to act in a certain way (Wilson & Cooney,
2002). It is also considered that beliefs do not operate independently, but rather
as a belief system that may be understood as a metaphor to represent a possible
structure of the beliefs of an individual, considering them as understandings and
premises about the world, perceived as true by who sustains them, that imply
personal, cognitive, and affective codes and that predispose people towards
certain forms of action (Lebrija, Flores, & Trejos, 2010; Lester, Garofalo, &
Kroll, 1989). There are different ways of categorizing beliefs about mathematics
education, describing different aspects of the mathematical activities and
interactions that take place in the classroom. Martínez Videla et al. (2019) chose
to use the following categories, based on the proposal by Op’t Eynde, De Corte,
and Verschaffel (2002): Beliefs about the nature of mathematics, Beliefs about
the process of teaching and learning of mathematics, and Beliefs about one’s
self-concept.
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The Present Study
At the beginning of the academic year 2019, our Institution applied the
aforementioned instrument to all first-year students of its six undergraduate
teacher training programs. This report focuses on the data collected in the
primary school teacher (PST) and the secondary school mathematics teacher
(SSMT) training programs, contrasting their mathematics knowledge and
beliefs across programs. As a starting hypothesis, we expected SSMT students
to obtain higher knowledge scores and to exhibit more positive appreciations of
mathematics and of themselves as mathematics learners than PST students. The
specific research questions that guided our analyses were the following: [RQ1]
Do SSMT students obtain higher scores than PST students across all content
and cognitive domains of mathematics knowledge, or this difference varies
across domains? [RQ2] In what aspects do the mathematics beliefs of SSMT
and PST differ the least and the most? [RQ3] Are these answers affected by
gender composition differences between programs?
METHODS
Participants
The assessment was applied to all first-year students of the six undergraduate
teacher training programs of Universidad de O’Higgins, before the beginning of
the academic year. In this report, we analyzed the data from 47 students of the
primary school teacher (PST) program [40 women, 7 men] and 41 students of
the secondary school mathematics teacher (SSMT) program [17 women, 24
men]. Data from additional 5 students (2 from PST and 3 from SSMT) were
excluded because they omitted more than 25% of the mathematical knowledge
items. All students gave written consent to use their data for research purposes.
Instrument
We applied the Mathematics Knowledge and Beliefs Instrument developed by
Martínez Videla et al. (2019). The knowledge section contains 40 multiple
choice items organized into the five content categories of the Chilean primary
education mathematics curriculum—Number, Geometry, Measurement, Data
and Chance, and Patterns and Algebra—(MINEDUC, 2012) as well as the three
cognitive domains of the TIMSS 2015 Mathematics Framework—Knowing,
Applying, and Reasoning—(Grønmo et al., 2013). The beliefs section contains
Likert scale items in which students indicate their degree of agreement with 47
statements about teaching and learning, about their self-concept as learners of
mathematics, and about the nature of mathematics. The Likert scales had 4
levels: 1-strongly disagree, 2-somewhat disagree, 3-somewhat agree, 4-strongly
agree.
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Data Analysis
We analyzed students’ knowledge by computing percentages of correct answers
with respect to non-omitted items, first considering the full instrument and later
separating items according to their content and cognitive domains. Students’
beliefs were compared across programs by looking at the difference between the
agreement scores indicated by students in each program for each statement.
RESULTS
Mathematics Knowledge
Figure 1 shows the distributions of overall scores in the mathematics knowledge
section. Pre-service secondary math teachers showed significantly better overall
knowledge scores than pre-service primary teachers (74% vs. 61% correct).
Table 1 presents the results by content domains. Geometry was the domain with
the highest scores, whereas Data exhibited the lowest ones. A direct comparison
between PST and SSMT showed that, although the SSMT students obtained
higher scores across all categories, the magnitude of the score differences was
the smallest for geometry items and the largest for algebra items.
Beliefs
We analyzed prospective teachers’ beliefs by contrasting their degrees of
agreement to the presented statements across the two programs. Table 2
presents the statements that showed the smallest and largest magnitude
differences in agreement between PST and SSMT. Interestingly, the statements
showing the smallest differences between programs were all related to teaching
and learning, whereas four out of the five items with the largest differences
were about students’ self-concept as mathematics learners and one was about
mathematics.

Figure 1: Histograms of overall mathematics
Vertical dashed lines depict each group’s average score.

knowledge

scores.
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Content
domains

Cognitive
domains

PST

SSMT

Overall

Difference

Number

61%

73%

67%

12%

Geometry

79%

83%

81%

4%

Measurement

64%

79%

71%

15%

Data

44%

60%

51%

16%

Algebra

47%

73%

60%

26%

Knowing

63%

77%

69%

14%

Applying

63%

75%

68%

12%

Reasoning

49%

63%

55%

14%

Table 1. Knowledge scores by mathematics content and cognitive domains
PST

SSMT

Diff.

Good math teachers are creative.TL

3.37

3.38

-0.01

Math teachers must know what contents their students
know, to build their lessons from that information.TL

3.83

3.82

0.01

In a good math lesson, the teacher constantly asks their
students to reflect about the newly acquired knowledge.TL

3.84

3.82

0.02

Good math teachers must propose clear and simple
problems.TL

2.74

2.77

-0.03

Math teachers must adapt to their students’ needs and
work from the abilities of each of them.TL

3.76

3.73

0.03

Math is interesting for me.SL

2.87

3.91

-1.04

Math is mechanical and boring.MA

2.28

1.23

1.05

Learning math is difficult for me.SL

3.11

1.93

1.18

I struggle to understand math.SL

3.20

1.87

1.33

I enjoy doing math.SL

2.46

3.80

-1.34

Table 2: Statements that show the smallest (top) and largest (bottom) agreement
differences between students in the PST and SSMT programs. Statement
categories: TL: Teaching and learning, SL: Self-concept and learning, MA:
Mathematics.
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Gender Perspective
It is possible that our results are affected by gender differences, given the large
difference in gender composition between both programs: 85% of PST students
were women, as opposed to 41% of SSMT students. To explore this issue, we
repeated our previous analyses considering only female students (40 in PST, 17
in SSMT). Given the smaller sample sizes in the analyses of this section,
however, our results should be considered as preliminary and investigated in
more depth in the future.
Looking at female students across both programs, we observed a similar pattern
of results to that of the full sample (Table 1) across content domains and
cognitive domains with one exception: the gap between programs in Reasoning
grew to 23% mostly driven by a higher Reasoning score of 70% of women in
SSMT. As for beliefs, the five statements with the largest difference across
programs remain related to self-concept and mathematics, whereas only three of
the five statements with the smallest differences across programs remain in the
teaching and learning category. The two statements eliciting the most similar
agreement scores were in this case about math (“mathematics establishes a
single path to solve a given problem”) and about self-concept (“only the most
capable math students can solve problems requiring multiple steps”), with
students in both programs highly disagreeing with both statements (ratings of
1.83-1.82 and of 1.53-1.54 for PST and SSMT students, respectively).
DISCUSSION
We have presented the results of a mathematics knowledge and beliefs
diagnostic assessment applied to prospective primary school and secondary
school math teachers at the beginning of their undergraduate studies.
The knowledge section of the test focused on contents of the Chilean primary
school curriculum, ensuring that the level of difficulty of the mathematics
involved was appropriate for the students of both programs. Answering RQ1,
we observed systematic differences in knowledge scores in favor of SSMT
students with variations across content domains but not across cognitive
domains. In terms of contents, a large difference was expected to emerge in
algebraic items because algebra is a traditionally difficult domain for the
general student population (Stacey & Chick, 2004). On the other hand, the
content domain with the smallest score difference between PST and SSMT was
geometry, which could reflect a less marked focus on geometry learning
objectives in secondary school. Differences between both programs in scores
across cognitive domains were quite similar.
Regarding RQ2, it was foreseeable that PST and SSMT students would differ
importantly in their beliefs about mathematics and about themselves as learners
of mathematics, but it was surprising that both groups largely agreed on how a
good math teacher/lesson looks like.
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We also explored gender differences (RQ3), observing that mathematics content
knowledge scores were very similar in the full sample and the women
subsample, with the exception of an increased Reasoning score exhibited by
female students in the SSMT program that deserves to be further investigated.
It is relevant to note that results of our assessment are not directly comparable to
some large-scale studies such as the Teacher Education and Development Study
in Mathematics (TEDS-M), because this one focuses on the knowledge of PST
students at the end of their program whereas the present research focuses at the
beginning. Our results show that PST and SSMT students differ importantly in
their mathematical knowledge and beliefs already at the beginning of their
training, meaning that these differences are unlikely to be directly driven by the
training, but rather indirectly through students’ program selection preferences.
Further comparative research between PST and SSMT programs may have a
relevant impact in the quality of school mathematics education. A better
understanding of the initial state of mathematics knowledge and beliefs of PST
and SSMT students is essential for institutions to design and implement their
training programs, and a more comprehensive focus on PST and SSMT
programs can also contribute in facilitating school students’ transition process
from primary to secondary school.
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This research investigated students’ intermediate stages in understanding the
dense structure of rational numbers. A cross-sectional study with 953 students
from 5th to 10th grade was performed. After an inductive analysis coding the
open answers to a question about how many numbers there are between two
given rational numbers, a TwoStep Cluster Analysis was carried out revealing
different student reasoning profiles. Results showed that the most naïve natural
number bias did not disappear at the end of secondary school. Moreover,
different intermediate stages in the understanding of density were found along
grades. A characteristic of these stages is that the understanding of infinity was
reached in decimal numbers earlier than in fractions.
THEORETICAL AND EMPIRICAL BACKGROUND
Recent research has focused on natural number knowledge interference as one
of the main explanations of students’ difficulties in understanding rational
numbers - a phenomenon called natural number bias (Smith, Salomon, &
Carey, 2005; Van Hoof, Verschaffel, & Van Dooren, 2015). This phenomenon
has been studied in three domains: Rational numbers size, arithmetic operations,
and density (Gómez & Dartnell, 2018; McMullen, Laakkonen, HannulaSormunen, & Lehtinen, 2015).
In the present research, researchers focus on the domain of density. This has
been considered the most difficult and natural number biased domain
(McMullen et al., 2015; Smith et al., 2005). However, studies focusing on
individual differences over age in this domain are scarce. The natural number
set is discrete since between two numbers there is a finite (possibly zero)
number of numbers (e.g., only the number 4 is between the numbers 3 and 5).
However, the rational number set is dense since there is an infinite number of
numbers between any two rational numbers (Smith et al., 2005).
The idea of discreteness, developed through experience with natural numbers is
considered by Vamvakoussi and Vosniadou (2004) as a “fundamental
presupposition which constrains students’ understanding of the structure of the
set of rational numbers” (p. 457) and causing numerous conceptual difficulties
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in primary and secondary school students (Merenluoto & Lehtinen, 2004;
Vamvakoussi & Vosniadou, 2004) and even in undergraduates (Tirosh,
Fischbein, Graeber, & Wilson, 1999). Students believe that between two
rational numbers there are no other numbers or there is a finite number of
numbers. For instance, students believe that between the “pseudo-consecutive”
fractions 5/7 and 6/7 there are no numbers, or that between 1/2 and 1/4 is only
the number 1/3 (Merenluoto & Lehtinen, 2004; Tirosh et al., 1999). In decimal
numbers, students think that between the “pseudo-consecutive” decimals 0.59
and 0.60, it is not possible to find other numbers, or that between 1.22 and 1.24
is only the number 1.23 (Moss & Case, 1999).
Rational numbers can be represented as both fractions or decimals numbers
(e.g., 3/4 and 0.75 are alternative representations of the same rational number)
(Carpenter, Fennema, & Romberg, 1993). Previous research has shown that
students sometimes treat fractions and decimals numbers as unrelated sets of
numbers, rather than as interchangeable representations of the same number
(Khoury & Zazkis, 1994). Furthermore, regarding the different representations,
previous research has obtained opposite results. In some studies, students were
better able to explain the dense nature of decimals numbers than the dense
nature of fractions (McMullen & Van Hoof, 2019; Tirosh et al., 1999;
Vamvakoussi & Vosniadou, 2010). Other studies (e.g., Vamvakoussi &
Vosniadou, 2004) found an opposite result. Moreover, some students tend to
believe that there are only decimals numbers between two decimals numbers
and fractions between two fractions (Vamvakoussi & Vosniadou, 2010).
Vamvakoussi and Vosniadou (2004; 2010) found that understanding the density
of rational numbers is not an all or nothing issue: They identified some
intermediate stages in the understanding of density in secondary school
students. They described several expected students’ answers patterns
(hypothesised profiles) and then, with interviews (Vamvakoussi & Vosniadou,
2004) or a test (Vamvakoussi & Vosniadou, 2010), they found examples of
students’ answers for these hypothesized profiles. The profiles were: Students
who considered that there is a finite number of numbers between two pseudoconsecutive rational numbers; students who thought that decimals are dense,
whereas fractions are discrete, and vice versa; students who were reluctant to
accept that there may be decimals between two fractions, and vice versa; and
finally, students who correctly considered that there is an infinite number of
numbers between any two numbers regardless of their symbolic representation.
However, no, or very few students could be fit in some of these profiles.
Therefore, these profiles could not be representative. Furthermore, they
obtained other students’ answer patterns that differed from the profiles
hypothesized.
Researchers extend previous research by performing a cross-sectional research
with a large sample of primary and secondary school students (from 5 th to 10th
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grade) and by determining profiles after an inductive analysis of students’
answers to an open question about how many numbers there are between two
given rational numbers. Therefore, the aim of this research is to identify and
characterise intermediate stages in primary and secondary school students’
understanding of density. Furthermore, researchers examine the evolution of
these stages over a large age range, from primary to secondary education.
METHOD
Participants were 953 Spanish primary and secondary school students from 5 th
grade (n = 115), 6th grade (n = 139), 7th grade (n = 162), 8th grade (n = 173), 9th
grade (n = 174), and 10th grade (n = 190). There was approximately the same
number of boys and girls in each age group. The participating schools were five
primary schools and five secondary schools, and students were from mixed
socio-economic backgrounds.
To design the instrument, researchers adapted the density items of the Rational
Number Sense Test (RNST), developed and validated by Van Hoof et al.
(2015). It is a paper-and-pencil test that contains six density items in which
students had to answer how many numbers there are between two fractions or
two decimal numbers given. There are three fraction items: 2/5 and 3/5 (pseudoconsecutive fractions); 2/5 and 4/5 (non-pseudo-consecutive fractions with the
same denominator); 5/9 and 5/6 (non-pseudo-consecutive fractions with the
same numerator). There are three decimal items: 1.42 and 1.43 (pseudoconsecutive decimals); 1.9 and 1.40 (non-pseudo-consecutive decimals); 2.3
and 2.6 (non-pseudo-consecutive decimals). Students were asked individually to
solve the test during a mathematics lesson at school. The items were presented
in random order in eight different versions. No time limit was used, as a time
limitation could encourage natural number biased reasoning.
Four researchers inductively analyzed the students’ answers to identify
categories according to the nature of the answer. Seven categories were
identified: i) Infinite: Students who answered that there is an infinite number of
numbers between the two given ones; ii) Difference: Students who calculated
and reported the difference between the two numbers given (e.g., 0.3 is between
2.3 and 2.6); iii) Naïve consecutive: Students who answered that there is no
other number between two pseudo-consecutive numbers (e.g., between 1.42 and
1.43 or between 2/5 and 3/5, there are no numbers) and between two nonpseudo-consecutive numbers they gave a finite list of consecutive numbers
(e.g., the numbers 2.4 and 2.5 are between 2.3 and 2.6 or 3/5 is between 2/5 and
4/5) or the number of numbers of this list (e.g., there are 2 numbers between
2.3. and 2.6 or there is 1 number between 2/5 and 4/5); iv) Finite consecutive:
Students who gave a finite list of consecutive numbers between the numbers
after adding a decimal and then counting on in decimal numbers (e.g., the
numbers 1.421, 1.422, 1,423…, 1.429 are between 1.42 and 1.43) or after
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adding a decimal in the numerator in fractions (e.g., the numbers 2.1/5, 2.2/5,
2.3/5…, 2.9/5 are between 2/5 and 3/5) or they gave the corresponding number
of numbers of these lists (e.g., there are 9 numbers between 1.42 and 1.43 or
there are 9 numbers between 2/5 and 3/5); v) Finite: Students who gave other
specific numbers included between the numbers given; vi) Rest: Students who
gave specific numbers not included between the numbers given; vii) Blank
answers.
With these categories, a TwoStep Cluster Analysis with categorical data was
performed to identify groups of students (profiles) with qualitatively similar
answers patterns. Given the complexity of our coding scheme, many
intermediate states of understanding could be expected. Therefore, we analyzed
data separately for age groups, obtaining students’ profiles in 5 th and 6th grade,
in 7th and 8th grade, and in 9th and 10th grade. The statistical software used was
SPSS version 25.
RESULTS
In this section, firstly, researchers determine the number of profiles and describe
them. Secondly, we show the evolution of these profiles from 5th to 10th grade.
Determining and Describing the Profiles
The number of profiles was determined according to a low BIC and from an
interpretative viewpoint. In 5th and 6th grade, researchers chose the five
students’ profiles solution. Figure 1 shows the characteristics of the profiles
identified in 5th and 6th grade. The X-axis consists of the six test items, and the
Y-axis consists of the percentages of frequency of the largest group(s)
(categories) identified in the inductive analysis.
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Figure 1: Characteristics of students’ profiles in 5th and 6th grade
•
•

•

•

•
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Naïve: Students who considered that there is no other number between
two pseudo-consecutive numbers, and there is a finite number of
numbers between two non-pseudo-consecutive numbers.
Decimal finiters: Students who started to consider that there is a finite
number of numbers between two pseudo and non-pseudo-consecutive
decimals (there is a subgroup of students that still considered that
between two pseudo-consecutive decimals there is no other number).
However, they considered that there is no other number between two
pseudo-consecutive fractions.
Differencers: Students who calculated the difference between two
decimals but considered that there is no other number between two
pseudo-consecutive fractions, and there is a finite number of numbers
between two non-pseudo-consecutive fractions. Although a subgroup
of students also calculated the difference in fractions.
Infinite decimals: Students who considered that there is an infinite
number of numbers between two decimals, but there is no other
number between two pseudo-consecutive fractions, and a finite number
of numbers between two non-pseudo-consecutive fractions. However,
there is a subgroup of students who started recognizing that there is an
infinite number of numbers between fractions.
Rest: Students with a low performance in general who solved the items
without any recognizable pattern.

In 7th and 8th grade, we chose the six students’ profiles solution. Figure 2 shows
the characteristics of each profile identified.

Figure 2: Characteristics of students’ profiles in 7th and 8th grade
In these grades, the same profiles than in 5 th and 6th grade were identified and
we identified a new one:
•

Correct profile: Students who considered that there is an infinite
number of numbers between two fractions and two decimals.
th
In 9 and 10th grade, we chose the 6 students’ profiles solution. Figure 3 shows
the characteristics of each profile identified.
Figure 3: Characteristics of students’ profiles in 9th and 10th grade
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Figure 3: Characteristics of students’ profiles in 9th and 10th grade
In these grades, the Decimal finiters profile was not identified, but researchers
identified a new profile:
•

Finiters profile: Students who started to consider that there is a finite
number of numbers between two pseudo and non-pseudo-consecutive
decimals and fractions.
Evolution of the Profiles
Figure 4 shows the evolution of each profile from 5 th to 10th grade. The Naïve
profile decreased as the grades advanced (29.50% in 5 th and 6th grade, and
11.30% in 9th and 10th grade). However, this result indicates that the most naïve
natural number bias seems not to disappear in the last grades of the secondary
school, neither in fractions nor in decimal numbers.
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Figure 4: Evolution of the profiles from 5th to 10th grade
The Decimal finiters profile also decreased along grades, disappearing in 9th and
10th grade, where it got replaced by a Finiters profile. This result seems to show
that students started to believe that there is a finite number of numbers between
two decimals and then between two fractions.
The decrease of the Naïve and Decimal Finiters profiles corresponded to an
increase of the Correct profile (0.0% in 5th and 6th grade, and 42.60% in 9th and
10th grade) and of the Infinite decimals profile (5.10% in 5th and 6th grade and
8.80% in 9th and 10th grade). This result shows that density is first understood
with decimal numbers and later with fractions. Moreover, decimal infiniteness
was reached even in some primary school students. Finally, the Differencers
profile remained stable along grades.
DISCUSSION AND CONCLUSIONS
The aim of this research was to identify and characterize intermediate stages in
students’ density understanding and to examine the evolution of these stages
from primary to secondary education. Through an inductive and a cluster
analysis, different profiles were identified showing different stages in students’
density understanding.
The clearest natural number bias, denoted as Naïve profile, was higher in 5th and
6th grade and decreased along grades, but it did not disappear towards the end of
the secondary school (Vamvakoussi & Vosniadou, 2010). The following stage
of discreteness corresponds to the Decimal finiters profile (it was identified
from 5th to 8th grade). These students had overcome the naïve discreteness in
decimal numbers. However, this profile was not identified in 9 th and 10th grade,
where the Finiters profile appeared. These last students showed to have
overcome naïve discreteness both in fractions and decimal numbers. The
Differencers profile evidenced a group of students who determined the number
of numbers between the two given by subtracting both numbers.
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The transition from discreteness to infiniteness in decimal numbers was shown
by the presence of the Infinite decimals profile. In this profile, students
considered that there is an infinite number of numbers between two pseudo and
non-pseudo-consecutive decimals numbers. However, students of this profile
were still reluctant to recognize the infiniteness in fractions. The last stage was
reached by the Correct profile –not identified in 5th and 6th grade- and showed
an understanding of the density concept both in fractions and decimal numbers.
However, at the end of secondary school, still less than half of the students were
in this profile.
Further research could focus on longitudinal designs to examine how learners’
individual understanding of rational number density progresses over time. This
could clarify possible transitions between profiles.
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TEACHERS’ PRACTICES AND RESOURCE USE IN
TEACHING DERIVATIVES. A STUDY OF THE AFRICAN
CONTEXT: THE CASE OF CAMEROON
Alejandro S. González-Martín, Casimir Jojo Nseanpa
Département de didactique, Université de Montréal
Although there is abundant research literature on the difficulties, students face
in learning derivatives, research on teaching practices is lacking. This paper
proposes a study of teachers’ practices and use of resources in teaching
derivatives to better identify the teachers’ decisions and their justifications. Our
study focuses on Cameroon, a country with strong institutional constraints (a
single textbook and a national examination). Our study of three teachers reveals
that these constraints have a very strong influence on their activity, including
their approach to teaching and their use of resources.
INTRODUCTION
Derivatives are one of the most important topics studied in high school (in many
countries) and in postsecondary mathematics programs. For many students, this
topic is a prerequisite to university studies and a gateway to other mathematical
topics in various fields. Research in mathematics education has already reported
many difficulties linked to the learning of derivatives (e.g., Hitt & GonzálezMartín, 2016) and of its different aspects (e.g., Zandieh, 2000). This has led to
experiments in attempting to improve the learning of derivatives (e.g., Giraldo,
Tall, & Carvalho, 2003). While a number of studies have examined the learning
of derivatives and have proposed interventions to facilitate this learning, the
number of studies analyzing teaching practices, or how derivatives are
presented in textbooks and other resources used by teachers, remains quite low.
One recent study on the teaching of derivatives is by Park (2015; 2016), who
analyzed three teachers’ approaches to defining the derivative at a point using
limits and then transitioning to the derivative of a function on an interval (Park,
2015). Park (2016) also examined how derivatives are introduced in three
manuals widely used in the United States. Park’s work shows that both the
teachers and the textbooks use symbolic notations and graphic illustrations
without making explicit links between them. Moreover, the teachers used secant
lines, tangents, and symbolic notation to explain the derivative at a point
without making the links between these explicit. They also used the symbolic
notation of the derivative at a point to shift to the derivative over an interval by
simply changing the coordinates of the point by the variable. Moreover, the
teachers presented the properties of the derived function with only a few
explanatory examples.
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We emphasize again that there is not an abundance of literature on teaching
practices related to derivatives, or on the introduction of the notion of derivative
in resources used by teachers. Topics ripe for exploration include teachers’
perspectives on their students' prior knowledge; teachers’ visions of the
important topics to cover when teaching derivatives (Park, 2015); and the
analysis of resources other than textbooks. Numerous studies have highlighted
the way in which teachers at different levels make use of resources in their
teaching (e.g., González-Martín, Nardi, & Biza, 2018; Gueudet, 2017), as well
as the constraints and opportunities provided by these resources (Gueudet &
Trouche, 2009). National examinations also have a major impact on teachers’
practices, influencing content and course planning (e.g., Rozenwajn & Dumay,
2014).
The research described in this paper seeks to contribute to the scant existing
literature on teaching practices used to introduce derivatives. We seek to study
the similarity of teachers’ practices and the way derivatives are presented in
teaching resources, while also considering the various constraints that may
hinder teachers’ work. In addition, we note that the existing literature on
derivatives (which mostly focuses on how students learn them) and on
mathematics teachers’ practices and use of resources primarily concerns studies
conducted in Europe and North America, with very little mathematics education
literature reporting on studies conducted in developing countries. To help bridge
this gap, our study focuses on the African context, and more specifically
Cameroon, a context with which this paper’s second author is very familiar. We
hope this study may help to identify issues that may not always be present in
developed countries, but that may have a significant impact on the teaching and
learning of mathematics.
THEORETICAL FRAMEWORK
Since we are interested in teachers’ practices and their use of resources in
teaching derivatives, we have applied elements of the anthropological theory of
the didactic (ATD – Chevallard, 1999) and of the documentational approach
(DA – Gueudet & Trouche, 2009), following the work of González-Martín et al.
(2018).
In analyzing practices, ATD proposes the useful tool of praxeology, which is
composed of four elements: a task (or type of task) to solve, techniques used to
carry out the tasks, technologies (or rationales) that justify and explain the
techniques, and a theory that justifies the technologies. Chevallard (1999)
distinguishes didactic praxeologies to describe the act of teaching.
ATD also suggests that teaching institutions, through their official documents
and guidelines, establish an institutional relationship to the content being taught
and learned; in other words, institutions influence what individuals in a given
position (e.g., teacher or student) can do, and how they relate to the content in
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question. Individuals who have belonged (or who belong simultaneously) to
different institutions have their own personal relationship to this content. For
instance, Bronner (1997) showed that some secondary teachers in France have
ideas concerning irrational and real numbers that are not reflected in France’s
official national education program. Faced with this situation, some teachers
restrict their teaching to the program’s requirements (thus their teaching
conforms to the institutional relationship with real numbers), whereas others
supplement their teaching with additional details in the hope that their students
will better grasp the content’s subtleties (thereby making their personal
relationship include in their teaching items not anticipated by the institutional
relationship).
Finally, DA acknowledges that teachers use a variety of resources when
preparing to teach. These can be either physical (the official program,
textbooks, etc.) or intangible (a discussion with a colleague, their own training,
etc.). The various resources used to teach content, together with these resources’
schemes of use, are termed a document (Gueudet & Trouche, 2009). GonzálezMartín et al. (2018) showed that many of these schemes of use are influenced
by the teachers’ own personal relationship with the content they teach.
With these tools, we can reformulate the aim of this paper. We wish to study the
link between the institutional relationship with derivatives on the one hand and
teachers’ practices and use of various resources in teaching derivatives on the
other. We also seek to identify specific elements in the African context that may
be less present in existing literature.
THE CAMEROONIAN CONTEXT
In Cameroon, students attend secondary school between the ages of 12 and 18.
Cameroon calls secondary that which in other countries may be considered as
pre-university or college-level studies. Derivatives are introduced in the
penultimate year of this cycle, called première (students are 17 years old), after
the study of functions, limits, and continuity. The content on derivatives in
première includes: differentiable function at a point; derivative of a function at a
point (including left and right derivatives); geometric interpretation of the
derivative at a point; equation of the tangent of a curve at a point; derivative
function; derivative of the addition, the product, and the quotient of functions
and of f(ax + b), with f being differentiable; variation of a function in an interval
depending on the sign of the derivative; extrema. The Ministère des
enseignements secondaires [Ministry of Education] asks teachers to introduce
derivatives at a point by calculating the limit of (f(x) – f(a))/(x – a) when x → a,
but it does not provide any didactic suggestions on how to make this
introduction, or about making the shift from a derivative at a point to a
derivative function.
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The Ministry provides the public schools with a list of approved textbooks;
however, as of the 2018-2019 school year, only one approved textbook has been
available to teach each course, including mathematics (Tegninko, Sielenou,
Bouda, Pokam, & Boudy, 2014). This means that all public schools use the
same textbook chosen by the Ministry. Moreover, there are national
examinations for students in May and June). For students in première, questions
concerning functions, limits, continuity, derivatives, and sketching the graph of
a function represent approximately 42% of the examination questions
concerning derivatives usually concern the derivative of a function and studying
the variation of a function using the sign of the derivative.
Finally, the training of secondary teachers falls under the auspices of the
Ministère de l’enseignement supérieur [Ministry of Higher Education].
Teachers’ pre-service training is provided by the Écoles Normales Supérieures
(ÉNS). When students enter an ÉNS after finishing their secondary studies, they
must complete a three-year Bachelor of Mathematics (first cycle), followed by
two more years of training (second cycle). This second cycle includes additional
courses in university mathematics (approximately 50% of the cycle) along with
courses in education. Throughout this training, relatively little emphasis is
placed on the specific aspects of mathematics education.
METHODS AND ANALYSES
The research presented in this paper is part of the second author’s doctoral
thesis, which, under the qualitative paradigm, is developed as a multi-case
study. Semi-structured interviews, class observations and documents (textbook
and other resources) were used to collect the data. All three teachers who
volunteered to participate in the research (T1, T2, T3) are male; all are legally
qualified, teach in première during the 2019-2020 school year, and work in
three different schools in Yaoundé.
In this paper we focus on data from the participants. The data collection was
structured in three stages: 1) preliminary interviews concerning the teachers’
personal relationship to derivatives, their use of resources, and their lesson
preparations; 2) observations of the teaching of derivatives in class; 3) postteaching interviews to compare the teachers’ planning with the actual teaching
and discuss some episodes. The interviews and observations provided data to
study the teachers’ adherence to the institutional relationship with derivatives,
as well as their documentation work in their specific context, with major
institutional constraints (the imposition of an official textbook, an official
exam). We note that, for this paper, we have mostly used data from the
interviews, with some additional details culled from our observations.
The analysis of the interviews was performed using the theoretical tools
provided by ATD and DA. We first examined the teachers’ statements to
identify elements associated with their personal relationship to derivatives (how
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they define derivatives, what they consider important about them, the exercises
they value, etc.). We then identified the main techniques they used to teach the
content (providing definitions, working on exercises, etc.) and their rationales
(technologies). We also identified the resources they use, as well as their
schemes of use (mainly, rationales concerning why they used the resources,
their aims, etc.). The following section summarizes our main results.
DATA ANALYSIS
During the preliminary interviews, each of the three participants discussed his
vision of derivatives – a vision that encompassed many of derivatives’
mathematical meanings (Figure 1):
T1
The derivative has several meanings […]
mathematically, it is the slope of the
tangent line to the curve of the function at a
point. Practically, it represents a speed […]
in the Cameroonian context, children must
master the derivative much more like the
slope of the tangent line at a given point.

T2

T3

The derivative for me is a
mathematical tool […] which
has many physical
applications and, therefore, I
associate it more with a speed.

For me, the derivative is
first the result of a limit…
and so, I see it as the limit
of the rate of change of a
function.

Figure 1: The participants’ views on derivatives
Their responses show that their personal relationship to derivatives includes
several aspects of this topic (slope, speed, limit, rate of change). However,
despite the different elements present in their personal relationship, all three
teachers follow a similar technique to introduce derivatives using rates of
change (Figure 2):
T1
By calculating the limit of a
certain rate of change to
determine the derivative at a
point.

T2
First, I wanted to make them
understand that the notion of derivative
is linked to rate of change, which they
have seen in previous years.

T3
Because of the requirement of the
program, I restricted myself to
the limit of the rate of change.

Figure 2: The participants’ choice to introduce derivatives
Three of them also stated, at various points in the interviews, that their choices
are determined by the official guidelines: they follow the Ministry’s instructions
and begin with the limit of a rate of change because this is what the official
program dictates. Therefore, their technique for introducing derivatives is
mainly explained by the rationale (technology) that they had to do what the
program requires. The teachers also noted that they followed the approach of
the textbook. We see, therefore, that the introduction students receive to
derivatives is restricted to an abstract, limit-focused approach, and that the
teachers do not call for connections with speed or use other more intuitive
approaches. Moreover, we can see that the three participants are “good subjects
of the institution,” doing what the institution expects individuals in their
position to do (institutional relationship). This may explain why T1, who sees
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derivatives primarily as a slope, introduces them as the limit of a rate of change,
or why associations with physical meaning (T1 and T2) are not present. Their
statements are supported by classroom observations: all three teachers start
introducing derivatives at a point, and they do so by calculating the limit of a
rate of change.
Our classroom observations also confirm that the three teachers organize their
introduction to derivatives by using the textbook as their main guide. In this
sense, the passage from the derivative at a point to the derivative as a function is
made in a very immediate way (between the first and second lessons, by simply
replacing a generic “x0” with “x”), and the teachers move quickly to introduce
techniques to solve tasks concerning derivatives. In this sense, their approach is
like the participants in Park’s (2015) study. Our participants’ approaches
prioritize computational aspects to provide students with a set of rules and
formulae that will be later applied in the exercises. Despite this, the three stated
during the interviews that they hoped students would be able to develop a better
understanding of what they were doing (e.g., T1: “they discover by
themselves”).
Our data also indicate that, despite occupying the same position and following
the same program, the teachers exhibited some differences in their views
concerning which elements to highlight in the chapter on derivatives (Figure 3):
T1
In the Cameroonian context,
what matters more is the use of
the derivative to construct
functions [meaning studying
functions to later sketch their
graph] […] to use the tangent
[meaning calculating the
equation of the tangent line at a
point].

T2
In the chapter about derivatives, what is
more important to teach is how to find the
derivative of polynomial and rational
functions. I start with the aspects that are
necessary for the exam […] we must respect
the institutional guidelines. The State limits
the way in which we must teach the
derivative, we do not have a choice to
change [this approach].

T3
What is more important
in the teaching of the
derivative are its
applications […] the
search for extrema, the
search for the direction
of the variation of
functions.

Figure 3: The participants’ views about the most important aspects of
derivatives
As we can see, even if they hold the same position, the teachers may emphasize
different aspects of the content in the classroom. This behavior is consistent
with the results of González-Martín et al. (2018), where five participants using
the same resource exhibited variations in their teaching. However, in opposition
to González-Martín et al.’s (2018) results, where the participants had some
conceptual objectives in their teaching, we may observe here that the three
participants highlighted operational aspects concerning derivatives as the key
aspects to be learned. We conjecture that this may be a consequence of the
strong influence that the program and the examination (which focus on
operational aspects) exert on their practices. In the interviews, many of the
teachers’ rationales for the way in which they organize their teaching were
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reduced to the program and the exam. We also conjecture that their pre-service
training, with its emphasis on mathematics to the detriment of didactic
components, may influence their views.
We note that, in Figures 2 and 3, the program is seen as somehow restricting
what teachers can do: T3 states that, because of the program, he limits himself
to introducing derivatives in a certain way, while T2 claims that the State
(through the program) limits the way in which teachers can teach derivatives.
We emphasize that the program was mentioned as a factor at several points
during the interviews.
We also note that all the elements concerning derivatives mentioned by the
participants as important for students to learn are aligned with the objectives of
the official mathematics program. These objectives are usually reflected in the
questions on the national exams that take place at the end of the school year,
and this examination has a strong influence on the teachers’ practices and on
their choice of resources in preparing their courses. In fact, the three participants
stated that their main resource is the official textbook, since it allows them to
cover the required content that will appear on the national examinations. We see
how institutional constraints limit the teachers’ documentation work. They also
discussed their use of the Internet, particularly their participation in online
forums for teachers, but they insisted that they use this resource minimally, as a
complement to the activities provided by their main resource. Figure 4 presents
some interview excerpts concerning the influence of the national examination
on the teachers’ practices:
T1
The goal of the students is to
pass their end-of-year exam. So,
everything related to the
derivative must be what often
comes up in the examination or
what the official examination
requires […] If you look in the
official textbook it is the type of
activity like that […] It is clear,
that is not open to debate. The
textbook is much more interested
in this [type of activity].

T2
What seems more important to me is firstly their
examination because you know that if a student does
not pass his examination, the parent will say that the
teacher did a poor job. So, what is important for me
now is to use the derivative as a mathematical tool for
the study of functions… For now, derivatives [are
taught] to help students pass their examination and
move on to higher studies in [the last year of
secondary] and later at university. […] I try to stick to
[the content and activities of] the official textbook.
When we do problem-solving lessons [travaux
dirigés], we first do the exercises that are in the
official textbook.

T3

Keep in mind
that these
students must
prepare for the
year-end
examination;
this is our
main objective
at the moment.

Figure 4: The role of the national examination in the participants’ practices
In this case, we can clearly see how the three participants keep the national
examination in mind, and how they see their role as preparing their students to
pass this examination. Here, the three teachers are explicit about the constraints
to which teachers are subject in the Cameroonian context, namely the
ministerial evaluations that generally take place at the end of the school year.
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We can see how this examination, together with the official textbook provided
by the Ministry, strongly directs their documentation work.
FINAL REMARKS
Our preliminary results are consistent with previous research: teachers prioritize
algebraic aspects to the detriment of all other aspects such as graphic tools for
introducing the derivative. They follow the institutional relationship and
emphasize the derivative as the limit of a rate of change, which limits their use,
for example, of the notion of tangent to introduce the derivative. As in Park’s
(2015) study, they favor symbolic notation and shift quickly from the derivative
at a point to the derivative function.
Our data show that the participants’ activity is strongly conditioned by the
injunctions of the official program, by the official textbook, and by the
Ministry-imposed evaluations. Although their personal relationship includes
several aspects of derivatives, these are not present in the teachers’ introduction
of this content to their students. In this sense, their practice reflects the content
of the main resource (the textbook), with some possible variations and
additional exercises. We also note a lack of agency: most of the rationales
(technologies) they use to justify their teaching techniques are reduced to their
need to follow the dictates of the program. Another important element
influencing their resource use and their practices stems from institutional
constraints: the teachers believe their main goal is to prepare students to pass
the national examination. They use expressions such as “the goal of the students
is to pass,” “derivatives [are taught] to help students pass their examination and
to move on to higher studies,” or “these students must prepare for the year-end
examination.” Note that these elements are very strong in the Cameroonian
context. This, in addition to the weaker didactic component in the teachers’ preservice training, may lead the teachers to not question the official guidelines.
Regarding the use of ATD and DA to study these issues, we believe that they
allow a better understanding of some of the teachers’ practices, both in terms of
their planning and their use of resources. Even though their personal
relationship with derivatives encompasses several different aspects, the latter
are not mobilized. Given the institutional constraints, the main rationales seem
to be “to follow the program” and “to prepare for the national examination.” In
this context, we can clearly see how these constraints influence the participants’
choices in introducing derivatives, as well as their use of resources, which is
mostly reduced to a single textbook.
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CONCEPTUALIZING EXPERTISE FOR TEACHER
PROFESSIONAL DEVELOPMENT IN TEACHING
STOCHASTICS
Birgit Griese
Paderborn University
In order to address the intended aims of a professional development (PD)
intervention adequately, the purported expertise must be conceptualized in
detail, including a specification of the learning at classroom level. This paper
utilizes an expertise framework (Prediger, 2019a, following Bromme, 1992) that
distinguishes between jobs, pedagogical tools, thinking categories, and
orientations to illustrate the concept-ualization of a PD unit that focuses on
explanations, interpretation, and understanding when deploying digital tools for
the teaching of stochastics at secondary level.
INTRODUCTION: CHALLENGES IN TEACHING STOCHASTICS
Teaching stochastics (statistics and probability calculation) presents a challenge
for many teachers, for various reasons (Batanero, Burrill, & Reading, 2011): Some
have little or no personal experience of being taught stochastics themselves,
others feel insecure because of the uncertain nature of statements referring to
probability, and others again deem themselves unprepared for the technological
demands. All these issues have led to a high demand for PD courses covering
stochastics in Germany.
The designers of PD courses on stochastics at the German Center for
Mathematics Teacher Education, DZLM, intend to address understanding, and
not (only) procedure (Barzel & Biehler, 2016), at the classroom level as well as
at the teacher PD level. This is in keeping with the standards of higher
education, but it presents the challenge for PD designers and facilitators to
attend to content and didactics. (For other more popular areas of mathematics,
like calculus or geometry, PD courses can concentrate on didactical and
methodical consideration alone.) For example, in a DZLM PD course on
stochastics developed at Paderborn University, only 20% (9 out of 44
participants) found they had fully attained the goal of learning about the didactic
value of simulations, although this was an explicit focus. One participant stated
“sometimes simulations are more confusing than helpful”, another wrote that it
was “not clear in which situations simulations make sense”, and more than one
complained that it would not be worth the lesson time to teach students how to
code the simulations. Consequently, a sound theoretical basis for the expertise
in teaching stochastics is indispensable when aiming at a systematic re-design
of the course.
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THEORETICAL BACKGROUND
Theory elements for Design Research (van den Akker, 2013) in teacher PD can
be distinguished as categorical, descriptive, normative, explanatory, or
predictive, each with different functions and structures (Prediger, 2019b). These
elements are closely related and help to answer what should be addressed and
how this can be orchestrated (like in Griese, Rösken-Winter, & Binner, 2020),
thus offering a perspective of how to re-conceptualize PD design. The idea of
this paper is to explore a framework (Prediger, 2019a) in regard to describing
the expertise necessary for teaching stochastics and for conducting PD courses.
Thus, insights into the structure and interdependencies of teacher expertise (and
how to promote it) can be obtained. The objective is to use the framework for
both the re-design of PD courses and the qualification of facilitators. The idea
behind this model differs from the approach to describe teacher competence and
their impact on teaching quality (Kunter, Klusmann, Baumert, Richter, Voss, &
Hachfeld, 2013) insofar as it focuses is on the development of teaching skills
and thus seems better suited for the PD perspective.
Following Bromme (1992), Prediger (2019a) developed a framework for
conceptualizing content-specific teacher expertise which describes jobs as
“typical, often complex situational demands of subject-matter teaching that are
most relevant to the PD content in view” (p. 369) and how teachers cope with
them. This situated approach allows to disentangle teacher practices by also
describing their categories for thinking and noticing, the pedagogical tools they
employ, and their underlying beliefs (orientations) that in their complex
interplay influence the effect of a PD intervention. The specifications naturally
relate to the teaching content that is the focus of the PD intervention. By
utilizing these categorical and descriptive constructs, normative elements can be
phrased in detail – and explanatory and maybe even predictive statements are to
be gained. This is worthwhile, so the central question of this paper is:
Can a framework for content-specific teacher expertise that describes expertise
in jobs, pedagogical tools, thinking categories, and orientations help to improve
a PD course on stochastics by offering answers to what and how questions?
CONTEXT OF THE PD COURSE
This paper is based on the design of and research around a five-day PD course
for stochastics at upper secondary level (Oesterhaus & Biehler, 2014) that
specifically addresses the use of digital tools. In particular, we focus on that part
of the first day of the course where suggestions are presented on how to
promote a deeper understanding of distributions, and participants experience
and discuss various tasks and activities. The evaluation of the PD course
showed that the intended aim of displaying the advantages of employing digital
simulations fell short of expectations. When considering reasons for this
feedback and pondering options for improvement of the PD course, the question
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how to proceed emerged. One answer was to use a framework for teacher
expertise in order to comprehend the learning obstacles in this context and find
approaches to overcome them.
UTILIZING THE FRAMEWORK FOR CONCEPTUALIZING
TEACHING EXPERTISE IN STOCHASTICS
Classroom Level
Following Prediger (2019a), we start with compiling a learning map for
stochastics for the classroom level (summarized in Table 1). In analogy to her
structure of the categories, we describe the content goals, the activities and
linguistic practices, and the lexical means and resources.
Content goals

Activity and
Lexical means and
linguistic practice resources

Procedural /
local

-

probabilities
characteristic variables
accumulation limits
…

calculate

Conceptual /
global

-

use tables,
interpret probabilities
calculator, software
make evidence
etc.
statements
vary scenario (e.g.
increase 𝑛 in a binomial
distribution)

-

apply formulae (e.g.
binomial distribution, for
mean or variance)

elaborate on if-then
scenarios;
employ dynamic
software;
conduct repeated
simulations

Table 1: Learning map for stochastics at classroom level
Content goals cover what the students are expected to master, in different levels
of complexity. The basic level comprises goals for stochastics that can be
classified as procedural or local (middle row in Table 1), where the view is
quantitative on one specific characteristic or value of a distribution. For students
to show they have reached these goals, they will apply formulae or rules, and
use calculators, software, or tables (which we sum up under resources) and do
calculations (which we term an activity). At this level, no verbal utterances are
necessary, and therefore no lexical means are employed. Another level of
content goals refers to conceptual or global aspects (bottom row in Table 1),
where the view is on a distribution as a whole, on understanding its
characteristic features, thus on qualitative aspects. Learners are here expected to
vary scenarios, e.g. change a parameter in a distribution, and come to the
conclusion that if you increase 𝑛 in a binomial distribution, then the histograms
of absolute frequencies will become flatter and wider, but the histograms
showing relative frequencies will be narrower. In order to show that learners
have reached these goals, more complex activities are needed which include
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language and will therefore be termed activities and linguistic practice. At this
goal level, learners will interpret, conclude, explain, and give reasons. The
resources employed to realize these activities are more complex and are
therefore extended to lexical means and resources. Learners elaborate on
conditional deliberations and consider if-then scenarios (like the conclusion
described above in this paragraph).
Apart from lexical means to explain the scenarios, learners can also resort to
technical resources. Dynamic software seems well-suited to represent varying
scenarios, as it allows to vary parameters, e.g. via sliders. Obviously, in a
changing scenario, the focus is not on certain values or numbers (as in the
procedural / local level), as they do not carry potential for explanations in
themselves but only in comparison to other values or numbers. The same is true
for simulations, where the specific value of a relative frequency is not very
informative, but repeating the simulation can reveal both what is characteristic
of a distribution and what is random. These resources (dynamic software and
repeated simulations) can support an understanding which is then
operationalized with the help of the lexical means described above.
Teacher PD Level
The learning map described in Table 1 is an essential resource for teachers to
identify which category, thought pattern, or reference frame is addressed by a
learning activity. The map supports teachers to make informed decisions when
planning and performing teaching sequences. It is crucial that students
experience teaching that covers not only the procedural / local content goals, but
also the conceptual / global ones (this refers to what should be covered). The
learning map offers activities and linguistic practices that attend to them
(suggesting to how to accomplish the intended goals).
The jobs for teaching stochastics (Table 2) are phrased in analogy to Prediger
(2019a) as demanding, noticing, developing, and supporting resp. explanations,
interpretations, and reasoning. They each address different aspects of teacher
behavior. Demanding explanations, interpretations, and reasoning means
teachers set tasks and activities that refer to the activities and linguistic practices
of that level. Noticing stresses that teachers need to have a reference system to
diagnose which goal is being addressed at a certain moment. Developing and
supporting emphasize the fact that teachers address the learning process. The
job of identifying the language and resources relevant for stochastics is another
basic job which is crucial for all others. This equally means identifying what is
not relevant – as it is quite easy to get sidetracked by the technical specificities
of software coding, or by inconsequential language issues like declension.
The pedagogical tools for stochastics, that support teachers in how to address
certain learning goals, comprise, among others, motivating and cognitively
activating tasks with authentic background, experiments (e.g. throwing coins or
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dice), in particular utilizing equivalent random experiments for authentic
situations, which is an essential element of stochastics modeling, interactive
visualization (e.g. with sliders for the parameters of a distribution), pre-coded
simulations, and language scaffolding.
Jobs

demanding …
noticing …
developing …
… explanations / interpretations / reasoning

supporting …

identifying language and resources (not) relevant for stochastics
Pedagogical
tools

cognitively
activating
tasks

interactive
visualizations

pre-coded
simulations

Categories

learning map for stochastics at classroom level (Table 1)

Orientations

addressing understanding
and procedure

equivalent
random
experiments

considering digital tools as
means to a goal

language
scaffolding

regarding certain language
issues as relevant

Table 2: Specification of the framework for teaching stochastics, classroom
level
All these aspects refer to what can be observed in a classroom situation. They
are, however, influenced by the orientations of the teacher who orchestrates the
classroom activities. The orientations relevant for teaching stochastics are an
awareness that both procedure and understanding are to be addressed in
stochastics (as in any other mathematical content area), regarding certain
language issues as relevant for stochastics (which involves the job of identifying
these issues), and considering digital tools as means to reach a goal, and not as a
goal in itself.
Table 2 summarizes the framework for stochastics-specific teacher expertise.
Various entries there will help to avoid unsatisfactory feedback on the didactic
value of simulations, e.g. recommending pre-coded simulations (a tool) or
considering digital tools as means to a goal (an orientation). The matrix in
Table 2, however, is not to be read vertically, but horizontally, meaning that the
jobs are to be understood as one unit, and the pedagogical tools, the categories,
and the orientations reflect the complex practice. Moreover, the tools and
orientations are not to be understood as a closed list. The relations between the
rows in Table 2 are points of interest and further exploration.
Exemplification: Teaching Sequence for Addressing Distributions
We will look into these interrelations in more detail, exemplified by a teaching
sequence for addressing distributions. The sequence starts with the 10/20-test
problem (Figure 1), which represents a pedagogical tool, and sets the goal of
exploring what lies behind it (demanding reasoning, a job). To incorporate
students’ intuitive thinking, their ideas as to which test is easier to pass and why
are collected and discussed, without yet revealing if their reasoning is correct
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because the learning goal is to allow them to reflect upon the problem in detail,
and not to memorize the correct answer. This serves to develop reasoning skills,
and its realization is based on the teacher’s orientation that understanding is a
worthwhile learning goal.
One test has ten questions with two answers each, one correct and one false. Another test has twenty
questions with two answers each, one correct and one false. You pass each test if you have 60 % or
more correct answers.

If you are merely guessing, which test is easier to pass: the test with ten, or the test with
twenty questions – or are both equally difficult?

Figure 1: The 10/20-test problem, for addressing distributions
With experiments of tests with 10 or 20 questions, a first exploration of the
phenomenon can be created, and students can utter their considerations as to the
reasons, which relates to the teacher’s job of noticing. In order to systemize the
observations (i.e. support students’ reasoning, a job), the teacher can introduce
an equivalent random experiment, e.g. throwing ten or twenty coins and
counting how often “tail” appears, as a representation of a correct answer. These
hands-on experiments may lead to an interpretation which test is easier to pass.
Students’ reasoning can be supported (a job) by guiding and categorizing their
arguments.
To get a more reliable basis for conclusions, it seems natural to gather more
data, i.e. to simulate the experiment with the help of software. The software
used should allow easy handling and visualization, and some steps of the
simulation can be prepared in advance, which can be viewed as a pedagogical
tool, based on the orientation that digital tools (here, at least) are a means to
reach a goal, and not a learning goal in itself.
Spreadsheets or other software can be used to create visualizations (a
pedagogical tool) in the form of histograms that show the distribution of the
percentages of correct answers for the test with 10 respectively 20 questions. An
important feature (pedagogical tool) is Excel’s F9 key (or a similar key):
pressing it results in a new simulation, which the dependent visualizations
follow. This feature in particular allows the learner to observe what is a
characteristic of the distribution, and what is random. It helps to focus the
attention on the characteristics of the distribution (conceptual content goal) and
not on particular values (procedural content goal).
It can be observed in the visualizations displaying the relative frequencies of
correct answers that the “pass” areas for the test with 10 questions is a bigger
percentage of the total area of the histogram than the “pass” area for the test
with 20 questions (certainly students will need help with phrasing a statement
like this, a job the teacher can fulfil by offering language scaffolding, a
pedagogical tool), thus yielding the insight that it is easier to pass the test with
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10 questions by merely guessing. How probable it is to pass the tests is not
relevant at the moment (although the software would easily produce
approximations for these probabilities), and the teacher identifies this as not
relevant here, which is another job.
The general rule that lies behind this phenomenon is that percentages vary less
when the number of repetitions is increased (n.b. the absolute numbers vary
more), and therefore are more likely to pass a threshold (in our example, 60%)
that is not the expected value (here, 50%). At this stage, this generality cannot
be phrased, but the example of the 10/20-test problem serves as a milestone task
that is remembered and can be referred to when analogous phenomena are
considered. Besides, later, when the binomial distribution has been covered, the
phenomenon observed in this context can be connected to the values of the
mean and variances of the numbers and percentages of correct answers in a test
with 10 respectively 20 questions.
Facilitator PD Level: A Further Perspective
Conceptualizing the expertise of facilitators, who present PD courses, is also
possible with an analogous framework that follows the principle of nesting
teacher expertise in the categories, similarly to the nesting of the learning map
in the categories of the framework at classroom level. It can be used to specify
facilitators’ jobs (e.g. attending to practices or discussions), pedagogical tools
(e.g. the move of pointing to elements of the learning map), categories, and
orientations (e.g. an appreciation for the PD course participants). It becomes
apparent that, apart from the categories, these specifications are not contentspecific, but describe more general characteristics.
CONCLUSION
Our analyses show that the first step, specifying the content goals, as well as
what activities and linguistic practices students follow and which lexical means
and resources they employ to do so, helps to structure what is to be taught and
how these teaching goals can be attained. The specifications of how to employ
software and simulations and why this can promote the conceptual learning
goals is a major result unveiled by Prediger’s framework. The next step,
elaborating on the jobs, pedagogical tools, and orientations, shows that these
are connected in various ways and influence teachers’ classroom actions that
aim at reaching the learning goals they have decided upon. The pedagogical
tools are closely related to the lexical means and resources and support teachers
in attending to their jobs. The orientations represent guidelines that influence or
even determine which pedagogical tools are chosen, and which content goals
are being addressed. They also help to polish the pedagogical tool, in the above
example in the details to first use hands-on experiments, followed by pre-coded
simulations that can be repeated, and visualizations showing the distribution and
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not single values. Teachers need not necessarily be aware of their orientations,
but if they are, this serves to rationalize their choice of tool or move.
Thus, the framework permits explanations and even predictions, and helps to
shape the PD intervention by suggesting specific uses of digital tools (repeated
simulations, dynamic software) and avoiding sidetracks (e.g. the coding of
simulations). These insights prompt what should be addressed in teacher PD and
how this can be orchestrated. In sum, the framework for conceptualizing
content-specific teacher expertise has proved useful for stochastics, as it
suggests various ways to convince teachers to develop their teaching and offers
concrete tools and resources for support.
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MENTAL SIMULATION OF AN ENCODED
REPRESENTATION ON ARITHMETIC WORD PROBLEM
SOLVING
Katarina Gvozdic, Emmanuel Sander
IDEA Lab, Faculty of Psychology and Educational Sciences, Université de
Genève
Studies showed that even before formal instruction, children can solve some
arithmetic word problems by using informal solving strategies. The current
study investigates the processes underlying the use of these informal strategies.
We propose that the efficiency of the mental simulation of the encoded
representation influences the difficulty of word problems and the use of formal
solving strategies that reflect principle-based knowledge. Three experiments,
two collective classroom experiments and a collection of verbal protocols, with
383 2nd grade students, revealed that the cost of the mental simulation
influenced the performance and solving strategies. Principle-based strategies
are dominant only on high cost mental simulation problems, reflecting a rerepresentation process. Theoretical and pedagogical implications are
discussed.
INTRODUCTION
Arithmetic word problems are an important part of mathematics instruction all
over the world (Verschaffel, Schukajlow, Star, & Van Dooren, 2020). Repeated
findings have shown that problems which belong to different semantic
categories but share the same underlying arithmetic structure yield different
degrees of difficulty and are solved using different solving strategies (De Corte
& Verschaffel, 1987; Gros, Thibaut, & Sander, 2020; Riley, Greeno, & Heller,
1983). Numerous research has therefore investigated the processes involved in
solving such problems and most would agree that an arithmetic word problem
leads to the construction of a situation model due to its semantic characteristics
(Reusser, 1990; Verschaffel, Greer, & De Corte, 2000).
One current approach, the Situation Strategy First framework (Brissiaud &
Sander, 2010), proposes that the situation depicted in the word problem
provides the solver with situation-based solving strategies, which will be
preferentially used when it is efficient. This would be the case on the Change 2
problem “Luc is playing with 22 marbles at recess. During recess, he loses 4
marbles. How many marbles does Luc have now?”, since the informal situationbased solving strategy efficiently leads to the solution. Yet, the numerical
magnitudes within the word problem can influence the difficulty of the informal
situation-based solving strategy. For example, when the problem is turned into
“Luc is playing with 22 marbles at recess. During recess, he loses 18 marbles.
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How many marbles does Luc have now?”, the informal situation-based solving
strategy is computationally inefficient. When solvers succeed to find the
answer, they no longer solve it by relying on the initial representation of the
problem which led them to use direct subtraction. They actually find the answer
to this problem by re-representing the problem and using indirect addition.
This kind of strategy switch is also described in the literature on non-word
problems (Peters, De Smedt, Torbeyns, Ghesquière, & Verschaffel, 2013). In
fact, both of these strategies correspond to the arithmetic operation of
subtraction, yet the arithmetic format is different (Campbell, 2008). In the
current study we propose that solvers encode the initial representation of a
problem by relying on a conception of arithmetic that is activated by the
problem statement. Two encodings compete: the wide-spread conception of
subtraction as taking away (Fischbein, 1987; Lakoff & Núñez, 2000), aligned
with the use of direct subtraction and the determining the difference conception
(van den Heuvel-Panhuizen & Treffers, 2009), aligned with the use of indirect
addition. Second, we propose that the process leading to the use of informal
strategies is the mental simulation of the initial encoded representation of the
problem. According to Barsalou (1999, p. 586), mental simulation consists of
the construction of “specific images of entities and events that go beyond
particular entities and events experienced in the past”. The involvement of
dynamic and perceptual simulations in text comprehension and the processing
of abstract concepts also gives great importance to the process of mental
simulation in contexts where there are no actions involved, such as it would be
the case on static word problems (Hostetter & Alibali, 2018; Zwaan, Madden,
Yaxley, & Aveyard, 2004). We propose that in order to go beyond the mental
simulation of the encoded representation and use a solving strategy based on
arithmetic principles, a solver needs to recode the initial representation by
relying on a different arithmetic conception.
In the current study we created arithmetic word problems whose mental
simulation of the initial encoded representation would have either high or low
cost. We predicted that different performance rates and different solving
strategies will be observed as a function of the cost of the mental simulation of
the encoded representation. We chose static problems, that do not allow
straightforward mental simulation because of the absence of actions involved in
the described situation. Thus, the mental simulation is only made possible due
to the arithmetic conception evoked, entailing an encoding that triggers either a
mental direct subtraction (taking away conception) or a mental indirect addition
(determining the difference conception). On problems where the mental
simulation of the initial encoding is inefficient and bears a high cost, we first
expect to find lower performance rates and less formal solving strategies – those
that do not reflect the initial encoding. Second, we expected that the process of
mental simulation will remain prevalent throughout the school year and that we
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will replicate the findings six months later. Third, we expected to observe
informal solving strategies that reflect the mental simulation of the initial
encoding of the problem on low cost mental simulation problems, and formal
strategies reflecting a recoded representation mainly on high cost mental
simulation problems.
METHOD
Participants
341 second-grade students from 16 classes coming from 11 elementary schools
from working-class neighbourhoods in France participated in a collective
classroom study at the beginning of the year. The average age of the children
was 7.60 years (SD = 0.33, 177 girls). At the second time of testing, six months
later there were 269 second-grade students from the initial cohort who
participated (mean age = 8.02 years, SD = 0.33, 138 girls). Lastly, verbal
protocols were conducted with 42 second grade students who were not part of
the initial cohorts (mean age = 7.93 years, SD = 0.26, 23 girls).
Materials
There were 8 types of subtraction and addition problems belonging to 3 major
categories corresponding to Compare problems 1, 2, 3, 4, Combine problems 1,
2, and Equalizing problems 1 and 2 from Riley et al.’s (1983) classification
(Table 1). The number triplets involved in the data and the solution are (31, 27,
4), (33, 29, 4), (41,38, 3), and (42, 39, 3). The number triplets were combined in
order to create high and low cost mental simulation versions of each problem
category in the same way as it was done in previous studies (Brissiaud &
Sander, 2010; Gvozdic & Sander, 2020). To control for the impact of position,
numerical sets and context, 8 different problem sets were created. Another 8
problem sets were 'mirror' sets in which the low cost version of one problem
would be presented in its high cost counterpart, while the high cost problem
would be presented in its low cost counterpart.
Problem
category

Low cost mental simulation

“There are 27 roses and 31
daisies in the bouquet. How
Compare 1
many daisies are there more than
roses in the bouquet?”

High cost mental simulation
“There are 4 roses and 31 daisies
in the bouquet. How many
daisies are there more than roses
in the bouquet?”

“Anna has 31 euros. Susan has 4 “Anna has 31 euros. Susan has 27
Compare 4 euros less than Anna. How many euros less than Anna. How many
euros does Susan have?”
euros does Susan have?”
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“There are 27 oranges and 31
Equalizing pears in the basket. How many
1
oranges should we add to have as
many oranges as we do pears?”

“There are 4 oranges and 31
pears in the basket. How many
oranges should we add to have as
many oranges as we do pears?”

“There are 27 blue marbles and 4
red marbles in Marc's bag. How
Combine 1
many marbles are there in Marc's
bag?”

“There are 4 blue marbles and 27
red marbles in Marc's bag. How
many marbles are there in Marc's
bag?”

Table 1: Examples of arithmetic word problems in their low and high cost
mental simulation version for the number triplet (31, 27, 4)

Problem
category

Cost of
mental
simulation

Informal strategies

Formal strategies

Low

27 + 4 = □

4 + 27 = □

High

4 + 27 = □

27 + 4 = □

Combine 1

Low

27 + □ = 31

31 – □ = 27 31 – 27 = □

□ + 27 = 31

High

4 + □ = 31

31 – □ = 4

31 – 4 = □

□ + 4 = 31

Low

27 + □ = 31

31 – □ = 27 31 – 27 = □

□ + 27 = 31

High

4 + □ = 31

31 – □ = 4

31 – 4 = □

□ + 4 = 31

Low

31 – □ = 27

27 + □ = 31 31 – 27 = □

□ + 27 = 31

High

31 – □ = 4

4 + □ = 31

□ + 4 = 31

Combine 2

Compare 1

Compare 2
31 – 4 = □

247

Low

27 + 4 = □

4 + 27 = □

High

4 + 27 = □

27 + 4 = □

Low

31 – 4 = □

4 + □ = 31

31 – □ = 4

High

31 – 27 = □

27 + □ = 31

31 – □ = 27

31 – □ = 27 31 – 27 = □

□ + 27 = 31

Compare 3

Compare 4

Low

27 + □ = 31

Equalizing 1
High

4 + □ = 31

31 – 4 = □

□ + 4 = 31

Low

31 – □ = 27

27 + □ = 31 31 – 27 = □

□ + 27 = 31

High

31 – □ = 4

4 + □ = 31

□ + 4 = 31

Equalizing 2
31 – 4 = □

Table 2: Classification of solving strategies for different problem categories
from Riley, Greeno and Heller’s (1983) classification
Procedure
Each student solved 4 low cost mental simulation problems and 4 high cost
ones. In the collective classroom part of the study, each student received an 8
page booklet. Each problem was read aloud twice, and students then had one
minute to write the number that was the solution. Regarding the collection of
verbal protocols, students were asked to give an oral explanation of how they
found the solution after writing down the answers. Their responses were
recorded and transcribed.
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Scoring
The solutions noted by the children were scored with 1 point when the
numerical answer was exact or, in order to allow for mistakes in counting
procedures, within the range of plus or minus one of the exact values. Any other
answers received 0 points. On the verbal protocols, the strategy students
described were also assessed. Two coders evaluated the solving strategies of 10
students by writing down the number sentence they considered corresponds to
the descriptions children gave. The initially obtained inter-rater reliability was
98.75% with the Cohen's kappa score of 0.982, providing an almost perfect
level of agreement. The informal strategies corresponded to the mental
simulation of the initial encoding, and the formal strategies corresponded to
strategies that did not correspond to the initial encoding (Table 2). Two separate
codings were done, one for the informal strategy and one for the formal
strategy. When the student provided an informal strategy, this was scored as 1
point for the informal strategy. When a student described a formal solving
strategy, this was scored as 1 for the formal strategy.
RESULTS
Performance
We compared students’ success rates on low and high cost mental simulation
problems. Since the data points for the responses were binary and recorded in a
repeated design (with low and high cost mental simulation problems), we
conducted random-effects logistic regressions. We constructed a generalized
linear mixed model (GLMM) with a binary distribution with the cost of mental
simulation (low vs. high) as the fixed factors, while participants and problem
categories were included as the random effects. In accordance with our
hypotheses, at the first time of testing, the analyses showed a highly significant
main effect of the cost of mental simulation on performance (β = 1.05, z =
11.12, p < .001). The low cost mental simulation problems had a 1.69 times
higher success rate than high cost mental simulation problems (Figure 1A). At
the second time of testing in the collective classroom study, the effect was
replicated the analyses revealed a highly significant main effect of the cost of
mental simulation on performance (β = 1.33, z = 12.22, p < .001). The low cost
mental simulation problems had a 1.59 times higher success rate than high cost
ones (Figure 1B). Lastly, the gap in performance on low and high cost mental
simulation problems was also replicated in the verbal protocols, confirming that
low cost mental simulation problems are significantly easier (β = 1.4, z = 789.6,
p < .001) (Figure 1C).
Solving Strategies
Further on, we analysed the strategies used by the students. We aimed to show
that re-representation leading to the use of arithmetic principles was
predominant only when mental simulation was inefficient. We conducted two
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GLMMs, one with the informal strategies and one with the formal strategies.
Both were GLMMs with a binary distribution and the cost of mental simulation
as the fixed factor and participants and the problem categories as the random
effects. As predicted, both differences were significant. Informal strategies were
used significantly more on low cost mental simulation problems than on high
cost mental simulation problems (β = 3.12, z = 8.04, p < .001). Formal
strategies were used significantly more on high cost mental simulation problems
than on low cost ones (β = -3.95, z = -4.99, p < .001) (Table 3).

Figure 1: Success rates at the three different times

Informal strategy
Formal strategy

Problem types
Low cost mental simulation High cost mental simulation
97%
23%
3%
77%

Table 3: Rate of use of informal and formal solving strategies

DISCUSSION
In the current study we proposed that the cost of the mental simulation of the
encoded representation would constrain the difficulty of different word
problems as well as the solving strategies. Problems that do not depict actions in
their wording were chosen in order to show that mental simulation operates on
the encoded representation rather than the depicted situation. By looking at the
performance rates, we demonstrated that the problems hypothesized to involve a
low cost for the mental simulation of the encoded representation are and remain
easier for students throughout the school year. We also provided evidence that
formal solving strategies that do not reflect the initial encoding are dominant
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only among high cost mental simulation problems, whereas informal solving
strategies are almost systematic on low cost mental simulation problems.
Overall, our study provides evidence that behind student’s use of informal
solving strategies is a non-mathematical mental simulation of the encoded
representation, while the use of formal arithmetic strategies is dependent on the
recoding of the initial representation. The processes we propose take place in
arithmetic problem are illustrated in Figure 2. As this figure displays, the mental
simulation does not operate directly on the situation described by the problem,
but on the encoding of this situation, constrained by the arithmetic conception
evoked by the problem statement.

Figure 2: Modelling the encoding and recoding processes in word problem
solving
An essential objective in mathematics education is to provide students with the
necessary knowledge to select the most appropriate strategy for finding the
solution to a problem (Verschaffel, Luwel, Torbeyns, & Van Dooren, 2009).
Our findings provide insights for evaluating the acquisition of such knowledge.
Indeed, if problems which can be easily simulated mentally are used in school
evaluations, we are not actually evaluating an adaptive strategy choice but
merely informal knowledge with which students already come to class. Our
findings provide insight into what kind of content is better suited for evaluating
actual learning objectives: it is only when the initial encoding of the content
makes informal solving strategies difficult to use, that students are actually
given the opportunity to put their arithmetic knowledge to the test. Furthermore,
it has been demonstrated that when teachers are faced with problems that are
intuition-consistent, they overlook the difficulties that such content poses for
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students (Gvozdic & Sander, 2018). Our current findings therefore also bear
high pedagogical relevance not only evaluating adaptive expertise, but for
teaching it, since it could be useful to work on comparing different kinds of low
and high cost mental simulation problems in order to overcome intuitive
conceptions and favour the acquisition and use of formal solving strategies.
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FACILITATING LEARNERS’ APPRECIATION OF THE
AESTHETIC QUALITIES OF MATHEMATICAL OBJECTS:
A CASES STUDY ON LEARNERS’ PROBLEM SOLVING
Hayato Hanazono
University of Tsukuba, Faculty of Human Sciences
Although the importance of being able to appreciate the aesthetic qualities of
mathematical objects during problem solving is now clear, there has been little
research on facilitating students’ appreciation of the aesthetic qualities valued
by mathematicians. This paper presents a case study on problem solving by
pairs of high-school students to describe and characterize the process by which
learners gain such an appreciation under pedagogical interventions. The results
show that participants could appreciate aesthetic qualities; and that to facilitate
learners’ appreciation more effectively, it is necessary to consider the
curriculum and the order of the mathematical objects presented.
INTRODUCTION
By analyzing the mathematical problem-solving processes of experts, the
importance of being able to appreciate the aesthetic qualities of mathematical
objects during problem solving has become clear. Some studies have also
shown empirically that being able to appreciate aesthetic qualities is a
characteristic of experts (e.g., Dreyfus & Eisenberg, 1986; Silver & Metzger,
1989). Even gifted students tend to appreciate different aesthetic qualities than
those valued by mathematicians (Tjoe, 2016).
On the other hand, the subjectivity and contextual dependence of the concept of
“beauty” have been empirically noted (e.g., Wells, 1990); therefore, some
studies have come to consider the role of aesthetic judgments, rather than the
aesthetic qualities themselves. Sinclair (2004) identified three roles of aesthetic
judgments in mathematical inquiry— the evaluative role, the generative role,
and the motivational role. In addition, Sinclair (2006) suggested that a
“learner’s own aesthetic qualities” could play these roles. However, “learner’s
own aesthetic qualities” do not necessarily have the roles that Sinclair
identified. Therefore, in order to enrich learners’ problem-solving process—for
example, to increase their motivation—it is useful to facilitate their appreciation
of the aesthetic qualities valued by mathematicians. A method for doing so has
not yet been clarified and remains as an important research question.
The purpose of this study is to elucidate a teaching method that helps learners to
appreciate the aesthetic qualities of mathematical objects. For this purpose, the
present study describes and characterizes the process whereby learners gain
such an appreciation under pedagogical interventions (PIs).
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THEORETICAL FRAMEWORK
The aesthetic qualities of mathematical objects are often explained by attributes
such as simplicity and generality (e.g., Hardy, 1956; Poincaré, 1908), but some
studies have highlighted the subjectivity of these values, or even the concept of
“beauty” itself (e.g., Inglis & Aberdein, 2014; Wells, 1990), and have tended to
avoid clear definitions for aesthetic qualities (Davis & Hersh, 1981). However,
for the present study, which is aimed at helping learners to appreciate such
qualities, it is essential to be able to define them. In addition, this definition
must satisfy the characteristics of the aesthetic qualities valued by
mathematicians. Hence, the author defines the aesthetic qualities of
mathematical objects by adopting the following four viewpoints based on the
theory of Takeuchi Toshio, a Japanese aesthetician, which is in turn based on
the principle of “unity in variety” (Takeuchi, 1979). The first viewpoint is the
“form,” which is the relationship among the components of a mathematical
object. This viewpoint can be split into (i) “equivalence relations” (e.g.,
proportion) and (ii) “quasi-equivalence relations,” which are not full
equivalence relations but rather similarity relations (e.g., mappings). The former
reasonably yields unity among the components and therefore gives rise to the
aesthetic qualities of perceived objects in a wide area of fields, including
mathematics, while the latter unifies components according to cultural and
individual perception. In mathematics, similarity relations such as mappings are
very important and give rise to attributes such as simplicity. The second
viewpoint is the “essence” of a mathematical object, which is the property that
is preserved during generalization and extension. The third is the “whole” of a
mathematical object, which is the range in which its “essence” is established.
The fourth is the “vastness” of a mathematical object, which is perceived
through intuition about the “essence” and the “whole” of the mathematical
object.
The above four viewpoints and the principle of “unity in variety” are also well
suited to the below reference by Poincaré (1908):
What is it that gives us the feeling of elegance …? It is the harmony of the
different parts, their symmetry, and their happy adjustment; it is, in a word,
all that introduces order, all that gives them unity, that enables us to obtain a
clear comprehension of the whole as well as of the parts (pp. 30-31).
METHODOLOGY
This paper selects a multiple-cases study as its method based on the
methodology of Yin (2014). The author observed learners’ problem-solving
processes under PIs. Three pairs of high-school students were chosen from a
school that has among the highest standards in Japan, with the expectation that
they would be able to use the mathematical knowledge and skills learned up to
middle school.
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Last names of authors in the order as on the paper
Participants were asked to solve a problem collaboratively (Figure 1). This
problem is widely used in junior high schools in Japan as a teaching material for
assumed that various symmetries (e.g., trajectory of the position of the empty hole)
the use of the symbolic expression 𝑎𝑥 + 𝑏𝑥 = (𝑎 + 𝑏)𝑥. On the other hand, by
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and Keiko are thinking about the following property of isosceles triangle [*].
A property of isosceles triangle [*]
In the Fig. 1, the triangle ABC is an isosceles triangle
satisfying AC = BC. The three points D, P, and Q on the
sides of the triangle ABC satisfy the following:
AP = PD, DQ = QB

Fig. 1

In this case, the route (i) that departs from A, passes C,
and reaches B, and the route (ii) that departs from A,
passes through P→D→Q, and reaches B are equidistant.

[1] Please prove that this property [*] holds.

<Question>Please prove this property.
Figure 1: The problem solved by the students.

Figure
1: The firstAPPRECIATION
form of problem presented
to participants
RESULTS:
STUDENTS’
PROCESS
The participants received the following PIs from the observer (the author) when
their thought processes seemed to stop: (PI-i) presenting some derived figures in
DISCUSSION
which the triangles are not similar to each other or in which the figures are
rectangular (Figure 2); (PI-ii) asking the common properties among problems
with different figures with two equidistant routes; (PI-iii) asking in what cases
such common properties as are identified by (PI-ii) are established; and (PI-iv)
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Figure 2: Derived figures for (PI-i)
The data obtained from the study are qualitatively analyzed as follows.
• Identify the point at which the “equivalence relation” was identified
and intuited by the participants, as well as the point at which the
“whole” was intuited by the participants.
• Describe the problem-solving process leading up to the identification
and intuition of the “equivalence relation.” If a part of this process
can be considered to play an important role in the later appreciation
process, it is also described in detail.
• Identify the “vastness” felt by the participants from the utterances in
the series of problem-solving processes and the answers to interview
questions.
RESULTS: AN APPRECIATION PROCESS BY A PAIR OF STUDENTS
Because a detailed description consumes a lot of space, the problem-solving
process followed by only one pair of students (S1 and S2) is described here. The
processes followed by other pairs were almost the same. This pair solved the
problem by “detouring” more than the other pairs; therefore, they can be
expected to obtain rich information. Their entire problem-solving process can
be divided roughly into two parts.
Identifying and Intuiting a Parallelism as the “Form” and the “Essence”
In order to answer the <Question>, the pair constructed the proof as follows:
based on the fact that the base angles of the isosceles triangles are equal, they
claimed that ∠CAB = ∠CBA, ∠PAD = ∠PDA, and∠QDB = ∠QBD. Next, since
the isotope angles are equal, PC ∥ DQ, CQ ∥ PD, and the quadrilateral PDQC is
assumed to be a parallelogram. Finally, they explained that the two routes are
equal based on the fact that the opposite sides of any parallelogram are of equal
length.
Because they stopped thinking after this proof, the author asked them to think
about the figure on the left-hand side of Fig. 2 as (PI-i) and to clarify the
differences between the two different figures composed of isosceles triangles as
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(PI-ii). In response to this question, they referred to one of the figures as being
composed of similar triangles, and attributed the factor of whether the isometric
property is established to the presence or absence of a parallelogram. In
response to their reaction, the author asked them what they would consider to be
a similar property that could be realized in the case of a rectangle, as (PI-i) and
as (PI-iii). The author asked them this without giving them the image on the
right-hand side of Fig. 2, so they drew an image like that presented in Fig. 3.
Then, based on the attention paid to the parallelogram by S1, they finally saved
parallelism as the “essence” and identified the set of figures inside the
parallelogram as the “whole” by drawing Fig. 4.

Figure 3: The figure drawn first

Figure 4: The figure drawn last

Identifying and Intuiting a Similarity as the “Form” and the “Essence”
While affirming the focus on parallel by the pair, the author asked them to think
about the figure on the right-hand side of Fig. 2. They noticed that the route
passed through SE twice, but could not be convinced that the two routes were of
equal distance.
Since their thoughts seemed to be stuck, the author asked them to consider the
case in which the figure was composed of squares as (PI-i). In response, they
inductively confirmed the property by drawing many figures and explained that
the property is satisfied by expressing each side length of the two inner squares
by symbols.
In response to their reaction, the author asked them the range of the figure in
which isometric routes exist as (PI-iii). Then, they considered parallelograms,
pentagons, and diamonds. They found it difficult to draw a figure composed of
pentagons, so they gave up drawing it. This confirms that they had not yet
intuited similarity as the “essence” at this point. When considering diamonds
(Figure 5), S1 said, “it will always hold if another shape is determined when the
first internal shape is drawn.”
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Figure 5: The figure composed of diamonds drawn by S1
On the other hand, S2 focused again upon similarity while referring to S1’s
remark and to the picture drawn by S1; however, S2 was not confident in
focusing upon similarity without knowing the similarity condition of a square.
However, S1 supplemented S2's idea, and they began to analyze figures
composed of isosceles triangles or squares with a view to similarity. Hence,
they determined that the similarity of the three figures was a sufficient condition
to establish the isometric property. In addition, they specifically constructed
figures containing isometric routes using various rectangles, pentagons, semicircles, and circles (Figure 6).

Figure 6: The figure composed of semi-circles drawn by S2
The “Vastness” Felt by the Participants
After asking participants to reflect upon the entire problem-solving process, the
author asked them what they thought or felt. Their responses are shown in Table
1.
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S1

S2

Until now, I have solved both this
problem about the figure composed of
isosceles triangles and this problem
about the figure composed of
semi-circles. However, there is a great
sense of accomplishment that can be
developed from the former problem to
the latter problem. Even if it has a certain
property, even if it is a straight line or a
curve, it is like a circle with no corners,
no matter how many corners there are, if
we can find some common parts, if we
can find common properties from among
them, (Interviewer: What is it now?)
What is similarity now, without being
caught in concrete cases like isosceles
triangles, we can apply them to various
things. It was interesting to know this.

Until now, even if I thought, it was
only about this problem [1]. Rarely
have I developed a square or a circle
from here. Well, by deeply exploring
when it holds, I'm interested in the
question about one case or one
problem, “What about the other case?”
I mean, it's good to know that.

Table 1: What was thought or felt (Translated by the author)

DISCUSSION
The Learners’ Process of Appreciating the Aesthetic Qualities of
Mathematical Objects
This study defined the process for appreciating the aesthetic qualities of
mathematical object as four subprocesses: identifying the “form,” intuiting the
“essence,” intuiting the “whole,” and feeling the “vastness.” Particularly in this
paper, since similarity is regarded as the “form” and the “essence”, identifying
the “form” and intuiting the “essence” were regarded as the same process,
without distinction.
In the case described in this paper, the pair of high-school students followed the
above process successfully under PIs. They first identified and intuited the
parallelism as the “equivalence relationship” and then identified and intuited
similarity as the “equivalence relationship.” It was only in this case that the
learners identified and intuited an “equivalence relationship” as the “form” and
as the “essence” that the author did not envision (cf. Hanazono, 2019).
The particularity of this case is thought to be due to the mathematical task
employed in this study and the curriculum experienced by participants. In
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Japan, in the second grade of junior high school, formal proof is positioned as a
learning objective in the national curriculum. When learning to prove things
formally, the properties of the parallel lines (which are introduced immediately
beforehand in the curriculum) are frequently used. As these properties are used
from the beginning, they will naturally be widely used in subsequent proof
problems. Therefore, it is natural for many Japanese learners to focus on the
parallelism when asked to prove statements.
The curriculum can also explain why similarity is a viewpoint that is hardly
noticed by Japanese learners when considering figures other than triangles. In
mathematics education in Japan, enlargement and reduction are treated in
elementary school subjects as being directly connected to similarity (Grade 6).
Then, in junior high school, the fact that two figures are similar when straight
lines connecting their corresponding points all intersect at one point is again
treated (Grade 9). However, after the definition of similarity of triangles is
handled following confirmation of the definition of similarity in general, many
proof problems that require the identification of a set of triangles that satisfy the
similarity condition will be presented. Therefore, as was the case with S2, the
concept of similarity and the similarity conditions of triangles are strongly
linked for many Japanese learners. Thus, it can be assumed that similarity will
not function adequately as a viewpoint when considering a figure other than a
triangle.
In the elementary school mathematics curriculum in Japan, concepts such as
parallelism, symmetry, and enlargement/reduction are treated as viewpoints for
considering figures in the context of concept formation for figures. When
children learn these viewpoints, they recapture the figures which they have
already learned from these viewpoints. On the other hand, in the junior high and
high-school mathematics curricula, the context of concept formation for figures
may be weakened, and the role of properties as viewpoints for considering
mathematical objects becomes less noticeable. The curriculum needs to be
reevaluated to develop educational methods aimed at facilitating learners’
appreciation of the aesthetic qualities of mathematical objects.
Effects and Limitations of PIs
As mentioned in the previous section, in the case detailed in this paper, a pair of
high-school students who underwent PIs derived from a theoretical framework
were found to appreciate the aesthetic qualities of mathematical objects. The
effects of such PIs have been confirmed in other case studies (cf. Hanazono,
2019). In other words, the case study in this paper supports the effectiveness of
the theoretical hypothesis of the PIs.
As for the details of the appreciation process, in the case where participants
consider figures composed of rectangles, it is particularly effective to use PIs
that encourage learners to consider figures composed of squares or diamonds.
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By constructing the two inner diamonds such that they are inscribed in the outer
figure, the three diamonds are similar to each other. By considering a figure
composed of diamonds (for which similar cases are easy to handle) and squares
(which are always similar to each other), the author believes that it is possible to
help learners to pay attention to similarity as a common point for isosceles
triangles with two equidistant routes.
On the other hand, in the case of an isosceles triangle in which the isometric
property does not hold (the left-hand side of Fig. 2), or of a rectangle in which
the isometric property holds but not the similarity (the right-hand side of Figure
2), learners’ attention to similarity may be hindered. Although it is
indispensable to consider the case in which the “essence” does not hold in order
to intuit the “whole”, there is room for reconsideration of the order in which
figures are handled.
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A TEACHER’S CONCEPTUALIZATION OF THE
DISTRIBUTIVE PROPERTY FOR CONTINUOUS
(FRACTIONAL) UNITS
Cody Harrington, Nicola Hodkowski, Bingqian Wei, Ron Tzur
University of Colorado Denver, Digital Promise Global
In this case study of a grade-4 teacher, we address the question: How might a
teacher conceptualize fractional units as multiplicative relations (measures)
while operating on continuous quantities? We analyze two video-recorded
coaching sessions in which Lily (pseudonym) solved tasks she also used for
promoting her students’ construction of the equi-partitioning scheme. Lily’s
case provides a glimpse into how knowledge from research on children’s
fraction learning can support and be extended to studying teachers’ fractional
reasoning. We infer and discuss the implications of changes in Lily’s
coordination of operations on concatenated (composed) sub-units and on those
units separately, which led to her use of the distributive property for solving
tasks she previously solved through guess-and-check.
INTRODUCTION
In this case study with Lily (pseudonym), a grade-4 teacher, we address the
question: How might a teacher conceptualize fractional units as multiplicative
relations (measures) while operating on continuous quantities? Our work with
Lily drew on, and extended, research that articulated children’s construction of
the equi-partitioning scheme (Steffe & Olive, 2010; Tzur & Hunt, 2015). To
this end, researchers engaged children in tasks of iterating units as a means for
them to conceptualize unit fractions (1/n) as measures (Simon et al., 2018), that
is, multiplicative relations to a given whole (Tzur, 2019). Given a continuous
whole and the task to share it equally among a given number of people (e.g., 5),
a learner would estimate the size of one person’s share, iterate it 5 times, and
compare the iterated whole with the one to be partitioned (see Figure 1a). If not
equal – the learner would adjust the length of the estimated piece and repeat the
process. Simon et al. (2004) called such a sequence of actions the repeat
strategy. Two issues arise in such adjustment, namely, (a) its direction (making
the next estimate shorter or longer) and (b) the amount of change, including
how to improve the estimate by using the difference between the given and
iterated whole (left-over or overage piece). Hunt, Tzur, and Westenskow (2016)
showed that children progress through four stages, the last of which involving
conceptualization of the amount of change as a unit fraction of the left-over (or
overage; see next section). In Lily’s case study we examined the extent to which
her progression would be similar.
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This study contributes to the line of work in which teachers’ fractional
reasoning is examined by using research with children (Lovin et al., 2018). It
provides a glimpse into how a teacher may progress to a way of operating on
fractional units that lays the foundation for constructing higher-level
understandings. Such a way of operating seems a critical component of a
teacher’s mathematical knowledge for teaching (MKT, see Hill & Ball, 2004)
so she can effectively teach fractions to her students. This study could thus
provide mathematics educators with an empirically grounded model of what
constitutes a teacher’s reasoning with fractional units as well as tasks to
promote it.
CONCEPTUAL FRAMEWORK
We draw on the constructivist research program that has been articulating
conceptual progressions in children’s schemes for reasoning about fractional
units (Norton et al., 2015; Steffe & Olive, 2010; Tzur, 2019). The commencing
scheme in this progression, called equi-partitioning, underlies two related
understandings about unit fractions (1/n). First, the defining characteristic of
such units is their multiplicative relation to another unit considered as a whole
(a unit of 1). That is, a unit fraction (e.g., 1/5) is determined by the whole being
5 times as much of it, which is compatible with the number of times it needs to
be iterated to fit within a given whole. Second, because iteration of larger units
results in fitting fewer of them within the whole, an inverse relation is
anticipated among unit fractions (e.g., 1/5 > 1/6 precisely because 5 < 6). The
equi-partitioning scheme is postulated to be rooted in a person’s ability to
disembed pieces from a whole while keeping the whole intact.
To promote teachers’ (e.g., Lily) construction of the equi-partitioning scheme
through solving tasks with the repeat strategy, we have been using the French
Fry activity (Tzur and Hunt’s, 2015). In fact, Lily and her partner had been
using this activity in their classrooms to foster their students’ learning of unit
fractions. Figure 1a shows a computer screen with a yellow strip (whole French
fry) to be shared equally among 5 people. Below it we see that a piece,
estimated to be one person’s share, has been iterated 5 times to check if it
accomplished the intended partitioning. Indeed – it did not, as the iterated, 5piece whole is not equal to the given French fry. A learner would thus face two
challenges: determine if the next estimate should be shorter or longer than the
first estimate – and by how much. Hunt, Tzur, and Westenskow (2016) showed
that children may progress through four stages in resolving each of those
challenges. First, they have no conception of the nature (direction) of
adjustment (shorter or longer). Second, an anticipation of the direction is
evolving while the amount of adjustment is not yet conceptualized. Third, an
anticipation of the amount of adjustment is evolving. Finally, both anticipations
are integrated into a conception underlying both aspects of equi-partitioning
(unit fractions as multiplicative relations to a given whole and the inverse
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relations among them). Figures 1b and 1c depict the fourth stage, including the
two ways in which the left-over piece could be purposely operated on (Fig. 1b
shows iteration of a unit concatenating the first estimate with 1/5 of the left-over
piece; Fig. 1c shows separate iterations of those sub-units). When coordinated,
these two ways provide a basis for using the distributive property while iterating
(multiplying) continuous fractional units.

Figures 1a-1b-1c: Attempts at equally sharing a French fry among five people
METHODS
Participant and Settings
This was a case study with Lily, a grade-4 teacher working at a school in a large
US city. We chose Lily as her work exemplifies the conceptual transition
(similar to children) on which this study focused. She participated in a larger
project (see Acknowledgements) to promote teachers’ understandings of
mathematics and mathematical pedagogy.
Lily’s work took place during coaching sessions with her partner (“V”),
conducted after they taught fraction lessons to students in one of their classes
(with the partner observing that class). In those sessions, a researcher from our
team led them to reflect on what they considered to be critical in the observed
lesson. We focused on the teacher’s own understanding of mathematical aspects
of what students could (or not) do during the lessons. To this end, in the
coaching sessions we used tasks that mostly followed tasks the teachers used,
while further probing for their thinking.
Data Collection and Analysis
We focus on two coaching sessions with Lily and “V,” involving two graduate
students, the project’s PI, and another researcher on the team (the first session
was led by a graduate student, the second by the PI). One graduate student video
recorded each session, focusing the camera on the teachers’ actions (e.g., hand
gestures) and written work. Analysis began with each team member observing
(individually) the sessions and making detailed logs of the main events. Then,
the four team members met to discuss what they noticed, and to identify themes
(and data segments) that later informed the focus of this study. A graduate
assistant transcribed the selected video segments and the team then discussed
and co-authored the qualitative analysis presented in the next section (including
tasks used to promote Lily’s progression).
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RESULTS
We present data excerpts that indicate the transition in Lily’s reasoning about
continuous, concatenated fractional units. We highlight how she moved from a
guess-and-check method to purposely partitioning the piece left-over after
iterating an estimate of one person’s share. She realized that combining 1/n of
the left-over with her initial estimate and re-iterating it would solve the task of
equally sharing a whole through unit iteration. This realization indicated her
construction of a for of the distributive property for concatenated (composed),
continuous units.
Data in Excerpt 1 (the first, post-lesson session) illustrate the starting point in
Lily’s reasoning, and thus the conceptual challenge she faced, when having to
operate on the left-over piece for a task of equally sharing the whole among four
(4) people. Working on this task followed a previous task in which Lily and her
partner shared the whole equally among 3 people. Both anticipated that one
person’s share would have to be shorter than the piece they iterated to equally
share the same whole among 3 people. Thus, the researcher followed by asking
how much shorter it needed to be, which both teachers did not know. (R stands
for Researcher, L for Lily, and V for her partner.)
Excerpt 1
R:

So, I’m just going to guess. Let’s try there (makes a piece shorter than the
1/3 piece). So, I’m going to measure it (iterates the piece four times
along the yellow strip; Fig. 2). So, I have this much left-over (points
to it). I need to make this piece (points to the estimated-then-iterated
piece) longer or shorter?

Figure 2: Estimated piece iterated 4 times; iterated whole is too short
L:

You need to make them longer.

R:

How much longer [with so] much left over? What would be the way to go
about it?

L:

Guess and check. [authors italicized words to highlight Lily’s ideas.]

R:

So how much longer? [Lily replies first, then her partner, V.]

L:

A little bit (points to the left-over piece). Like about there.

V:

So, taking this [leftover], splitting it into 4 equal parts, then take that little
part [1/4 of the leftover] to add on this (the original white part), then
remeasure.

R:

Why would that work?
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V:

Because it is taking the same amount to split four times equally. So, each
piece has ¼ of this (the leftover part).

R:

(To V) Let’s try Lily’s way, then [yours]. (N iterates Lili’s estimate). Lily,
yours [now] has this much leftover. Would you make this longer or
shorter?

L:

A little bit longer.

R:

How much longer?

L:

I guess a sliver.

R:

Lily, I want to push you. I want to make sure that this makes sense to you.

L:

I don’t understand why [V’s way] is faster. Because you can eye-ball it
easier.

R:

I have these four pieces already and I have this much left-over. Rather than
just guess and check, why would it make sense to have the precision
to split this into four pieces and add one of those pieces to my
pieces?

L:

I don’t know. You’re still eyeballing, you’re still guessing the fourth here.

Excerpt 1 illustrates Lily’s initial idea, which is similar to Ana’s work in the
study by Hunt, Tzur, and Westenskow (2016). Like Ana, Lily understands the
iterated piece needs to be longer, but when asked, “How much longer?” she
simply says a little bit or by a sliver. Two pieces of the data support our
inference she is yet to coordinate the left-over piece with both the iterated piece
and the whole to be shared. First, Lily heard V’s explicit suggestion to split the
left-over into 4 pieces, but this did not seem to change her reasoning. Instead,
she followed her own idea and faced yet another imprecise partitioning with
some piece left-over. This leads to our second point. Lily realized the effect of
this activity differed from the intended partition. Yet, she continued to suggest
changes (“a sliver”) that do not account for the number of people among whom
the whole is to be shared. We infer that Lily’s scheme (guess-and-check, eye
balling) precluded assimilating V’s and R’s suggestions in a way that would
yield her understanding and, hence, shift in operating. This could be seen
particularly in her comment that what V has been doing is like her own eye
balling method. For us, this brought forth a perturbation: How might we
provoke a change in Lily’s reasoning?
Our plan was to first orient Lily’s attention to and possibly anticipation of the
effect of adding a small piece (not related to a left-over) to the estimated-theniterated piece once n-iterations would be performed. To this end, the project’s
PI (last author) joined the team for a second coaching session with Lily. For the
first task of that coaching session he first created a piece and iterated it 7 times,
then drew a longer piece considered as an adjusted one (Figure 3). Excerpt 2
presents what followed.
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Figure 3: A task to bring forth Lily’s anticipation of the effect of iteration
Excerpt 2
R: Can you estimate how far we are going to end up [if the blue piece is
iterated 7 times]? Are we going to end up here? Here? (points
to different places on the bar). Can you see where it would end
up before we do it? Do you have a way of thinking about it?
L: (Uses her fingers to measure how much longer (extra) the new piece is,
then points to where it would end up.) Like, around here.
R: And why would that be the place? What were you trying to do with this?
L: Multiply this (extra only) by 7 [then add it to the original whole].

Excerpt 2 indicates the task promoted Lily’s attention to the iteration of one
piece as if it is composed of two sub-units, which she would need to set as a
sub-goal for the partitioning of a left-over. Instead of asking her to determine
how much of the left-over is to be added to the initial estimate (original yellow
piece), she only had to compare that yellow piece with another, given one (blue
piece). The task was based on our inference that Lily’s ability to decompose
whole numbers would enable such a way of operating also on concatenated,
continuous units. As intended, Lily did not measure the entire (blue) piece and
iterated it 7 times. Rather, she measured just the extra piece she knew to be the
difference between the yellow and blue pieces – and iterated it 7 times. From
her seemingly purposeful actions we inferred Lily anticipated that the total of
iterating the entire blue piece 7 times would be equal to composing the 7-piece
yellow stick with the effect of iterating (just) the extra 7 times. In a continuous
context, she could reason about the concatenated aspect of the distributive
property equation.
The researcher presented her with a follow-up task of determining the effect of
iterating just one small (extra) piece. He drew another original (yellow) piece,
iterated it 5 times, and then added an extra (blue) piece to its right end (Fig. 4).
Lily, operating on the added (blue) piece separately from the initial (yellow)
piece, copied the blue piece, iterated that copy 5 times, and pointed to the end of
the 5-piece addition as the location of what she anticipated would have been
produced if the original (yellow) and extra (blue) piece would have been
iterated 5 times. That is, in a continuous context, she could reason about the
aspect of the distributive property pertaining to each of the added units
multiplied separately. To further her reflection on this equivalence, the
researcher asked Lily to check – which she confirmed by combining a copy of
the yellow and the blue piece and then iterating the combined piece 5 times.
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Figure 4: Lily’s initial step in anticipating the 5-time iteration of an extra piece
The researcher believed Lily’s reflection on and coordination of the effects of
her two separate actions could support her transition to operating on a left-over.
He inferred from her purposeful actions that, for the first time we could observe
it, she began operating on a continuous piece composed of two sub-units and
linking it with the effect of iterating each of the sub-pieces separately. He thus
presented Lily with a follow-up task intended to further promote her
coordination of this way of operating with the challenge of using a left-over in a
task to equally partition a given whole. He thus drew a whole (“French fry”) to
be equally partitioned among 6 people, then a piece estimated to be one
person’s share (which he purposely made too short) and replicated it 6 times to
produce a “too-short” iterated whole. Knowing Lily would think the next
estimate would need to be longer than his first estimate, he continued as
follows.
Excerpt 3
R: How much of this left-over should I add to this piece (points to the first
estimate) so I get it right the next time?
L: I will take this piece and eyeball six little parts in it (points to the left-over
piece).
R: How many little parts should I eyeball [and] where will you put the mark?
L: I’m thinking, take this (points to the left-over piece) and splitting it into 6 parts.
R: Six parts? Why six?
L: Because you have to add the little part to each of the original ones you had.

Excerpt 3 indicates the intended transition in Lily’s reasoning. We infer from
her explanation, prior to any action, that she anticipated the effect of adjustment
to the initial estimate by purposely partitioning the left-over into the desired
number of shares. Having worked on the previous tasks, she seemed to bring
forth her anticipation of iterating a continuous piece composed of two subpieces to bear upon the task at hand. Specifically, she seemed to coordinate the
impact of adding a piece and then iterating it 6 times (which she worked on in
the previous tasks) with the size of piece relative to the left-over that would
allow her to accomplish this. In contrast to Lily’s lack of understanding of V’s
suggestion (Excerpt 1), it then made sense to her that 1/6 of the left-over would
produce both (a) the entire left-over (if iterated 6 times) and (b) a 6-piece whole
equal to the given French fry if the extra is first composed with the estimate and
then iterated 6 times. She conceptualized how the two actions of iterating
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(multiplying) continuous fractional units—one for a unit composed of two subunits and one iterating each of those sub-units separately—could lead to the
goal.
DISCUSSION
Our case study with Lily illustrates how research on children’s fractional
reasoning (Steffe & Olive, 2010) can support, and be extended, to research on
teacher’s reasoning. We point out two key contributions. First, we further
articulated the fourth stage in Hunt, Tzur, and Westenskow’s (2016) study, in
terms of conceptualizing the distributive property for continuous fractional
units. Our starting point with Lily, and the conceptual change she went through,
were similar to their study of Ana’s case. By paying further attention to the
coordination in her actions on continuous fractional units (concatenated or
separated), we characterized this change as learning to apply the distributive
property in a continuous context. Lily is a case of a person, adult like child, who
uses iteration to construct unit fractions as multiplicative relations – measures
consisting of one or more sub-units (Simon et al., 2018). That is, 1/n is a unit
fraction in the sense of the whole being n times as much of it, regardless of the
particular way the continuous unit is composed and/or iterated. We do not claim
that Lily has conceptualized this at a stage she will not need prompting to
engage in future tasks. However, her work on the tasks provides a glimpse into
how coordinating operations on the left-over piece with the initial estimate may
support conceptualization of unit fractions by bringing forth the distributive
property in a continuous context.
Second, for teaching (and teacher development), our study reveals a crucial way
of reasoning about fractional units needed to effectively promote students’
understanding of fractions as measures. It thus adds to the growing body of
knowledge on teachers’ mathematical knowledge for teaching (Hill & Ball,
2004). Conceptualizing operations on fractional units presented in this study can
become a basis on which teachers implement practices that build on students’
available understandings. Our work with Lily and her partners showed
increased abilities to identify where one’s own students are in their reasoning
and thus set goals and activities for moving them along a similar trajectory.
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A MODEL OF STUDENT MATHEMATICAL WELLBEING:
AUSTRALIAN GRADE 8 STUDENTS’ CONCEPTIONS
Julia L Hill, Margaret L Kern, Wee Tiong Seah, Jan van Driel
The University of Melbourne, Australia
To support academic performance, many schools are increasingly focussed on
supporting student wellbeing. Yet the high incidence of mathematics anxiety and
disengagement suggests that many students experience poor wellbeing in many
mathematics classrooms. This paper proposes a seven-dimensional model of
student mathematical wellbeing. To test this model, 488 eighth grade students
responded to one open-ended question; responses were analysed using a
combined deductive/inductive thematic analytic approach. Findings supported
the model. The study illustrates the importance of focusing on wellbeing within
specific subjects, provides a model for studying student wellbeing specific to
mathematics education, and points to areas to target to improve and develop
student mathematical wellbeing.
BACKGROUND
Complementing the traditional focus on developing cognitive skills such as
numeracy and literacy, schools worldwide are increasingly considering
strategies for supporting holistic student development, including the
development of non-cognitive skills and student wellbeing. The United Nations
includes wellbeing as one of 17 goals for sustainable development to achieve by
2030 (United Nations, n.d.), and student wellbeing is increasingly included as a
key priority within policy and practice (NSWDET, 2015; VICDET, 2018).
Mathematics is a foundational subject within education, as the benefits of
attaining competence within the subject accrue over the lifespan; enhance
employment opportunities; inform choices about the environment, health, and
wellbeing; and correlate with longer life expectancy (Plunk, Tate, Bierut, &
Grucza, 2014). However, despite significant global financial investments to
improve mathematics education, student engagement in mathematics generally
has remained low, with negative emotions and attitudes towards the subject
persistently reported by students (Clarkson, Seah, & Pang, 2019). Many
students experience ‘mathematics anxiety’, and perceive mathematics to be
boring and unenjoyable (Grootenboer & Marshman, 2015). In Australia, the
proportion of secondary students taking advanced mathematics has steadily
been declining over the past three decades (Kennedy, Lyons, & Quinn, 2014).
These trends all point to poor student wellbeing in mathematics education.
Despite the growing focus in education policy and practices on student
wellbeing, there has been little attention exploring student wellbeing within
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individual subject disciplines, including mathematics. The current study
addresses this gap, proposing and testing a model of mathematics wellbeing.
THEORETICAL FRAMEWORK
Wellbeing – also termed as ‘flourishing’ or ‘thriving’ – can be defined and
operationalised in a number of ways. We focus on subjective wellbeing, in
which wellbeing is defined based on a person’s subjective perception of the
extent to which they are feeling and functioning well across a number of
dimensions (e.g., physically, mentally, socially, cognitively). Drawing on
research and theory from the field of positive psychology, a number of
frameworks have been applied within schools over the past decade within
Australia to operationalise student wellbeing (Slemp et al., 2017; White & Kern,
2018). For instance, the PERMA model includes five dimensions that together
support wellbeing: positive emotions, engagement, relationships, meaning, and
accomplishment (Seligman, 2011). The EPOCH model suggests five positive
psychological characteristics that support positive development: engagement
perseverance, optimism, connectedness, and happiness (Kern et al., 2016).
These various models and frameworks identify general student wellbeing,
rather than wellbeing within specific subjects. To our knowledge only two
studies have specifically explored ‘mathematical wellbeing’. Clarkson and
colleagues (2010) proposed a three-dimensional model: cognitive,
affective/values and emotions. Part (2011) includes an individual’s
functioning’s and capabilities. Both frameworks ignore social aspects of
wellbeing and mathematics learning and lack discrete measurable entities.
We propose an updated seven-dimensional model of mathematical wellbeing
(Table 1), which includes seven dimensions that have been linked to positive
mathematics learning outcomes (e.g., Grootenboer & Marshman, 2015). The
model integrates the five aspects of Seligman’s (2011) PERMA model, four
aspects of Kern and colleagues’ (2016) EPOCH model; and two dimensions of
Clarkson and colleagues’ (2010) mathematical wellbeing model (MWB).
METHODS
Our research question was: To what extent do students’ conceptions of
wellbeing in mathematics education align with our updated mathematical
wellbeing model? To test this question, we compared our theoretical model with
students’ experiences of mathematical wellbeing based on the open-ended
question: What makes you feel really good or function well in maths?
Participants included 488 grade eight students (223 females) aged 13 - 14 years,
from nine urban and regional secondary schools (3 private; 4
Government/public; 2 Catholic) located in Melbourne and surrounding cities in
Australia. Students self-identified their ethnicities as Australian (71%), Asian
(14%), European (6%), Indian/Pakistani (6%), Indigenous Australian (2%),
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Middle Eastern (1%), or North/South American (2%). Schools serviced
socioeconomic neighbourhoods ranging from low to high.
Dimension

Description

Source

Positive Emotions

Positive emotions in mathematics e.g., fun

PERMA;
EPOCH; MWB

Engagement

Concentration, absorption, deep intertest, or
focus when learning/doing mathematics

PERMA;
EPOCH

Relationships

Supportive relationships, feeling valued/cared
for, connected with others, or supporting peers
in mathematics
A sense of direction, feeling mathematics is
valuable, worthwhile or has a purpose

Meaning
Accomplishment
Cognition
Perseverance

A sense of achievement, reaching goals, or
mastery completing mathematical tasks/tests
Having the skills, and understanding to
undertake mathematics
Drive, grit, or working hard towards
completing a mathematical task/goal

PERMA;
EPOCH
PERMA
PERMA
MWB
EPOCH

Table 1: An updated mathematical wellbeing model
Responses were imported into NVivo 11 and analysed using a combined
deductive/inductive thematic analysis adapted from Braun and Clarke (2006).
Initial nodes/themes were generated inductively. For example, “having friends
in my class to support me” was coded as peer support. Nodes were then
categorised deductively into common themes based on our theoretical model.
For example, the nodes peer support and teacher support were categorised as
relationships. As students often mentioned multiple themes, the response for
each student could be categorised into multiple nodes and themes (for students
mentioning the same theme multiple times, the theme was only counted once).
RESULTS
Table 2 summaries the final categorisation of nodes into themes and how
student responses aligned with our theoretical model. Most students associated
their mathematical wellbeing with positive classroom relationships followed by
a sense of engagement, mathematical cognitions, accomplishments, positive
emotions, perseverance, and meaningful mathematics learning. In addition,
music was mentioned several times, with numerous students suggesting music
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facilitated engagement and positive mood. As such, music appeared to
contribute to the other themes, rather than being a separate dimension of
wellbeing.
Themes & nodes
Relationships
Teacher support
Peer support
General support
Engagement
Interesting/hands on
Focused working
Independent/quietness
Music (engagement)
Cognitive
Accomplishment
Good marks
Accuracy
General mastery
Completing tasks
Confidence
Positive emotions
Enjoyment/fun/happy
Relaxed/no pressure
Music (emotions)
Perseverance
Challenge
Working hard/practice
Music (no reasoning)
Meaning
Future skills
Real world relevance

Student examples
A supportive or good teacher
Having friends to help me
When I get help with my learning
Learning interesting stuff
Being absorbed in my work
When it is quiet and I’m by myself
Music helps me concentrate well
When I understand the material
When I do good in a test
When I get the answers right
When successful at learning something
When I complete my work
When I’m really confident
If the maths class is enjoyable
When there is no pressure
Music to listen to, to enjoy it more
Having work I find challenging
When I work hard
Listening to music in class
Knowing these skills will help me in life
I like when problems relate to real life

Table 2: Results, with coded student responses by theme and node
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N (%)
200 (32%)
94
83
38
126 (20%)
55
37
27
15
96 (15%)
86 (14%)
31
24
17
13
3
60 (9%)
47
12
4
31 (5%)
21
13
24 (4%)
10 (2%)
5
5

DISCUSSION
Despite a growing focus in schools on student wellbeing, existing models focus
on general student wellbeing rather than considering how wellbeing might
depend on the context or specific subject. Extending existing theoretical models
developed within positive psychology and mathematics education, we proposed
a seven-dimensional mathematical wellbeing model. Based on qualitative data
from 488 Australian Grade 8 students that asked students about what helps them
feel and function well in mathematics classes, we found that students’ responses
generally aligned with the seven proposed dimensions. Student responses also
pointed to the importance of music in promoting positive emotions and a sense
of engagement. Thus, our model offers a useful starting point to explore the
factors that might promote student wellbeing, specifically within mathematics.
Most students pointed to the importance of supportive classroom relationships
with both teachers and peers. Previous mathematical wellbeing frameworks
(Clarkson, Bishop, & Seah, 2010; Part, 2011) did not include a relationship
dimension, pointing to the benefits of drawing on models developed through
other disciplines. The impact of supportive social relationships on wellbeing
and academic achievement is well recognised (e.g., Allen & Kern, 2017; Hattie,
2008). Within mathematics education, supportive teachers are associated with
improved student mathematical achievement; positive emotions, academic
enjoyment and effort; and mathematical engagement (OECD, 2019; Sakiz,
Pape, & Hoy, 2012). Interestingly, a similar proportion of students referenced
peer and teacher relationships. In many countries, mathematics classrooms are
teacher led, with limited opportunities for peer-collaboration (Geist, 2010). Peer
collaboration can also greatly impact on student mathematical learning
outcomes, especially students from minority cultures (Hill, 2018). The
prevalence that students noted the importance of positive relationships for
helping them feel and function well suggests that greater attention to the social
aspects of mathematics learning could be beneficial.
The second most common theme was engagement. Much research attention has
focused on the impacts of engagement on student academic performance (e.g.,
Attard, 2013). Our findings illustrate that engagement also contributes to
mathematical wellbeing. Notably, the comments by students pointed to factors
that make the classroom more disengaging (e.g., distracting peers, repetitive
pedagogy) or engaging (e.g., listening to music, quietness). Many students find
mathematics boring, disengaging and repetitive (Grootenboer & Marshman,
2015), especially when teachers rely on textbook focused pedagogies (McPhan,
Morony, Pegg, Cooksey, & Lynch, 2008). Our findings support the
incorporation of “fun” pedagogies that have been supported in other countries to
increase engagement and enhance wellbeing (Clarkson et al., 2019; Hill, 2018).
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The progressive yet linear nature in which mathematics is often taught can
contribute to fears or anxieties about being left behind in a fast paced
mathematics curriculum, resulting in greater anxiety and poor learning
outcomes (Geist, 2010). Poor performance can result in greater pressure to
perform well, at the expense of student mental health. Yet recent studies suggest
that strategies to develop student wellbeing and academic performance can be
complementary, rather than competing (White & Kern, 2018). Our findings
support this, pointing to reinforcing spirals in which wellbeing supports
performance and performance supports wellbeing. Students indicated that
aspects such as understanding the problems, successfully completing tasks, and
correctly solving problems resulted in positive feelings and greater confidence,
whilst pressure to not make mistakes and to perform in tests promoted negative
emotions.
The low prevalence of perseverance was surprising, considering that
perseverance is central to student academic achievement and mastery of goals
(Duckworth & Gross, 2014). As mathematics involves reasoning and problem
solving skills, perseverance is particularly important for mathematical
accomplishments (Sullivan et al., 2013). The low prevalence could mean that
perseverance is more relevant to achievement than to wellbeing, or as the data
were based upon qualitative responses, other dimensions may have been more
obvious. Future studies might use quantitative approaches to test the importance
of this theme to wellbeing
Meaning similarly was only mentioned by a small number of students.
Meaningful, real world or useful mathematical pedagogies are associated with
greater student interest and motivation, improved effort and engagement, and
improved mathematical performance (Dobie, 2019). In Western countries,
studies point to students desiring meaningful learning experiences (Hill, 2018).
The sample included a number of non-Western participants, who might not
value meaningful learning in the same way. Alternatively, as a required subject,
meaningful learning may be considered less relevant by students. Future studies
might further explore the role that meaning plays in mathematics education for
both academic and wellbeing outcomes.
Pointing to strategies for supporting student’s wellbeing, some students
indicated that listening to music promoted their mood or engagement. Thus,
music appeared to be something that supports other themes of our mathematical
wellbeing model, rather than as representing a separate dimension of wellbeing.
Other studies similarly find that adolescents often strategically listen to music to
enhance their wellbeing, motivation and concentration (Papinczak, Dingle,
Stoyanov, Hides, & Zelenko, 2015). Future studies will benefit from identifying
other strategies for promoting the seven wellbeing dimensions proposed by our
model.
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IMPLICATIONS AND CONCLUSION
While wellbeing is often considered as a global construct, a key message of this
paper is that wellbeing is domain specific. Thus, student wellbeing should be
explored in individual subjects. Using insights from positive psychology to
inform mathematics education, this study provides a seven-dimensional model
that aligns with aspects that help students feel and function well within
mathematics. Necessary extensions of this research include the development of
a measure to assess mathematical wellbeing, and understanding what factors
enable students to thrive in mathematics education.
Our mathematical wellbeing model points to areas to target to improve students’
experiences in mathematics. The model might not apply to students’ experience
of wellbeing when engaging in other subjects, but the methods proposed in this
study can be adapted to explore student wellbeing in other academic subjects.
Future studies might test the relative importance of each dimension, using
quantitative methods and extending to other year levels and populations.
Cultural, school and gender differences in students’ conceptions of their
mathematical wellbeing should also be explored.
The widespread negative reactions experienced by students in mathematics
education are well publicised, pointing to a poor sense of wellbeing in many
mathematics classrooms (e.g., Attard, 2013; Fielding-Wells & Makar, 2008).
Providing a balance to the considerable research and media attention in
mathematics education focused on the negative aspects, the ‘gaps’, and what is
going wrong in the subject, our study offers a glimpse of the aspects of students
mathematical learning that are working well and enable students to thrive in
mathematics education. Considering the somewhat global preoccupation with
student mathematics (under)achievement (e.g., OECD, 2019), this study makes
a timely contribution offering a sense of hope that there is more to mathematics
education than merely achieving academic benchmarks.
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DOES SUCCESSFUL PREPARING AND REFLECTING ON
LESSONS SUPPORT PRE-SERVICE TEACHERS’ ACTIONS?
A MEDIATION STUDY
Colin Jeschke, Anke M. Lindmeier, Aiso Heinze
IPN – Leibniz Institute for Science and Mathematics Education, Kiel, Germany
Pre-service teachers acquire mathematical teacher knowledge at university, but
often fail to apply that knowledge to spontaneous teaching situations in the
classroom. In this study, we investigate whether an ability to prepare and reflect
mathematics instruction may facilitate the application of mathematical
knowledge in instructional situations under time pressure. For that, we assessed
pre-service teachers’ mathematical teacher knowledge, their ability to prepare
and reflect mathematics instruction and their ability to act in time pressuring
teaching situations with partly video-based instruments. The results show that
an ability to prepare and reflect instruction mediates between mathematical
teacher knowledge and the ability to act in teaching situations. Our results give
implications for teacher training at university.
INTRODUCTION
Teacher education programs at university aim at providing pre-service
mathematics teachers with mathematical teacher knowledge such as Content
Knowledge (CK) and Pedagogical Content Knowledge (PCK) (Kaiser et al.,
2014; Shulman, 1986). After graduating from university, early career teachers
have to apply that knowledge to deal with the real-life demands of mathematics
instruction. However, many of those teachers struggle with applying their
knowledge in teaching situations under time pressure (Rowland et al., 2001;
Stender et al., 2017). Regarding this issue, research has not yet conclusively
explained what enables teachers to apply their knowledge in a teaching
situation. Prior research suggests that an ability to prepare and reflect on
instruction may facilitate an ability to apply knowledge for teaching (Stender et
al., 2017). So far, quantitative empirical support for this assumption has not
been provided. The present study investigates this assumption by examining
relationships between pre-service and in-service mathematics teachers’
mathematical knowledge, their ability to prepare and reflect instruction and
their ability to act in teaching situations under time pressure.
THEORETICAL BACKGROUND
Modelling Teacher Competence
To investigate mathematical teacher knowledge, their ability to prepare and
reflect mathematics instruction and their ability to act in teaching situations, we
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use the model of subject-specific teacher competence by Lindmeier (2011). In
this model, three aspects of teacher competence are differentiated:
1.

Mathematical Teacher Knowledge: This contains a teacher’s
decontextualized (i.e., independent from specific contexts such as an
instructional situation) mathematical knowledge. It encompasses
content knowledge and pedagogical content knowledge.

2.

Reflective Competence (RC): This contains a teacher’s cognitive,
motivational and affective characteristics that contribute to mastering
the typical demands of preparing and reflecting instruction. Teachers
need RC, for example, to plan an upcoming lesson (e.g., to choose
content or teaching materials) or evaluate past teaching episodes.

3.

Action-related Competence (AC): This contains a teacher’s cognitive,
motivational and affective characteristics that contribute to mastering
the typical demands of teaching a subject under time pressure.
Teachers need AC, for example, to react to a conceptual misconception
displayed via a student’s statement during classroom discourse or to
give immediate feedback to a student’s mathematical question.

In particular, RC and AC contain mathematical teacher knowledge that is
applicable for mastering demands of preparing/reflecting instruction and
teaching situations, respectively (Kersting, 2008; Stürmer et al., 2013). To
assess RC and AC of mathematics teachers, computer-based instruments were
developed to approximate the typical demands that mathematics teachers may
face (Lindmeier, 2011; see Instruments). Prior studies using those instruments
showed that mathematical teacher knowledge, RC and AC are related but
empirically separable from each other (Jeschke et al., 2019; Knievel et al.,
2015).
How Mathematical Teacher Knowledge Becomes Part of AC
The theoretical model by Stender et al. (2017) describes how mathematical
teacher knowledge becomes applicable for teaching situations under time
pressure (i.e., part of AC). The model refers to the ACT-R theory of cognition
(Anderson, 1983). In ACT-R, factual, decontextualized knowledge is called
declarative knowledge. Declarative knowledge can only be applied to a real-life
situation, if (1) its level of activation is high enough to be triggered in the
demanding situations and (2) it underwent proceduralization so that the
activated knowledge can be executed towards a specific goal in a demanding
situation. Especially proceduralization is described as a time-consuming process
that is unlikely to be completed in situations under time pressure (Anderson,
1983).
Based on the model of Stender et al. (2017), preparation and reflection of
instruction can be assumed to facilitate both the activation and the
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proceduralization of teacher knowledge: (1) Processing teacher knowledge in
contexts of instructional preparation and reflection increases its level of
activation. Thus, it is more likely to be activated in teaching situations under
time pressure. (2) Anticipating future teaching actions, such as reactions to
possible student’s misunderstandings, as well as considering past teaching
experience, such as previous (reactions to) student misunderstandings, facilitate
the proceduralization of teacher knowledge (details see Stender et al., 2017).
Thus, by using knowledge for preparation and reflection of teaching, it is
structured to a form that is easier for a teacher to apply in teaching situations.
Based on the model described above, it can be hypothesized that RC (as the
ability to prepare and reflect instruction) might facilitate a teacher’s ability to
apply knowledge for mastering the demands of teaching (AC) in pre-service
teachers.
Research Questions
So far, no quantitative study has investigated whether RC facilitates the
acquisition of AC due to teacher knowledge in pre-service mathematics
teachers. Accordingly, we approached the following research questions:
(RQ1) What relationships can be found between mathematical teacher
knowledge (CK, PCK), RC and AC in pre-service mathematics teachers
with little teaching experience?
(RQ2) Is the relationship between mathematical teacher knowledge and AC
mediated by RC?
METHOD
Sample
In order to investigate our research questions, we examined a total sample of
N = 140 mathematics pre-service teachers (ca. 53% female, mean age ca. 26.3
years) from 10 federal states in northern and southern Germany. The
participants were enrolled in university teacher training programs (n = 116,
mean semester: ca. 6.4) or in their first semester of in-service training (n = 24,
on average since ca. 2.7 month in in-service training). As the first months of inservice teacher training in Germany is mostly limited to observing experienced
teachers, it can be assumed that the pre-service teachers in our sample had only
few opportunities to teach on their own. Participation in the study was on a
voluntary basis and each participant received a financial compensation.
Instruments
In this sample, we administered well-established instruments for AC, RC, and
mathematical teacher knowledge (Lindmeier, 2011; Loch et al., 2015). The
selected instruments aim at similar topics within secondary-level algebra,
calculus, stochastics, and geometry. However, to avoid priming or repetition
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effects, each task contained in the instruments focusses a different mathematical
issue (e.g., all instrument address misconceptions of fractions, but no particular
misconception is featured more than once). The tests were administered in small
groups (max. 20 test-takers) and under supervision of trained personnel.
For AC, we used 9 computer-based items (Jeschke et al., 2019; see Figure 1 for
an example item). Each item contains a short video-clip of a classroom situation
typical for secondary mathematics instruction. Depending on the item type, the
task is to provide, for example, an explanation that solves a student’s question
or a hint that helps students with a mathematical problem without telling them
the correct solution. Since AC is characterized by its spontaneous and
immediate demands, the items had to be answered verbally (again, recorded via
headset) and under time pressure.
For RC, we used 9 computer-based items (Lindmeier, 2011, see Figure 2 for an
example item). The items address demands of evaluating teaching material (4
items; e.g., mathematical representations), reviewing students’ homework (2
items; e.g., giving feedback to typical mathematical mistakes) and planning
mathematics instruction. Whereas items for material evaluation and homework
review contain a picture (of the material/homework in question) and required a
written response, items for planning instruction contained a video clip of the
previous lesson’s ending and required a verbal description (recorded via
headset) of how the instruction would be continued in the following lesson.
For mathematical teacher knowledge, we used paper-pencil items of
mathematics PCK and (school-related) CK (for sample items see Jeschke et al.,
2019, or Loch, Lindmeier, & Heinze, 2015). The scale contained in total 24
items (3 open-ended and 10 closed-ended items for PCK; 5 open-ended and 6
closed-ended items for CK).
All responses were scored to 0, 1 (partial credit), or 2 (full credit). Open
responses (including the audio recordings for AC and RC) were coded and
scored independently by two trained persons under usage of a detailed
coding/scoring scheme. The scheme includes item-specific criteria for each item
and code. For the scoring, interrater agreement (Cohen’s Kappa) was  = .77–
.90 for AC,  = .80–1.00 for RC, and  = .70–1.00 for mathematical teacher
knowledge. The three scales showed (marginally) acceptable internal
consistency (Cronbach’s Alpha) of α = .63 for AC, α = .69 for RC, and α = .72
for mathematical teacher knowledge in this study.
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Figure 1: Example item for AC (translated and edited for publication).
In the video, the students state that they only found 4/8, 5/8 and 6/8. Whilst one
student claims that there are no more fractions, another thinks that there should
be more. The test-taker is asked to give the students a helpful hint without
telling the correct solution.

Figure 2: Example item for RC (translated and edited for publication)
The vignette features a lesson in which the students of a class work on different
tasks in groups. The video shows the end of the lesson and centers one group
with the task to answer the question ‘What is 0.999… ?’ on a poster. After a
short dialogue with the teacher about what they learned about 0.999…, one
student says ‘0.9… is very close to 1, almost 1 itself’. The other students of this
group agree. The lesson ends in that moment. The test-taker is asked to describe
how he/she would start the first 15 minutes of the subsequent lesson.
Data Analysis
Using sum scores for each scale, we conducted correlational analyses and
computed path models to investigate mediation effects. In those path models,
standard errors were estimated using bootstrapping procedures (10 000 draws).
Missing values (Mathematical Teacher Knowledge: 0; RC: 1; AC: 12) were
estimated using full information maximum likelihood (FIML) methods. The
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computations were performed using R (version 3.6.0) and the package lavaan
(Rosseel, 2012).
RESULTS

(1)
(2)
(3)
M
SD
Max (theoretical)

AC

RC

(1)
–
0.57***
0.42***
7.28
3.29
18

(2)

Mathematical Teacher
Knowledge
(3)

–
0.61***
7.21
3.41
18

–
18.58
6.51
47

Table 1: Descriptive statistics for mathematical teacher knowledge, RC and AC
including Pearson correlations between those variables. *** p < .001.
Table 1 contains the descriptive statistics and Pearson correlations for
mathematical teacher knowledge, RC, and AC. It shows strong correlations
between AC and RC (r = .57, p < .001) and between RC and mathematical
teacher knowledge (r = .61, p < .001). It also shows a moderate to strong
correlation between AC and mathematical teacher knowledge (r = .42, p < .001).
However, as Pearson correlations do not control for possible mediation effects,
we computed a corresponding mediation model with mathematical teacher
knowledge as the independent variable, AC as the dependent variable and RC as
the mediator (Figure 3). The results show that the relationship between
mathematical teacher knowledge and AC is fully mediated by RC (direct effect:
.11, p = .20; indirect effect: .31, p < .001; total effect: .42, p < .001).
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Figure 3: Mediation model with standardized regression coefficients for the
relationship between mathematical teacher knowledge and AC mediated by RC. Total
effect in parentheses. *** p < .001.

DISCUSSION
Aim of the present study was to quantitatively investigate relationships between
mathematical teacher knowledge, RC and AC (RQ1), including a possible
mediation of the relationship between mathematical teacher knowledge and AC
by RC (RQ2) for pre-service teachers.
The results show moderate to strong correlations between mathematical teacher
knowledge and both RC and AC. This is in line with the assumption that
mathematical teacher knowledge is highly relevant for pre-service teachers’
preparation and reflection of mathematical instruction as well as for their
actions during instruction. Furthermore, the mediation analysis indicates that the
relationship between mathematical teacher knowledge and AC is fully mediated
by RC. This fits the theoretical assumption that an ability to apply knowledge to
master the demands of instructional preparation and reflection (RC) facilitates
an ability to apply teacher knowledge in teaching situations under time pressure
(AC). The present study thus provides quantitative empirical evidence for the
model by Stender et al. (2017), including first evidence on how teacher
knowledge and RC relate to teaching actions.
Having said this, some limitations of our study should be considered. First, the
cross-sectional design of our study only allows correlational interpretation of
our data. Furthermore, our results should be interpreted carefully as possible
selection effects, as well as the limited sample size might have affected the
findings. Finally, we might have underestimated the strength of correlations due
to rather low scale reliabilities, especially for AC.
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IMPLICATIONS
Considering those limitations, future research should reproduce our results with
larger samples. In particular, as this study is limited to correlational
interpretation, future studies may investigate how RC affects the acquisition of
AC by mathematical teacher knowledge with an experimental or longitudinal
design.
If our results find corroboration in future studies, some implications on how to
foster AC in teacher training programs at university can be derived. First,
following the assumption that RC facilitates the acquisition of AC, specifically
designed learning opportunities for RC with focus on anticipating future
teaching actions and reflecting past teaching experience—explicitly
encouraging the inclusion of the own (mathematical) teacher knowledge—may
foster AC in the university training phase. Second, our assessment approach for
AC presenting teaching situations via video-vignettes could be used as a
template to develop video-based learning environments for AC. Pre-service
teachers could use those learning tools to reflect and apply the knowledge
shortly after its acquisition. In this way, pre-service teachers may be able to
transform their acquired knowledge into AC while still at university.
This study thus paves the way for future strategies on how pre-service teachers
can use their mathematical teacher knowledge more effectively for teaching
mathematics.
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TEACHERS’ AND STUDENTS’ PERCEPTION OF RATIONAL
NUMBERS
Natalia Karlsson, Wiggo Kilborn
Södertörn University
It is known from several studies, that students have problems when treating
rational numbers. In this paper, there is a focus on rational numbers as
equivalent classes, in teaching expressed as extending of fractions. The
current research shows how three teachers mediate extending of fractions and
how their students understood this concept. The main outcome of the research
is that most of the misconceptions were caused by shortcomings in teachers’
subject matter knowledge. For that reason, they were not able to find crucial
aspects of the object of learning. Consequently, their students tried to find
other, however irrelevant, patterns.
BACKGROUND
International research shows students’ problems and misconceptions when
treating rational numbers (van Dooren, De Bock & Verschaffel, 2010).
According to Adler and Sfard (2017) this is a problem that can be decomposed
into three separate issues
First, how can one explain he is lingering pervasive failure in mathematics
experienced by so many students around the world […]. How can one
transform the resulting understanding into educative action? […] How do we
enable the impact of such interventions, and how do we make sure that local
improvements or reforms are scaled-up. (p.1)

To give an answer to these questions we must understand reasons for the
student’s misconceptions. So, during some years researchers have studied the
teaching process in 2nd to 8th Grade, in different schools and communities, in
order to understand how students are initially introduced to fractions and how
this is followed up during the following school-years. As a part of these studies,
a special attention was paid to teachers’ content knowledge (Shulman, 1986)
and how this influenced the object of learning (Marton, 2015). In this paper
there is a focus on teaching and learning fractions in 4th and 5th Grade.
THEORETICAL FRAMEWORK
Variation and Learning
Variation theory (Marton, 2015) is a theory of learning that originates from
phenomenography. A central concept in variation theory is the object of
learning.
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The somewhat curious implication of our argument here is that the object of
learning is constituted while learning. Or to sharpen the claim a touch further,
learning is the constitution of the object of learning. (p.161)

This means that the purpose of teaching is to plan and carry through activities
that make it possible for the student to “constitute the object of learning”. For
learning to take place, some crucial aspects of the object of learning must vary
while others must remain constant. From a teacher’s point of view, it requires a
good survey and insight of the actual content as well as possibilities to identify
students’ multiple conceptions of the actual phenomenon. If not, it is neither
possible for the teacher to present a content that makes it possible for the
student to find the core of awareness, nor to offer a relevant variation.
Against this background researchers analyzed how teaching of fractions was
carried though and how learning took place in mathematics classrooms. One
crucial aspect was to study to what extent teachers were capable to arrange
learning conditions that gave their students possibilities to experience relevant
objects of learning and then deepen the knowledge by suitable variation? This
question is extended in the next section.
Teachers’ Content Knowledge
For the teachers to find the crucial aspects of the learning objects and a suitable
variation, they have to master the current content as well as students’ preknowledge of it and how to teach it. Shulman (1986) describes the concept of
pedagogical content as an intersection of subject knowledge and pedagogical
knowledge. However, a crucial question is which type of subject knowledge
teachers require. According to Ma (1999) teachers need a profound
comprehension of mathematics to understand the content to teach. Ball, Thames
and Phelps (2008) call this a Mathematical Knowledge for Teaching (MKT).
MKT contains two groups of knowledge, namely Subject Matter Knowledge
(SMK) and Pedagogical Content Knowledge (PCK). According to Ball et. al
(2008), SMK contains three subsections, namely Common Content Knowledge
(CCK), Knowledge at the Mathematical Horizon (KMH), and Specialized
Content Knowledge (SCK).
The importance of a developed subject matter knowledge is claimed by Even
(1993). On the same subject, Stein, Baxter and Leinhardt (1990) wrote:
[…] limited subject matter knowledge led to the narrowing of instruction in
three ways: (a) the lack of provision of groundwork for future learning in this
area; (b) overemphasis of a limited truth, and (c) missed opportunities for
fostering meaningful connections between key concepts and representations.
(p.659)

At the same time, it is important to remember that not even elementary
mathematics is superficial and must be studied hard to be understood in a
comprehensive way (Ma, 1999).
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Rational Numbers and Subject Matter Knowledge
In his section researchers explain our understanding of CCK as a background
for our research. According to van der Waerden (1971), rational numbers can be
defined as a number field Q constructed from the ring of whole numbers Z as a
𝑎
Cartesian product, Z x Z = { : a, b 𝜖 𝑍, 𝑏 ≠ 0}. The rules for calculation are
𝑏
(b, d ≠ 0):
𝑎
𝑏

𝑐

𝑎

𝑑

𝑏

= if and only if ad = bc.

𝑐

𝑎𝑑+𝑏𝑐

𝑎

𝑑

𝑏𝑑

𝑏

+ =

𝑐

𝑎𝑐

𝑑

𝑏𝑑

∙ =

.

From this definition we can learn two important properties of rational numbers.
•
•

As Q is a field, the laws for addition and multiplication are the same as
for natural numbers. It is just a matter of using them in a new number
range.
In contrast to the whole numbers, the rational numbers consist of
3
6
9
12 15 18
equivalence classes like = = = = = = …
4

8

12

16

20

24

These two properties are paid too little attention to define teachers’ subject
matter knowledge. In our opinion, CCK deals with understanding of definitions
like the one presented above. However, the complexity of CCK requires
translations into a more comprehensible language, into a theory for practice
(Subramaniam, 2019), to make it a complement to SCK.
Rational Numbers in Teaching and Learning
In a research agenda for mathematics education NCTM (1988) there is a
comprehensive survey of the actual research on multiplication and rational
numbers. Most of it is still valid and make up an important background to our
research. In the survey, Vergnaud (1988) deals with multiplicative structures, an
essential background for handling fractions. He emphasizes that
The concept field of multiplicative structures consists of all situation that can
be analyzed as simple and multiple proportion problems, and for which one
usually needs to multiply or divide. […]. A single concept usually develops
not in isolation but in relationship with other concepts …. (p.142)

To this, researchers want to add the results from a study in 3rd and 5th Grade
(Karlsson & Kilborn, 2018) showing that a one-sided focus on multiplication
as repeated addition caused serious problems in understanding, and carrying
through, operations with fractions. In the survey, Ohlsson (1988) calls
attention to the fact that the concept of fraction has several mathematical
meanings as well as several applicational meanings. He refers to Kieren (1975)
who mentions seven different interpretations of rational numbers. Three of
them are:
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•
•
•

Rational numbers are fractions which can be compared, added,
subtracted, etc.
Rational numbers are equivalent classes of fractions. This {1/2, 2/4,
3/6, …}and {2/3,4/6, 6/9, …} are rational numbers. […]
Rational numbers are numbers in the form p/q where p, q are integers
and q ≠ 0. In this form, rational numbers are “ratio” numbers. (Kieren,
1975, pp102-103)

METHOD
The overall design refers to variation theory, where the object of learning can be
understood at three different levels:
•
The intended object: What the teacher intended to teach.
•
The manifest object: How the object of content in fact was mediated.
•
The experienced object: What the students in fact experienced.
The correspondence between the intended object and the experienced object is
a criterion of the quality of the teaching/learning. As the object of learning and
the crucial aspects are central parts of variation theory, researchers paid certain
attention to the teachers’ subject matter knowledge and their ability to find key
components in a current content
Material
In order to study teaching and learning of fractions in 4 th and 5th Grade,
researchers constructed a teaching material inspired by Vergnaud (1988),
Ohlsson (1988), and van der Waerden (1971) where the object of learning was
expanding fractions or more formally expressed, rational numbers as
equivalent classes. In a first step researchers wanted to study the teachers’
1 1
2
ability to concretize the idea of expanding the fractions , and .
2 3

3

The following type of pictures was presented one by one to the students:

By dividing the left figure into two equal parts by a vertical line, and then into
three equal parts by two vertical lines, the students were supposed to
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1

2

3

understand that = = . When the number of rectangles becomes two (three)
3
6
9
times as many, also the number of painted rectangles becomes two (three)
times as many. To create variation, this was done for three different fractions,
1 1
2
, and . As the object of concretization is abstraction (verbalisation) this
2 3
3
activity was followed up by the following questions as a basis for discussion
and reasoning.
1 2

3

Which number is bigger, , or ? Explain why.
3 6
9
Can you find a pattern here? Describe the pattern.
1
2
3
Is it possible to write in more ways than and . Give two more examples.
3

6

9

After an abstraction, it is time to apply and generalise what is learnt
(verbalised). For that purpose, teacher and students were supposed to discuss
how to reason when solving the following types of tasks.
a)

1
4

=

8

= 12 = 20 =

6

b)

3
4

=

8

= 12 = 20 =

18

Participants and Realization
The participants of the current research were three so called “first” teachers
from different communities outside Stockholm and their classes, in all 60
students. During five lessons the teachers used the teaching material. During
three of the five lessons, the teaching process was documented by video and an
extra microphone on the teacher. At the end of the fifth lesson the students got a
test and after still one week, a sample of the students were interviewed about
their understanding of fractions. Finally, the teachers were interviewed with
focus on their subject matter knowledge and how they apprehended their
teaching and the results.
RESULTS AND ANALYSIS
To follow up the experienced object the student was tested and interviewed a
week after the last lesson. It was quite easy to establish that the students in two
of the classes had experienced the wrong object of learning. One example of
this is presented in Table 1.
Task

1
3

=

2

2

6

3

=

6

1

9

4

=

2

1

8

4

2

4

3

8

20

4

= =

=

6

3

8

4

=

6
8

=

T1. n = 21

19

12

19

18

18

17

T2. n = 20

8

4

10

3

1

0

T3. n = 19

12

3

14

8

14

1

15
20

Table 1. Number of students, taught by teachers T1, T2 and T3, who gave a correct
answer to a certain task.
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According to variation theory, the quality of teaching can be apprehended by
comparing the intended object and the experienced object. For teacher T1, there
is a clear relation, however for teachers T2 and T3 the relation is very weak. One
explanation for the result is that their students usually looked for additive
patterns like “2-jumps” and “3-jumps”, instead of multiplicative patterns.
To understand the weak relation between the intended object and the
experienced object, researchers must study the manifest object, that is what
happened during the lessons. To begin with, only one of the three teachers
apprehended what was the crucial aspects of the object of learning, that is to
understand the concept of extending a fraction. Moreover, only that teacher was
able to concretize, that is, to transfer a given illustration into abstraction. In the
Table 2, there is an overview of what the teachers focused on during their
lessons.
During interviews with the teachers it became evident that just one of the
teachers had sufficient subject matter knowledge. As the two other teachers
lacked durable subject matter knowledge, they had problems in finding the
object of teaching. Consequently, they had also problems to transfer their
subject matter knowledge into pedagogical content knowledge.
Teachers
focus on
T1

crucial
aspects

number
sequences

students
pre-knowl.

concretising into
abstraction

language and
reasoning

mostly

no

yes

yes

mostly

T2

no

mostly

not enough

no

not enough

T3

no

mostly

not enough

no

not enough

Table 2. The teachers focus during the lessons

DISCUSSION AND CONCLUSIONS
From this research, researchers find that variation theory is a suitable tool to
analyze the quality of teaching, that is, the correspondence between the
intended object and the experienced object. If the correspondence is
insufficient it is important to study the manifest object, not least how the
teacher mediated the object of learning and its crucial aspects. However, to do
so, one must leave the variation theory and interpret the results from another
angle, from teachers’ subject matter knowledge.
Teaching and learning fractions are internationally recognized as a difficult
domain (van Dooren et al., 2010). A crucial question is ‘why’. The outcome of
the research shows that only one of the teachers was able to find and mediate
the object of learning and its critical aspects, while the two other teachers were
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not. The main reason for these differences was the teachers’ subject matter
knowledge. Without such a knowledge it is not possible to know which preknowledge is required to find the crucial aspects of the object of learning, or to
decide if an attempt to concretize really ended up in abstraction.
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EXCELLENCE IN MATHEMATICS IN HIGH SCHOOL AND
THE CHOICE OF STEM PROFESSIONS OVER
SIGNIFICANT PERIODS OF LIFE
Zehavit Kohen, Ortal Nitzan
Israel Institute of Technology, Technion
The current study investigates the relation between excellence in mathematics in
high school and the choice of STEM professions over significant periods of life.
The study employs a big data analysis based on a total of about 550K records
obtained from the central bureau of statistics over the last decade and a half.
Main results suggest the importance of studying the advanced level in
mathematics in high school, as well as the importance of excelling in this field.
The study suggests theoretical, practical, and methodological contributions in
relation to the factors that affect and predict STEM choice for study and
employment in significant periods in human's life: high school, higher
education, and employment.
INTRODUCTION AND THEORETICAL BACKGROUND
Science, Technology, Engineering, and Mathematics (STEM) professions are in
constant demand (Caprile, Palmén, Sanz, & Dente, 2015). The foundations for
pursuing a STEM career are laid early in a student’s life. Studies (e.g., AddiRaccah & Ayalon, 2008) revealed a correlation between students' experiences in
high school and their post-secondary pursuit of STEM professions. Another
study which was reported by Kohen, Nitzan, & Gafni (2019) revealed a similar
trend, by which students who had studied AP STEM subjects in high school,
were 1.6 more likely to pursue academic studies as junior STEM students, to
graduate STEM academic studies and subsequently, to pursue STEM careers.
Mathematics has always been considered an invaluable and imperative
component for STEM study and for many cases also for career in STEM (Maaß,
O’Meara, Johnson, & O’Donoghue, 2018). Yet, studies that deal with the
relation between excellence in high school mathematics and future employment
in STEM professions for study and career, are not common, specifically studies
that combine national cohort data in several time points with wide graduates and
employee's data.
This study aims to investigate the relation between excellence in mathematics in
high school and actual STEM choice for study and employment, based on
records retrieved from the central bureau of statistics (CBS).
The theoretical framework that guided this study is based on Reinhold et al.
(2018) integrative model. This model is based on the Social Cognitive Career
Theory (SCCT: Lent, Brown, & Hackett, 1994), but refers to four main phases
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in a person's life which represent different life periods: 1) the pre-decisional
phase that indicates an interest in some field of study, 2) the pre-action phase
that indicates an interest with commitment in some field of study, (3) the action
phase that indicates actual choice of some field for study or career, and finally –
(4) the post-action phase that indicates that a person pursued a chosen career. In
this study we focus on the three last phases, which represent a person's actual
choices in study and/or career and refer specifically to the choice in STEM
professions in the following life periods: high school, higher education, and
employment.
RESEARCH QUESTIONS
(1) What are the trends over the past decade and a half in actual STEM choice
for study and employment in different life periods, by a person's excellence in
mathematics in high school?
(2) Can a person's excellence in mathematics in high school affect and predict
actual STEM choice for study and employment in different life periods?
(3) Can a person's excellence in mathematics in high school predict future
success in STEM studies in higher education?
METHODOLOGY
The study is based on a big-data analysis, using a systematic sampling data
obtained from the CBS in our country. The study population for this analysis is
approximately 350K high school students over the last one-and-a-half decades
(2001 - 2017), and about 200K bachelor's degree graduates, of whom about 70K
employees in the industry in our country.
The codebook that guided the analysis was comprised of the following data: (a)
students' excellence in mathematics in high school that was defined by study
level in mathematics: elementary, standard or advanced; (b) field of study in
high school: STEM (physics, chemistry, biology, computer science, or
electronics) or Non-STEM; (c) field of study in institutions of higher education:
STEM (such as computer sciences, physics, or engineering) and Non-STEM;
(d) grade in graduation from higher education; and (e) employment in the
industry: STEM (such as information and communications, or technological
services) and Non-STEM.
Descriptive statistics and Chi-Square tests were applied to examine trends in
choosing and persisting in STEM fields throughout students' lifespan (from high
school to employment in the industry), and their correlation with students' study
levels in mathematics in high school. Also, Logistic regression analyses were
performed to investigate the predictability of students' excellence in
mathematics in high school, on their likelihood to pursue subsequent STEM
academic studies and careers. Finally, Regression analyses were performed to
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predict future success in STEM studies in higher education, by excellence in
mathematics in high school.
RESULTS
Responding to the first research question, our findings revealed that on average,
students who study mathematics at the advanced level in high school are about
3.7, 5, and 3 times more likely to choose STEM in high school, to graduate
STEM in higher education, and to being employed in the STEM industry
(Respectively) [compared to students who study in the elementary level] and
about 1.4, 3, and 1.5 (Respectively) [compared to students who study in the
standard level]. See Graph 1 (a, b, & c) for illustration of these findings in
relation to STEM graduation in high school, in higher education, and in
employment.
Graph 1 a

Graph 1 b

Graph 1 c

Figure 1: Graph 1 (a, b, & c) - STEM graduation in high school, in higher
education, and in employment (respectively), by students' level in mathematics
in high school
Due to the relatively similar trend that is observed over the years in regard to all
life periods: high school, higher education, and employment, for responding the
second research question, we elaborated the definition of excellence in
mathematics to also inducing students' level of success in the matriculation
exam in mathematics in high school: excellence; success; moderate; or weak.
Our findings revealed a rank by which student's STEM choice in different life
periods, is linearly affected by the combination between students' study level
and level of success, i.e. the more advanced level you study and the more you
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succeed, then you are more likely to choose STEM for study and for career.
Since similar findings were found in respect to predicting STEM graduation and
employment, we illustrate the findings in Graph 2 in relation to STEM
graduation in higher education.

Figure 2: Graph 2 - STEM graduation in higher education by students' level &
success in mathematics in high school
Focusing on the advanced level for predicting STEM graduation in high
education, the regression model for the comparison between weak learner and
moderate learner was found to be significant, 2 (1,15290) = 19.01, 𝑝 < .001,
while the chances of a moderate learner to graduate STEM track is about 1.2
times more than a waek learner (B= .21, p<.001). Also, the regression model for
the comparison between moderate learner and successful learner at the
advanced level was found to be significant, 2 (1,28745) = 248.86, 𝑝 < .001,
while the chances of a successful learner to graduate STEM track is about 1.5
times more than a moderate learner (B= .37, p<.001). Finally, the regression
model for the comparison between successful learner and excellent learner was
also found to be significant, 2 (1,38276) = 733.30, 𝑝 < .001, while the
chances of an excellent learner to graduate STEM track is about 1.8 times more
than a successful learner (B= .58, p<.001).
Finally, responding to the third research question, our findings revealed that a
students' future success in STEM studies in higher education is predicted by
his/her excellence in mathematics in high school. The regression model was
found to be significant, 𝐹(2,26850) = 1611.86 ; 𝑝 < .001; 𝑅2 = 0.11., and
indicates that students' level of success in high school mathematics is more
contributing to future success in STEM studies in higher education, than the
level of study in mathematics.
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DISCUSSION
The current study demonstrates a positive relation between students' excellence
in mathematics in high school and future STEM choice for study and
employment. The linear rank that was observed in this study suggests the
importance of succeeding in mathematics, and not just choosing an advanced
level in mathematics. The most important insight of these findings is that in
order to choose STEM as a major for study or employment, it is better to choose
a more advanced level of mathematics in high school, even if you less succeed.
The big data analysis that was obtained over the last decade and a half enabled
us to have an objective data about students' actual choice, and to observe the
trends in choice over the years, as well as in significant life periods. This
observation enables us to link between global changes and the trend of choosing
STEM for study and career. For example, the decrease in choosing STEM as a
major in high school at 2006, might be a consequence of the "dot-com crash" in
the STEM industry which occurred in 2001.
The study adds on the literature on career choice, particularly the SCCT, by
focusing on significant steps in a person's life toward STEM career choice. With
that the study also contributes practically to the STEM field, as excellence in
mathematics was found to be significantly contributing to choice of STEM for
study and career. Methodologically, the study is based on a big-data analysis,
which is not common in the literature that investigates the relation between high
school studies and future study and career. Studies in this area are often based
on prospective or retrospective data, rather that data that is based on a person's
actual choices, specifically over the years in which these choices might be
changed.
References
Addi-Raccah, A. & Ayalon, H. (2008). From high school to higher education:
Curricular policy and postsecondary enrollment in Israel. Educational evaluation
and policy analysis, 30(1), 31-50.
Caprile, M., Palmén, R., Sanz, P., & Dente, G. (2015). Encouraging STEM studies for
the labour market. Brussels: European Parliament.
Kohen, Z., Nitzan, O., & Gafni, N. (2019). Trends in education and professional
career in science and technology: From choice of major in high school to career
choice. National Institute for Testing and Evaluation (NITE), 104 pages.
Lent, R. W., Brown, S. D., & Hackett, G. (1994). Toward a unifying social cognitive
theory of career and academic interest, choice, and performance. Journal of
Vocational Behavior, 45, 79-122.
Maaß, J., O’Meara, N., Johnson, P., & O’Donoghue, J. (2018). Mathematical
modelling for teachers: A practical guide to applicable mathematics education.
Springer.

302

Reinhold, S., Holzberger, D., & Seidel, T. (2018). Encouraging a career in science: a
research review of secondary schools’ effects on students’ STEM orientation.
Studies in Science Education, 54(1), 69-103.

303

A NEGATIVE EFFECT OF THE DRAWING STRATEGY ON
PROBLEM SOLVING: A QUESTION OF QUALITY?
Janina Krawitz, Stanislaw Schukajlow
University of Münster, Germany
Make a drawing is known to be a powerful strategy for solving mathematical
problems. But surprisingly, the drawing strategy was found to negatively affect
the ability to solve non-linear geometry problems. Our study replicates and
extends this finding by addressing the quality of the drawing strategy, which
might explain the negative effect. In a randomized controlled trial with 180
students (ninth- to eleventh-graders), we enhanced drawing quality by
prompting the students to highlight important elements in their drawings. Our
results replicated the negative effect of the drawing strategy on performance
and confirmed the quality of the drawing strategy as an important factor that
affected the number of linear overgeneralizations. The roles of drawing quality
and other factors that might influence the ability to solve such problems are
discussed.
INTRODUCTION
The drawing strategy is a heuristic method that is claimed to have strong
positive effects on problem solving. However, studies that have investigated the
effect of applying the drawing strategy have arrived at divergent findings. Some
studies showed that the drawing strategy facilitates problem solving (e.g.
Hembree, 1992), whereas others did not find any effects (e.g. De Bock,
Verschaffel, & Janssens, 1998), and one study even provided surprising
evidence for a negative effect of the drawing strategy on problem solving
performance (De Bock, Verschaffel, Janssens, Van Dooren, & Claes, 2003).
The present study is aimed at replicating the negative effect of applying the
drawing strategy and elaborating on potential explanations for why applying the
drawing strategy can hinder problem solving.
THEORETICAL BACKROUND AND RESEARCH QUESTIONS
Drawing Strategy
Applying the drawing strategy involves constructing an external visual
representation that corresponds to the structure of the mathematical problem. By
drawing, the learner externalizes his or her mental model of the problem
situation. This involves re-organizing the given information in such a way that
important elements and relations become visible and can be processed more
easily after the drawing is constructed (Larkin & Simon, 1987). Hence, drawing
makes the key information from the problem explicit and facilitates the process
of problem solving (Cox, 1999).
304
2020. Inprasitha, M., Changsri, N. & Boonsena, N. (Eds). Proceedings of the 44th Conference of the International Group for
the Psychology of Mathematics Education, Interim Vol, pp. 304-312. Khon Kaen, Thailand: PME.

Empirical evidence for the positive effect of drawing strategy was found in a
number of studies (Rellensmann, Schukajlow, & Leopold, 2016; Van Essen &
Hamaker, 1990; Zahner & Corter, 2010). Teaching the drawing strategy was
even identified as the most effective treatment for improving mathematical
problem solving in a meta-analysis conducted by Hembree (1992), in which
drawing strategy was compared with other strategies such as verbalizing
concepts. However, drawing strategy does not help all students solve the
problem. Theoretical models of self-generated drawings emphasize that the
benefits of applying the drawing strategy are strongly related to the quality of
the use of the strategy (Cox, 1999).
The quality of the use of the drawing strategy is reflected in two properties of
the drawing as the final product of the drawing process: the correctness and
completeness of the drawing. High-quality use of the drawing strategy implies
that students construct a correct drawing (correctness) that explicitly represents
the key information from the problem (completeness). The first evidence for the
importance of the quality of the use of the drawing strategy comes from
research on text-based learning. Supporting students’ drawing activities
positively affected performance on items that required comprehensive
elaboration activities (Van Meter, 2001). Moreover, empirical studies in science
and mathematics confirmed theoretical considerations and revealed that the
quality of the drawing strategy is positively related to demanding problem
solving (Rellensmann et al., 2016; Schwamborn, Mayer, Thillmann, Leopold, &
Leutner, 2010; Uesaka, Manalo, & Ichikawa, 2007). Students who constructed
drawings of higher quality solved geometrical modelling problems better than
other students (Rellensmann et al., 2016). The quality of the drawing strategy is
expected to be particularly important when students are required to build
connections and draw conclusions from the given information (Van Meter,
2001), as is the case for solving non-routine mathematical problems.
The Drawing Strategy for Solving Non-Linear Problems
An important type of non-routine mathematical problems is the non-linear
geometry problem, in which the area or volume of similar figures or solids has
to be determined by a given scaling factor. For example: “You need
approximately 400 grams of flower seed to lay out a circular flower bed with a
diameter of 10 m. How many grams of flower seed would you need to lay out a
circular flower bed with a diameter of 20 m?” (De Bock et al., 1998, p. 68).
This type of problem is important because it addresses students’ strong
tendency to engage in linear overgeneralizations – the application of linear
models to non-linear situations – which is known to be a common error in
problem solving (Van Dooren, De Bock, Janssens, & Verschaffel, 2008). A
series of studies conducted by De Bock and colleges (De Bock, Van Dooren,
Janssens, & Verschaffel, 2002; De Bock et al., 1998; De Bock et al., 2003)
showed that this type of problem is very difficult for students, who often seem
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to use the linear model in an intuitive manner without being aware of the model
they chose (De Bock et al., 2002).
The drawing strategy can be helpful for solving non-linear geometry problems
because it provides the opportunity to recognize the non-linear property of the
area, and thus, it might facilitate the use of appropriate mathematical
procedures. A drawing for a non-linear geometry problem should include the
original and scaled figure, which enables the use of visual solution strategies
aimed at estimating the relation of the areas (e.g. paving strategies). Contrary to
these theoretical considerations, De Bock et al. (2003) showed that applying the
drawing strategy did not facilitate the solving of non-linear geometry problems
and even affected problem solving performance negatively. What can explain
this unexpected finding? In the drawing condition, students between the ages of
13 and 16 were given a drawing that referred to the geometrical object from the
problem (e.g. a square). They were then instructed to complete the drawing by
using the given scaling factor to add a scaled geometrical object. Students in the
drawing condition performed worse than students in the control group, who
worked on the same problems without receiving any instructions (23% vs.
44%). An in-depth analysis of students’ solutions indicated that the drawing
strategy did not elicit visual solution strategies for determining and comparing
the sizes of the areas. This argument provides a good explanation for why
applying the drawing strategy was not beneficial, but it remains unclear why
using a drawing negatively affected problem solving in this study. Another
explanation might be that students use the drawing strategy inappropriately,
which in turn decreases their performance in solving non-linear geometric
problems.
Because of the surprising nature of the negative effects of the drawing strategy,
we aimed to replicate De Bock et al.’s (2003) study in order to validate its
findings. We expected a negative effect of using the drawing strategy on
problem solving performance for non-linear geometry problems. Further, we
expected the use of the drawing strategy to increase students’ tendency to
engage in linear overgeneralizations. As geometrical figures are typically
depicted by their circumferences, students’ attention is guided toward the linear
property of the circumference while drawing instead of toward the non-linear
property of the area.
Further, we considered the quality of the drawing strategy as a potential reason
for the negative effect of using the drawing strategy on problem solving
performance. In particular, we expected that key information such as the area
and its non-linear relationship would not be made salient in the drawings so that
the quality of drawing strategy would be insufficient with respect to the
completeness of the drawings. Therefore, we expected that increasing the
quality by highlighting the key information would diminish the negative effect
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of the drawing strategy on performance because it would prevent the linear
overgeneralizations that usually result from drawing.
RESEARCH QUESTIONS
These considerations led us to pose the following research questions:
RQ 1: Does the use of the drawing strategy decrease problem solving
performance and increase linear overgeneralizations?
RQ 2: Does increasing the quality by highlighting important information in the
drawing diminish the negative effects of the drawing strategy on problem
solving performance and on the number of linear overgeneralizations?
METHOD
Participants and Design
The sample involved 123 students (58.5% female, mean age = 16.19 years)
from nine classes, including ninth-graders (11.4%), tenth-graders (48.8%), and
eleventh-graders (39.8%). Students came from four high-track schools (German
Gymnasium) and one comprehensive school (German Gesamtschule). Students
in each class were randomly assigned to one of three groups: Students in the
experimental conditions received either drawing (D) or drawing with
highlighting (DQ) instructions, aimed at increasing the quality of the drawing
strategy. Students of the control group (CG) received no drawing instructions.
The instructions were embedded in the tasks given on a paper-and-pencil test.
Figure 1 shows the drawing with highlighting instructions (DQ condition)
embedded in one of the tasks.

Figure 1: Sample item with drawing with highlighting instructions. Tasks were
adopted from De Bock et al. (2003, p. 449)
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To check the implementation of the treatment, we examined whether students in
the experimental and control groups followed the instructions by analyzing the
numbers of papers with no drawings, drawings (without highlighting), and
highlighted drawings in the different conditions (CG: 63% no drawings, 35%
drawings, 2% highlighted drawings; D: 7% no drawings, 92% drawings, 1%
highlighted drawings; DQ: 8% no drawings, 22% drawings, 70% highlighted
drawings). Significantly more drawings and highlighted drawings were made in
the respective conditions, indicating that the majority of students followed the
instructions as intended for the non-drawing, drawing, and drawing with
highlighting groups.
Measures and Data Analysis
Students’ performance and the number of linear overgeneralizations were
assessed via a problem solving test, which included four experimental items and
three additional buffer items. The experimental items were non-linear geometry
problems in which the area or volume of a figure (square, circle) or a solid
(cube, sphere), respectively, and a scaling factor were given with the question to
find the size of the area or the volume of a similar figure. For example: “The
side of square C is 12 times as large as the side of square D. If the area of square
C is 1440 cm2, what’s the area of square D?” All items were taken from the
study by De Bock et al. (2003).
To measure students’ performance, we analyzed whether the solutions were
correct (coded 1) or incorrect (coded 0). The number of linear
overgeneralizations was assessed by analyzing if they were based on a linear
model (coded 1) or not (coded 0). Two independent raters rated 20% of the
answers to each problem with sufficient inter-rater agreement (Cohen’s κ ≥.
827). Scale reliability was satisfactory (Cronbach’s α = .787 for performance
and .715 for linear overgeneralizations). To address the research questions, we
compared the mean scores for students’ performance and linear
overgeneralizations between the CG and D groups (research question 1) and the
CG and DQ groups (research question 2) by using t-tests. All alpha values we
report are one-tailed due to our directional expectations. For reasons of
comparability, we followed De Bock et al.’s (2003) procedure and conducted
our analysis with only two of the four experimental items. The results remained
nearly the same when all items were included in the analysis.
RESULTS
Our first research question was aimed at replicating the negative effect of the
drawing strategy on problem solving performance. We found that students in
the drawing condition had significantly lower solution scores than their peers in
the control group (MD = 0.268, SDD = 0.389; MCG = 0.476, SDCG = 0.460;
t(80) = 2.203; p < .05; dCohen = 0.488). In line with our expectations, applying
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the drawing strategy negatively affected students’ problem solving performance
for non-linear geometric problems.
The first research question further referred to the number of linear
overgeneralizations. We found that students in the drawing condition made in
tendency significant more linear overgeneralizations than students in the nondrawing condition (MD = 0.390, SDD = 0.426; MCG = 0.244, SDCG = 0.389;
t(80) = -1.624; p = .054; dCohen = -0.358). As expected, applying the drawing
strategy appeared to increase the number of linear overgeneralizations.
The second research question referred to the quality of the use of the drawing
strategy and was aimed at investigating whether the negative effect of the
drawing strategy could be diminished by increasing the quality. We found that
students who used the drawing strategy in a high-quality manner (DQ
condition) had significantly lower solution scores than students who did not use
this strategy (CG) (MDQ = 0.220, SDDQ = 0.388; MCG = 0.476, SDCG = 0.460;
t(77.78) = 2.724; p < .01; dCohen = 0.602). Increasing the quality apparently
could not diminish the negative effect of the drawing strategy on performance.
However, a high-quality use of the drawing strategy was found to diminish the
negative effect for linear overgeneralizations. Students who used the drawing
strategy in a high-quality manner made a similar number of linear
overgeneralizations as students in the control group (MDQ = 0.342,
SDDQ = 0.425; MCG = 0.244, SDCG = 0.389; t(80) = -1.08; p = .141; dCohen = 0.241). Hence, increasing the quality helped prevent students from making
linear overgeneralizations, but it did not help them solve the problems.
DISCUSSION
One of the goals of the present study was to replicate and extend the findings
from De Bock et al.’s (2003) study. In line with the previous findings, we found
a negative effect of the drawing strategy on students’ problem solving
performance for non-linear geometry problems. Even the solution scores in our
study were very similar to the ones reported by De Bock et al. (2003), indicating
that the negative effect is stable across time and different samples. This
replication increases the validity of the surprising finding that drawing can
hinder students’ ability to solve mathematical problems.
Further, our study was aimed at elaborating on potential reasons that might
explain the negative effect of applying the drawing strategy. The results
confirmed the previous assumption that lower performance is caused by linear
overgeneralizations (De Bock et al., 2003). Applying the drawing strategy
without supporting students in using it in a high-quality manner increases the
number of linear overgeneralizations. The process of drawing seems to guide
learners’ attention to the linear property of the circumference, which they
mistakenly transfer to the area or volume of the figure. Moreover, in both
conditions (D and CG), we found that linear overgeneralizations appeared
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frequently, which, in line with prior research (Van Dooren et al., 2008),
highlights the pervasive role of students’ tendency to apply linear models.
With the second research question, we investigated the role of the quality of the
use of the drawing strategy. We expected that the negative effect of the drawing
strategy on performance and on the number of linear overgeneralizations in
students’ solutions could be diminished by increasing the quality of their
strategy use. Quality was increased by addressing the important feature of the
drawing strategy to represent key information (completeness of drawings),
which was done by instructing students to highlight the area or volume in their
drawings. The results partly confirmed the expectations derived from the
theoretical considerations.
Contrary to our expectations, improving the quality did not diminish the
negative effect of the drawing strategy on students’ performance. Hence, even
the use of the drawing strategy with an increase in its quality had a negative
effect on the ability to solve non-linear geometry problems. A possible
explanation is that applying the drawing strategy when drawing the geometrical
figures might hinder a covariation view (area as an alterable value that depends
on the length of the side), by leading to a static view of a specific figure’s
lengths and area. Following this consideration, future studies should investigate
how the drawing strategy affects different concept images (Vinner, 1997) for
linear and non-linear functions. A promising approach for fostering the
covariation view might be to construct a drawing by using dynamic geometry
software.
Regarding the number of linear overgeneralizations, the results confirmed our
expectation that the quality of the use of the drawing strategy is a crucial factor
that determines whether the negative effect occurs or not. This finding is in line
with previous research demonstrating the important role of the quality with
which strategies are applied. A high-quality use of the drawing strategy helped
to prevent at least some of the students from falling into the linearity trap, but it
did not help the students find the correct mathematical procedure. This result
indicates that apart from linear overgeneralizations, students also encounter
other difficulties in solving non-linear geometry problems. This highlights the
need for qualitative studies to investigate the process of solving non-linear
geometry problems with the help of the drawing strategy in order to get a more
complete picture of students’ difficulties.
Taken together, our findings show that applying the drawing strategy is not a
one-size-fits-all solution. Besides increasing the quality of the drawing strategy,
teachers should consider that different conceptual images of linear and nonlinear functions are essential for problem solving. Reflecting on the advantages
and disadvantages of various representations is an important prerequisite for the
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beneficial use of this strategy. This stresses the need for further investigations
on the drawing strategy.
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The rise of social media has afforded new opportunities for professional activity
around mathematics teaching. Thousands of users are posting publicly about
their experiences with mathematics teaching on an ongoing basis at an
unprecedented scale in an unprompted, unfunded, and unmandated setting.
Given the challenges around engendering sustainable professional
development, informal professional activity, such as that found within a social
media setting, is worthy of investigation. This study explores features of one
such setting, with a specific focus on the underlying social structure that
supports ongoing engagement. To this end, various social locations in this
structure are defined and characterized, and modes of engagement in locations
are found to vary according to social responsibility and ideational alignment.
INTRODUCTION
Professional activity around mathematics teaching is considered vital in the
improvement of mathematics education at all levels (Borko, 2004). Research
in mathematics education has identified various aspects of teacher professional
development settings that make it effective at stimulating rich professional
activity. For instance, activities should reflect and be driven by teacher needs
and interests, and community building and networking should be at the core
(Lerman & Zehetmeier, 2008). While many initiatives prove successful in
engaging teachers in meaningful activity around mathematics teaching, there is
growing attention on the sustainability of such activity. As such, informal
settings where such activity occurs naturally have become of growing interest
(e.g., Horn & Kane, 2015).
With the rise of social media technology in recent years, education professionals
are turning to resources that are becoming increasingly available beyond the
confines of institutional boundaries. In turn, many of the constraints of
traditional forms of professional activity are being bypassed, allowing for
informal professional activity to flourish. In some cases, collectives of
professionals have formed. One such collective, referred to as the Math Twitter
Blogosphere (MTBoS), has remained resilient for almost ten years, with
ongoing activity around mathematics teaching occurring daily via Twitter.
MTBoS participants also have very promising statements about the possibilities
for professional growth they experience and are often found suggesting that
MTBoS is an effective space to share and develop ideas for teaching.
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Following this weird #MTBOS hashtag on twitter has changed my teaching
practice in so many ways. (@MrOrr_geek, 6 Feb 2018)

Although communication through Twitter is generally random and unprompted,
MTBoS is treated as an established space, determined by participation from
members who contribute and continue to use the MTBoS hashtag. For instance,
contributors often refer to it as a place rather than a hashtag, and grow to expect
like-minded peers to be available there (Larsen & Parrish, 2019). Studies have
explored various facets of MTBoS, such as around content quality (Parrish,
2016), instances of negotiation (Larsen & Liljedahl, 2017), participant
perspectives (Larsen & Parrish, 2019), and its capacity to support in-person
conference events (Waddell, 2019). Taken together, these studies reveal strong
potentialities of MTBoS as a tool for professional growth.
While most of the investigations of MTBoS to date have taken interest in the
ideational opportunities in the space, none have focused on the unique nature of
the social structures that support its ongoing activity. Interestingly, Twitter
offers its users unreciprocated ‘following’ relationships. That is, when a user
‘follows’ (or subscribes to the ‘tweet’ activity of) another user, that user need
not reciprocate the relationship. This means that tweets published by users who
are highly ‘followed’ are more likely to be seen and interacted with, and those
who follow more users who publish ‘tweets’ in their domain of interest can
build a better view on the activity in that domain of interest. Since all tweets
made by users one follows are organized in chronological order in one’s
newsfeed, this means each user has a unique view on the ideational space of
MTBoS depending on the social relations they choose to create and maintain
through both following other users and being followed by others. Therefore,
following relationships can affect the nature of the ideational activity, and in
turn, the social structure in MTBoS can influence the production and
consumption of content. As such, the social location of a contributor could
stimulate different kinds of engagement.
Given the interest in engendering communities of practice around mathematics
teaching and the overall agreeance on the necessity of collaboration within
professional activity around mathematics teaching, uncovering the implications
of the unique social structure in MTBoS on professional activity around
mathematics teaching is worthy of attention. As such, the study presented in this
paper is driven by the global question – how and why does MTBoS invoke a
sustainable form of professional activity around mathematics teaching? And
more specifically in this paper – what is the social structure in MTBoS and how
does it drive ongoing activity?
THEORETICAL FRAMEWORK
Although a variety of theoretical frameworks were taken into consideration
when approaching MTBoS as a phenomenon of interest, the primary theoretical

314

perspective in this study is drawn from complexity thinking (Davis & Sumara,
2006). Complexity thinking provides the tools to describe a system of individual
agents who seem to generate emergent macro-behaviours from individual
autonomous actions. It is best suited for studying decentralized and bottom-up
emergent learning contexts, where learning is treated as expanding the space of
the possible and the “emergence of the as-yet unimagined” (Davis & Sumara, p.
135). Since MTBoS has no central organization and is driven by individual
professionals engaging in activity autonomously while simultaneously
contributing to a collective that is often treated as a single entity, complexity
thinking was the most well-aligned theoretical perspective for pursuing
investigation into this context and served as the primary theoretical lens in this
study. As such, we highlight some of its key theoretical notions.
Davis and Sumara suggest six interdependent conditions necessary for complex
emergence, which they organize into three complementary pairs (or tensions):
specialization (diversity and redundancy), trans-level learning (neighbour
interactions and decentralized control) and enabling constraints (randomness
and coherence). Specialization has to do with the diversities and redundancies
among agents, trans-level learning has to do with the possibilities for individual
ideas to ‘bump’ or interact with each other towards a greater whole, and
enabling constraints consider the points of cohesion in the collective that
maintain its structure while allowing for enough randomness for adaptation and
learning. Although the focus in complexity thinking is primarily on ‘collectiveknowing’, Davis and Sumara state, “the ideational network rides atop the social
network” (p. 143). That is, through neighbour interactions among ideas, which
are driven by agents with enough diversity and redundancy with each other,
ideational emergence can occur. The strength and resilience of a collective is in
some sense dependent on the far-from-equilibrium behaviour of these
conditions.
Although the goal of complexity theory is not to identify interpersonal
collectively, as do other social theories of learning, ‘collective-knowing’ cannot
be considered without the social interactions that bring it to fruition. However,
Davis and Sumara indicate these aspects should not be collapsed. Since the
ideational network of MTBoS has been explored elsewhere (Larsen, 2019), the
focus of the work presented in this paper is on the social network that supports
the emergent ideational network in MTBoS. To this end, some terminology is
also borrowed from communities of practice (Wenger, 1998), such as that of the
existence of a periphery and a core in terms of participation in a community,
and that there are trajectories along which participants move as they participate
over time. While the terminology from communities of practice is used as
appropriate, complexity thinking, and the conditions for complex emergence
serve as the primary theoretical worldview underpinning the methods and
analysis in this study.
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METHODS
Towards the construction and examination of the social network underlying the
ideational network of MTBoS, tweets published on Twitter that included the
MTBoS hashtag were gathered for analysis. However, the sheer mass of data
available on Twitter (and in MTBoS) made it impossible to investigate in its
entirety. MTBoS has grown over the past ten years to include over 6308 users
(the number of unique users tweeting with the hashtag at least twice between
September and December of 2018), with an average of one tweet every two
minutes (from this same timeframe). As such, a specific selection of data was
chosen for analysis. Guided by the insider perspective of the presenting author,
who gradually because a participant of MTBoS over a five-year period, the
selection of data was made based on a 7-day period in late September of 2018.
This timeframe was chosen strategically to avoid major influencing factors such
as ‘back-to school’ or ‘midterm grading’ and the length of time was chosen to
avoid influencing factors of certain days of the week while keeping data size
manageable. As such, the data set was constructed by collecting all tweets from
September 21-28, 2018 into a spreadsheet along with meta-information such as
timestamps and usernames. This initial collection included 6146 tweets made by
2948 unique user accounts, 4653 of which were direct retweets (exact replicas
of original tweets). Given the aims of this study, direct retweets were removed.
This left 1493 unique tweets made by 694 unique users. However, to make the
dataset feasible for analysis, 30% of these tweets were randomly selected,
resulting in a final data set of 444 tweets made by 322 unique users.
While this data set was analysed in various ways, the study presented in this
paper pertains to the analysis of the follower relations among the 322 users and
the tweet contents they produced as relative to their social locations in the social
network. To this end, the followers of each of the 322 users were identified, and
then only those relationships that existed within the set of 322 users were
determined. The unreciprocated nature of these relationships allowed for each
user to be granted two values: an in-degree and an out-degree, representing the
number of users in the set they followed or were followed by, respectively.
After plotting these values on a scatterplot, it became evident there were four
possible social locations that corresponded to low and high values in each of
these two dimensions (of in-degree and out-degree). As such, cut values were
determined by taking the top 20% of values in each dimension to define what
counted as high for that dimension. In-degrees of 56 or more and out-degrees of
49 or more were considered as high, which came to serve as boundaries for
constructing the four regions of social location, as determined through this
process.
Tweet data was then organized by social location, and each set of tweet data
was examined for redundancies and diversities among contributions. To achieve
this, various aspects of contributions in each set were examined, such as key
316

topics, presence of media in tweets, tone, and how content was presented by
users. The most fruitful of these investigations was in looking at how content
was presented. To this end, we drew on Remillard's (2012) distinction between
forms and modes of address: where forms of address involve “particular ‘looks’
or formats that reflect and reinforce the mode of address” (p. 106). As such,
each region of social location was examined in terms of the forms and modes of
engagement used in publicizing the content. This was conducted via an open
coding process that involved iterative coding with attention to redundancies and
diversities within and across regions, beginning with tweets in the region with
high values in each dimension. New codes were generated when necessary until
a saturation point was reached in that every tweet fit into at least one coding.
Overlap was permitted, and some tweets were coded with several codes if the
tweet revealed multiple forms of engagement. The coding was then re-checked
with a second pass. Once no new codes were found and each tweet in each of
the categories was tagged with at least one of the codes, a final set of codes was
determined. To explore how these forms of engagement compared across
regions of social location, the proportions of each code within each region were
compared across regions. A final pass was then made to interpret the findings
within each region of social location to build characterizations of the nature of
contributions made in each region. These characterizations are revealed and
interpreted in the results and discussion that follows.
RESULTS
After pursuing analysis of all selected tweets from each of the four social
locations, the forms of engagement identified fell into eight categories:
soliciting advice or resources, contributing resources or teaching advice,
revealing practice, sharing accomplishments, endorsing, signalling an identity,
advocating an opinion or stance, and building community. These forms
occurred to varying degrees in each region and served to characterize the kinds
of engagement prominent in each region.
Those with relatively low numbers of followers and followings were referred to
as newcomers. While this title may not be reflective of their longevity of
participation, their social position and the forms of engagement they evidenced
led us to consider them as newcomers in this setting. When examining the
tweets made by this group, it because evident that they typically engaged in
primarily practice-oriented ways, with a focus on pragmatism and utility
towards classroom practice. Although their tweets were generally diverse in
terms of topics, there was a strong redundancy among their tweets around being
focused on either specific mathematical content or pedagogy, without making
significant connections between them. Their tweets were relatively generic and
could be considered as representations of the broader populous of mathematics
teachers in the sense that they lacked reference to popular pedagogical
approaches of MTBoS such as ‘noticewonder’ or ‘groupwork’.
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In terms of tone, the tweets made by newcomers were often celebratory in
nature, with share-outs of pride and excitement for accomplishments that were
most often practice-oriented. For instance, in Figure 1a below, the contributor
reveals excitement for using technology towards improving student ability with
evaluating functions.

(a)

(b)

Figure 1: Examples of practice-oriented contributions
Although many newcomers offered indication of contributing resources, the
resources they contributed were often partial in nature without complete enough
detail to be used in someone else’s classroom. As such, newcomers primarily
seemed to use MTBoS to build their identities as teachers of mathematics in
general rather than specifically as MTBoSers. Their concerns were often
personally oriented rather than concerned with others and tended to involve
mathematical content rather than pedagogy.
On the other hand, slightly different forms of engagement were evident among
users who followed more of the others in this dataset while still being not very
highly followed. These users were referred to as observers due to their
heightened capacity to view activity of others in MTBoS. Unlike newcomers,
observers engaged by tweeting about practice in ways that revealed they were
implementing pedagogies commonly found within MTBoS activity, such as
‘instructional routines’, ‘desmos activities’, and ‘noticewonder’, and not only
mathematical ones such as ‘geometry’. In such ways, they were projecting their
identities as those who belonged to MTBoS. The focus in these tweets was
around sharing personal accomplishments aligned with popular trends in
MTBoS and not just in the more generic domain of mathematics teaching. For
example, in Figure 1b above, one contributor shows excitement for doing a
hands-on activity that involves group learning and meaning making, as is
common in MTBoS activity, and reveals an image of students using a hula hoop
to explore the unit circle.
Observers were also overall quite attention-grabbing in how they presented their
contributions and came across as willing to be vulnerable to ask questions.
Although many of their questions went unanswered, they revealed sensitive
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issues such as forgetting how to approach a mathematical topic or seeking
opinions on an undesirable student response they encountered. In one case, an
observer stated, “Can’t seem to help students to see variables as possibilities.
They just want numbers. Any ideas? #mtbos”. In such a query, they suggested
their desire for helping students understand concepts more deeply while
simultaneously indicating their inability to achieve this. This aligns with
commonplace themes in MTBoS such as helping students make meaning and
evidencing growth mindset. Overall, observers seemed to tweet in ways that
positioned them as MTBoSers while maintaining a focus on personal aims and
interests.
In contrast to the personally focused newcomers and observers, those with more
significant followings were more aptly focused on serving their community,
such as by providing resources or sharing about initiatives. However, those who
followed fewer MTBoS contributors seemed less aligned with the most central
topics of interest than those who followed more. As such, highly followed
contributors who did not follow as many MTBoS contributors were referred to
as influencers, while those who also followed many MTBoS contributors were
referred to as leaders. This distinction had to do with their capacity to view
ideational trends in MTBoS based on who they followed.
Interestingly, a similar pattern of misalignment continued for influencers as for
newcomers, the two social locations that did not highly follow others in the set.
While influencers were often contributing resources that were specific enough
to be used directly in classrooms, their resources were often misaligned and
sometimes even overly polished or marketed. However, unlike their newcomers,
influencers used their high social visibility to promote new materials,
expressions of gratitude, and questions of those who were less followed. In one
case, an influencer even developed a ‘broken calculator’ tool and used their
following to solicit feedback on it, with significant response. Leaders, on the
other hand, were similarly attentive in terms of serving the community and
pushing boundaries, but did so in ways that maintained alignment with
prominent topics and values in MTBoS. For instance, they advocated for
building relationships with students (as in Figure 2a), for learning about social
justice issues (as in Figure 2b), and for welcoming newcomers to MTBoS (as in
Figure 2c).
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(a)

(b)

(c)

Figure 2: Examples of advocacy in contributions of leaders
And when sharing resources, their contributions provided enough specificity
that they could be used directly by others while remaining within the ideational
space commonly found in MTBoS. For example, they included hyperlinks to
‘desmos’ activities or to student self-reflection sheets that reveal student
progress. Moreover, they linked pragmatic resources with pedagogical
descriptions and rationale while also signaling a MTBoS identity. Their
capacity for visibility and awareness of others was evident, which translated to
being community-oriented, boundary-pushing, but also, aligned.
DISCUSSION AND CONCLUSIONS
Taken together, when looking across regions of social location, two key factors
emerged as pertinent to identifying the modes of engagement evident within
each social location in MTBoS: social responsibility and ideational alignment.
Those who were more highly followed seemed to engage with more concern for
others, and therefore, with social responsibility, than those who were less highly
followed. Conversely, those who were following more of the other MTBoS
contributors in the data set seemed to include prominent topics and ideas
commonly shared in MTBoS (as determined in previous studies), and therefore,
had more ideational alignment to prevailing discourse in MTBoS. These
findings are summarized in Figure 3 below.

Figure 3: Modes of engagement in social location – as two dimensions
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This implies that neighbour interactions among agents in MTBoS are not
completely random, as suggested by complexity thinking, and the social
structure is more nuanced than having a single core and periphery, as suggested
by communities of practice. Rather, neighbour interactions are produced and
influenced by a sort of social capital that privileges certain ideas and modes of
engagement over others. There are also multiple social locations, determined by
visibility by others and awareness of others, that can be characterized by two
related dimensions to modes of engagement: social responsibility and ideational
alignment. When both are invoked, a sort of informed leadership emerges and
seems to equip leaders to advocate for change, push boundaries, and build
community. Combinations of these dimensions offer other social locations
which may contribute to the robustness of MTBoS by offering sources of
diversity and redundancy. Various trajectories for engaging in MTBoS over
time may also be possible to determine with further study. Overall, the features
presented in this paper illuminate the unique social structure of MTBoS, and in
turn, challenge perspectives on social structures in professional communities as
being centered around a single core. It also suggests further attention to the
visibility of emergent ideas and opportunities for advocacy in professional
learning environments.
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It is widely acknowledged that engaging young children with mathematics is
both possible and beneficial. Being that young children spend a great deal of
time with adults outside of school, this research investigates the beliefs of adults
regarding engaging young children with number concepts. Questionnaires were
handed out to 91 participants, none of whom were preschool teachers. In
general, participants had positive beliefs regarding supporting children’s
engagement with various numerical activities. Some differences between
participants with different backgrounds (e.g., connections with young children,
professions) were found.
INTRODUCTION
Researchers agree that promoting numerical skills, such as counting, comparing
sets, number composition and decomposition, and recognition of number
symbols, is important during early childhood (Nguyen et al., 2016). Several
studies have investigated preschool teachers’ knowledge and beliefs related to
teaching early number competencies (e.g., Vlassis & Poncelet, 2016). However,
young children often spend much of their day in the care of other responsible
adults who are not necessarily trained preschool teachers. Studies suggest that
for children to take advantage of the academic opportunities provided at
preschool, some level of support from the home environment, such as toys that
stimulate learning number and shapes, is necessary (Anders et al., 2012).
Furthermore, adults’ beliefs regarding the importance of doing mathematical
activities at home was found to be significantly related to the frequency with
which children reportedly did mathematics at home (Sonnenschein et al., 2012).
Thus, it is relevant to investigate adults’ knowledge and beliefs related to
numerical learning during the preschool years.
Based on our previous work with preschool teachers (e.g., Tsamir, Tirosh,
Levenson, Barkai, & Tabach, 2015), this paper introduces a framework for
investigating adults’ knowledge and beliefs related to playfully engaging with
mathematics in the early years. Researchers use the term “playful” in
recognition of the dilemma that early childhood educators face, both teachers
and researchers, in how to balance instruction and play. Playfully engaging with
mathematics infers that the child is active, the activities are flexible, and an
adult is present to guide the child toward a specific knowledge (Hirsh-Pasek,
Golinkoff, Berk, & Singer, 2009). After introducing the framework, the paper
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focuses on beliefs, and describes how this framework was used to investigate
adults’ beliefs concerning children’s playful engagement with numerical
concepts. Finally, the paper presents results regarding those beliefs.
THEORETICAL FRAMEWORK
For the past several years, researchers have used the Cognitive Affective
Mathematics Teacher Education (CAMTE) framework, when investigating and
promoting teachers’ knowledge and self-efficacy for teaching number,
geometry, and pattern concepts (e.g., Tsamir, Tirosh, Levenson, Barkai, &
Tabach, 2015(. This framework differentiated between two components of
subject-matter knowledge (SMK): being able to produce solutions, strategies
and explanations and being able to evaluate given solutions, strategies and
explanations. In line with Ball, Thames, and Phelps (2008) the framework
differentiated between two aspects of pedagogical content knowledge (PCK):
knowledge of content and students (KCS) and knowledge of content and
teaching (KCT). In adapting the framework for adults, researchers referred to
the same aspects of SMK as our previous framework. Researchers consider the
mathematics knowledge researchers wish to promote among young children,
and the mathematics knowledge adults need in order to promote children’s
knowledge (see Table 1, Cells 1 and 2). Thus an example of Cell 1 would be to
request participants to count a set of objects, and then count them again in a
different way (e.g., first by counting 1, 2, 3,… and then by skip counting 2, 4,
6,…).

Knowledge

Mathematics for adults and
children
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Mathematics Engagement

Solving

Evaluating

Children

Playful learning

Cell 1: solving
tasks. e.g., count
the number of
elements in a set
using a variety
of strategies

Cell 2:
evaluating
tasks. e.g.,
evaluate the
efficiency of
a counting
strategy

Cell 3:
knowledge of
children’s
conceptions.
e.g., which
number symbols
do children
confuse.

Cell 4: knowledge
of content and
playful learning.
e.g., which
activities can foster
children’s
acceptance of the
one-to-one
principle.

Beliefs

Mathematics for adults and
children

Mathematics Engagement

Solving

Evaluating

Children

Playful learning

Cell 5:
mathematics
beliefs related to
solving tasks.
e.g., is it
important to
know several
ways to count
the number of
items in a set.

Cell 6:
mathematics
beliefs related
to evaluating
tasks. e.g., is
it important to
know which
solution
methods are
efficient.

Cell 7: beliefs
regarding
children and
mathematics.
e.g., believing
that young
children enjoy
learning number
concepts.

Cell 8: beliefs
regarding ways of
engaging children
with playful
mathematics. e.g.,
believing that adult
guidance can foster
the learning of early
number concepts.

Table 1: The Cognitive Affective Mathematics Adult Education (CAMAE)
Framework
Whereas for teachers, researchers referred to PCK, for adults, researchers refer
to knowledge needed for engaging children with playful mathematics
(henceforth, Mathematics Engagement Knowledge) (Cells 3 and 4). Thus,
instead of KCS, researchers refer to knowledge of content and children, such as
knowing that children aged three may not yet have acquired the cardinality
principle of counting; instead of KCT, researchers refer to knowledge of content
and playful learning, that is, knowledge of activities that can promote numerical
thinking. Researchers call the adapted framework for adults who are not
preschool teachers, the Cognitive Affective Mathematics Adult Education
(CAMAE) framework.
Each knowledge cell has a corresponding belief cell. Whereas for teachers,
researchers were interested in their self-efficacy for teaching mathematics, in
our research with adults, researchers were interested in their beliefs regarding
what mathematics children (and the adults who interact with them) should
know, and how children can engage with mathematics. That is, researchers
consider beliefs related to mathematics (Table 1, Cells 5 and 6) as well as
engagement beliefs, i.e., beliefs related to engaging children with mathematics
(Table 1, Cells 7 and 8).
BELIEFS REGARDING PRESCHOOL MATHEMATICS
Several studies investigated beliefs regarding the importance of learning
mathematics in preschool. Most studies found that both preschool teachers and
parents agree that mathematics should be and can be promoted in the years
before Grade 1 (e.g., Missall, Hojnoski, Caskie, & Repasky, 2015). That being
said, when comparing the importance of learning mathematics to other subjects,
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Vlassis and Poncelet (2016) found that first-year prospective preschool teachers
rated engaging with mathematics in preschool as less important than engaging
with language, arts, and psychomotricity. Similarly, some home day care
providers believe it is less important for young children to acquire mathematics
skills before entering kindergarten, than other social and academic skills
(Blevins‐Knabe, Austin, Musun, Eddy, & Jones, 2000). Furthermore, parents
and caregivers reported that mathematics activities at home occurred less
frequently than reading or other play. More specifically, it was found that
parents help their children learn language skills more than mathematics in both
everyday contexts, such as carrying out household chores, as well as during
more structured contexts, such as direct teaching (Cannon & Ginsburg, 2008).
Some participants claimed that teaching mathematics in preschool can hinder
social and emotional development. These beliefs are in contradiction with
educators’ recommendations for supporting early mathematics (Nguyen et al.,
2016).
Focusing on mathematical activities at home, Missall, Hojnoski, Caskie, and
Repasky (2015) listed 19 activities related to number and operations and asked
parents to rate how often they engaged their children with those activities.
Among the most frequent activities were counting aloud, counting out several
items from a larger group, and reading numbers. Among the least frequent
activities were skip counting, counting backwards, and comparing the number
of objects in two sets. Similar results were found by Skwarchuk (2009), who
also found that many parents incorporated numerical concepts during natural
settings at home.
Parents’ backgrounds might also be related to their beliefs and home
mathematical activities. For example, Chinese parents thought it was less
important to do mathematics at home, than American parents (Sonnenschein et
al., 2012). A different study found that middle socio-economic status (SES)
parents were more likely than lower SES parents to endorse embedding
mathematics in the children’s home routine (DeFlorio & Beliakoff, 2015).
Parents’ educational backgrounds were found to be positively correlated with
their attitudes towards mathematics, which in turn affected their home
numeracy practice (LeFevre, Polyzoi, Skwarchuk, Fast, & Sowinski, 2010).
Some studies found a positive relationship between parents’ beliefs of their own
mathematical ability and the types of mathematical activities they provide their
preschoolers (Blevins‐Knabe et al., 2000).
The aim of the present research is to investigate adults’ beliefs regarding
engaging young children in mathematical activities, in accordance with the
CAMAE framework described above. Previous studies investigated parents’
and home-care providers’ beliefs. Taking into consideration that grandparents,
aunts, uncles, and other adults may also engage children with mathematics
activities, this research includes adults who are not necessarily parents, as well
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as adults who have no specific current relationship with young children.
Specifically, researchers ask: (i) Is there a difference in beliefs regarding
engaging young children in mathematical activities between adults who have a
relationship with children between the ages of 3 and 6, and those who do not?
Considering that adult’s active engagement in mathematics during their daily
life might also be related to their beliefs, the second research question is: (ii) Is
there a difference in beliefs regarding engaging young children in mathematical
activities between adults that work in a mathematics related profession and
those who do not?
METHODOLOGY
Participants were 91 adults, between the ages of 20 and 60. Of the 91 adults
who participated, 30 reported working in a mathematics related profession, such
as mathematics teachers and engineers. The rest were teachers (not mathematics
teachers and not preschool teachers), psychologists, occupational therapists, and
municipal workers. A total of 58 participants stated that they have some
relationship with children between the ages of three and six years. Researchers
defined relationship as parent, uncle, aunt, grandparent, sibling, or other
connection deemed close to the child. Questionnaires were handed out
individually to the adults in the presence of the researcher.
A nine-Likert-scale questions were designed for this research. The range of the
scale was from 1 (I do not agree) to 6 (I fully agree). Table 2 presents the
questions and their relationship to the CAMAE framework. The first two
questions relate to general beliefs regarding children’s ability to learn
mathematics at an early age and their enjoyment in doing mathematics. While
previous studies investigated adults’ beliefs regarding the importance of
promoting mathematics at an early age, they did not address beliefs regarding
children’s enjoyment in doing so. Questions 3 and 4 are similar but have a
subtle difference. In Question 3, researchers ask participants if it is worthwhile
to engage children with number activities, but do not specify why it would be
worthwhile. In other words, participants may believe that it is worthwhile
because it can promote a positive attitude towards numbers. In Question 4, the
statement is more direct, specifically asking if playing with such games can
enhance children’s number knowledge. Question 5 addresses participants’
beliefs regarding general activities, and not necessarily those that deal with
number aspects. One may think of eating dinner as a general activity that does
not specifically deal with number concepts and ask themselves if such an
activity can invite engagement with numbers. Question 6 is again a rather
general question dealing with the importance of solving mathematical tasks. On
the other hand, Questions 7 and Question 8 deal with the importance of
evaluating solutions. Preschool mathematics educators have suggested that
evaluating solutions and comparing strategies is beneficial for preschool
children in learning number sense and examining relationships between
327

numbers (e.g., Linder, Powers-Costello, & Stegelin, 2011). Finally, Question 9
focuses on the benefit of an adult’s interaction. As can be seen from the
questions, this part of the research mainly focused on participants’ beliefs
regarding engaging children with mathematics. Researchers also avoided terms
such as instruction, and instead related to activities and games, suggesting a
playful approach.
Question

Framework

1. Children enjoy activities/games that deal with number aspects.

Cell 7

2. Children’s number knowledge can be promoted.

Cell 7

3. It is worthwhile to engage children with activities/games that deal Cell 8
with number aspects
4. Activities/games that deal with number aspects can increase Cell 8
children’s knowledge of number concepts.
5. Almost every activity/game can invite children to engage with Cell 8
aspects of number.
6. It is important for children to be able to solve number tasks in Cell 5
various ways.
7. It is important for children to be able to identify if a suggested Cell 6
method for solving a number activity/task is correct.
8. It is important for children to be able to choose appropriate ways for Cell 6
solving number activities/tasks.
9. Interaction between a child and an adult while engaging in an Cell 8
activity/game can increase the child’s knowledge of number.

Table 2: Relationship between beliefs questions and the CAMAE framework
RESULTS
In general, participants had positive beliefs regarding supporting children’s
engagement with various numerical activities (see Table 3). Participants were
less sure if every activity/game can invite children to engage with aspects of
number (Item 5) and less positive about the need for children to be able to
identify if a suggested method for solving a number activity/task is correct (Item
7). Researchers also note that Item 5 was the only item where responses ranged
from 1 to 6. It also had the highest standard deviation, inferring that participants
did not agree on this item.
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Relationship with children
Question Yes (N=58)

Mathematics related profession

No (N=33)

Yes (N=30)

No (N=61)

M (SD)

M (SD)

M (SD)

M (SD)

1

5.21 (.93)

5.27 (.98)

5.27 (.91)

5.20 (.98)

2

5.79 (.61)

5.73 (.57)

5.50 (.90)

5.90 (.30)

3

5.55 (.84)

5.70 (.59)

5.63 (.72)

5.59 (.78)

4

5.78 (.56)

5.76 (.56)

5.57 (.73)

5.87 (.43)

5

4.48 (1.27)

3.70 (1.48)

3.90 (1.37)

4.36 (1.38)

6

5.24 (1.01)

4.91 (1.01)

4.93 (1.02)

5.23 (1.01)

7

4.83 (1.14)

5.00 (1.00)

4.93 (1.02)

4.87 (1.13)

8

5.28 (.89)

5.15 (.80)

5.07 (.91)

5.25 (.93)

9

5.74 (.61)

5.67 (.78)

5.47 (.97)

5.77 (.64)

Table 3: General results of the beliefs questionnaire
An analysis of variance showed that the effect of working in a mathematics
related profession was significant to two items. Adults who were working in
mathematics related professions believed less in the promotion of early
mathematics (Item 2) than did adults in other professions, F(1,93) = 5.07, p =
.008, η2p =.102. Mathematics related professionals believed less that
activities/games dealing with number aspects can increase children’s knowledge
of number concepts (Item 4) than other adults (M=5.87, SD=.43), F(1,93) =
3.194, p = .046, η2p =.067. Regarding adults’ relationship with children, an
analysis of variance showed that adults with a relationship to young children
had a stronger belief that almost every activity/game can invite children to
engage with aspects of number (Item 5) than adults who did not acknowledge a
relationship with children, F(1,93)=7.249, p=.008, η2p =.075.
DISCUSSION
In this paper researchers introduced a framework for investigating adults’
beliefs regarding young children’s engagement with mathematics. Our
framework grew out of our work with preschool teachers. In answer to our first
research question, it was interesting to find that the beliefs of adults who have a
relationship with children hardly differ from those that do not have a
relationship with children. The one exception was that adults with a connection
to children had a stronger belief that almost every activity/game can invite
children to engage with aspects of number than those with no connection to
children. This may be due to having more experiences with children in their
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natural environment and the realization that even mealtime may give rise to
engagements with number concepts. Educators of adults, including preschool
teachers, may consider this result, and demonstrate how number concepts can
arise in almost every activity.
In answer to our second research question, researchers found that adults
working in mathematics related professions believed less in the promotion of
early mathematics and believed less that activities/games dealing with number
aspects can increase children’s knowledge of number concepts. Perhaps those
adults who have studied mathematics at the university level believe that
mathematics is a subject best learned formally in school. Perhaps this result is
related to those adults’ beliefs of mathematics as a domain. Yet, previous
studies that found parents’ who have a positive attitude towards mathematics
frequently engage their young children with number activities (LeFevre et al.,
2010). This is a question for further studies.
Previous studies recognized that parents ask their children questions such as,
how many? Or where is there more? However, it is also important for children
to know different ways for solving a problem and to evaluate given solutions
(Linder, Powers-Costello, & Stegelin, 2011). In fact, studies have shown that
some young children can evaluate other’s solutions, and can point out mistakes,
for example, in one-to-one correspondence (Tirosh, Tsamir, Levenson, &
Barkai, in press). A notable result of this research is that adults do believe that
these issues are somewhat important, but believe it is more important for
children to choose appropriate strategies than to be able to identify if a
suggested solution is correct. It could be that adults believe that evaluating
strategies is a task for a teacher, and not for children. Thus, it is important to
introduce adults to these types of activities and demonstrate how they can be
implemented in a playful way with children. The present research and studies
such as these can help plan appropriate interventions for adults, that may
motivate them to engage young children with number activities.
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We focused on both in-service elementary teachers’ (ETs) confidence about
their knowledge and the extent of their knowledge of the specific topic of
fraction division. The results revealed how these ETs’ confidence may or may
not be supported by their knowledge for teaching fraction division, a concept
they are expected to teach as part of the elementary school curriculum in China.
The results also illustrated the importance of specifying knowledge components
in mathematics in order to help further or support ETs’ confidence for
classroom instruction.
INTRODUCTION
Worldwide efforts to facilitate teachers’ learning of mathematics for teaching
have led to the increased emphasis not only on the mathematics training
provided through teacher preparation programs (e.g., CBMS, 2012), but also on
in-service teachers’ learning through teaching (e.g., Li & Huang, 2018). It is
generally perceived that Chinese mathematics teachers had superior
understanding of the school mathematics they teach (Ma, 1999). With the
inclusion of both novice and experienced elementary teachers in her study, Ma
indicated that “Chinese teachers begin their teaching careers with a better
understanding of elementary mathematics than that of most USA elementary
teachers’’ (p. xvii). However, the results from recent studies that involved
prospective elementary teachers in China did not seem to support the hypothesis
that prospective elementary teachers in China may have strong preparation in
pedagogical content knowledge (Li, Ma & Pang, 2008; Li et al., 2020). The
results obtained with Chinese prospective elementary teachers prompted us to
wonder what may happen to Chinese in-service elementary teachers, especially
with the dramatic changes in school mathematics and instruction happening in
China in recent years (Liu & Li, 2010). As part of a large research study of
elementary school teachers’ mathematical training, this paper focused on a
group of ETs’ confidence and knowledge of mathematics and pedagogy on the
topic of fraction division in China.
The topic of fraction division is difficult in school mathematics not only for
students (Li, 2008), but also for teachers (Li & Kulm, 2008; Simon, 1993).
Mathematically, fraction division can be presented as an algorithmic procedure
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that can be easily taught and learned as “invert and multiply.” However, the
topic is conceptually rich and difficult, as its meaning requires explanation
through connections with other mathematical knowledge, various
representations, or real world contexts (Greer, 1992; Li, 2008). The selection of
the topic of fraction division, as a special case, can provide a rich context for
exploring possible depth and limitations in in-service teachers’ knowledge in
mathematics and pedagogy. Specifically, this study focused on the following
two research questions:
(1) What is the confidence of in-service elementary school teachers
regarding their knowledge training for teaching?
(2) What is the extent of in-service elementary school teachers’ knowledge
in mathematics and pedagogy for teaching fraction division?
CONCEPTUAL FRAMEWORK
To be able to help students learn mathematics with understanding, teachers need
to have mathematics conceptual knowledge for teaching (MCKT; Li et al,
2020). By MCKT we mean topic-based conceptual knowledge packages that
are needed for understanding, explaining, as well as teaching specific
mathematics content topics with connections. It can be specified as containing
the following three topic-based knowledge components that can and should be
acquired by mathematics teachers:
(a) Having knowledge and skills directly associated with a specific content
topic;
(b) Being able to connect and justify the main points of a content topic,
and to place it in wider contexts;
(c) Knowing and being able to use various representations for teaching the
content topic, and being able to teach the relations between them.
Clearly, specific MCKT varies from one content topic to another. The task of
specifying MCKT is needed but enormous for different content topics.
Nevertheless, teachers’ acquisition of MCKT would enable them to develop a
profound understanding of mathematics content topics they teach as termed by
Ma (1999). Given the dramatic variations across mathematical content topics,
we focus on the MCKT that teachers would need to have for teaching fraction
division.
The conceptual complexity of the topic of fraction division is evidenced in a
number of studies that documented relevant difficulties pre-service and inservice teachers have experienced (e.g., Borko et al., 1992; Simon, 1993;
Tirosh, 2000). Although both pre-service and in-service teachers can perform
the computation for fraction division, it is difficult for teachers, at least in the
United States, to explain the computation of fraction division conceptually with
appropriate representations or connections with other mathematical knowledge
(Ma, 1999; Simon, 1993). Teachers’ knowledge of fraction division is often
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limited to the invert-and-multiply procedure, which restricts teachers’ ability to
provide a conceptual explanation of the procedure in classrooms (e.g., Borko et
al., 1992). Because the meaning of division alone is not easy for pre-service
teachers (e.g., Simon, 1993), fraction division is even more difficult (Li &
Kulm, 2008; Ma, 1999). The findings from previous studies help provide
specifics of these three components of MCKT as follows:
(a) Having knowledge and skills about fraction division, including
conceptual and procedural knowledge (e.g., Borko et al., 1992), and
solving problems involving fraction division (e.g., Greer, 1992)
(b) Mathematical connections and justifications of main points related to
fraction division, including fraction concept; addition, subtraction, and
multiplication of fractions (e.g., Ma, 1999; Tirosh, 2000)
(c) Representational variations and connections for teaching fraction
division such as explaining the computational procedure for “division
of fraction” with different representations (e.g., Li & Huang, 2008; Li
& Kulm, 2008)
The specifications of these three components of knowledge provided a
framework for the current study and served as a guideline for selecting items to
examine the extent of ETs’ knowledge and specific difficulties with fraction
division.
METHODOLOGY
Subjects
The participants were in-service elementary school teachers sampled from three
provinces and one major city in China. All of these provinces and city are
traditionally classified as developing areas located mainly in southwest of
China. 190 surveys were distributed, and 180 responses (returning rate: 94.7%)
were collected. All 180 responses (130 females, 44 males) are used for data
reporting, with 117 (65%) of responses self-indicated from schools located in
inner city, 16 (9%) responses from sub-urban, 40 (22%) responses from rural
areas, and 7 (4%) with no indication.
Instruments and Data Collection
A survey was developed for this study, containing two main parts with three
items for Part 1 and seven items for Part 2. Part 1 contains items on elementary
teachers’ knowledge of mathematics curriculum and their confidence in their
readiness for teaching. Part 2 has seven main items that assess elementary
teachers’ three knowledge components of MCKT on the topic of fraction
division. Most items were taken from previous studies (Li, Ma, & Pang, 2008;
Li et al., 2019), with some items adapted from school mathematics textbooks
and others’ studies (e.g., Tirosh, 2000). Given the limited page space, only three
items (note: each item containing two questions) from Part 2 and ETs’
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responses to these items are included for analyses to provide a glimpse of
sampled ETs’ confidence and MCKT.
It was impossible to conduct the survey with in-service teachers with specified
time and location. Thus, the survey was distributed and then collected the next
day from in-service teachers in many schools, and was given during teachers’
professional development session in a few other schools.
Data Analysis
Both quantitative and qualitative methods were used in analysing and reporting
the participants' responses. Specifically, responses to the items in Part 1 were
directly recorded and summarized to calculate the frequencies and percentages
of participants’ choices for each category. To analyse participants’ solutions to
the items in Part 2, specific rubrics were first developed for coding each item,
and subsequently, the participants’ responses were coded and analysed to
examine their solutions/answers.
RESULTS AND DISCUSSION
In general, the results showed interesting relationships between ETs’ confidence
and their mathematical knowledge for teaching fraction division, which
illustrates the importance of specifying knowledge components in mathematical
training in order to help further or support ETs’ confidence for classroom
instruction.
For ET’s confidence, the results from the survey indicated that (1) participating
ETs in China did not know well about their national curriculum standards in
general; (2) the majority of these ETs were confident in the knowledge needed
for teaching; and (3) they knew very well about selected topic placement in
mathematics curriculum. The results suggested that these ETs tend not to feel
over confident.
For specific knowledge components of MCKT, these ETs’ performance
revealed that their mathematical knowledge was sound in the content topic
itself, especially in the procedural aspect, and relatively weak conceptually in
connecting the content topic with other topics both mathematically and
pedagogically. The seemingly mixed results in their responses actually suggest
that these ETs’ confidence was built upon or supported by what they know that
can and should be specified in concrete terms or knowledge components. The
following sections are organized to present more detailed findings
corresponding to the two research questions.
In-service Teachers’ Confidence in Elementary School Mathematics
The following items are from Part 1 of the survey to illustrate ETs’ confidence
of their knowledge preparation needed for teaching, as related to fraction
division.
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For item 1: How would you rate yourself in terms of the degree of your
understanding of the National Mathematics Standards? On a scale of four
choices (High; Proficient; Limited; Low), 63% and 1% of the participants chose
"Limited" and "Low", respectively. Relatively smaller percentages of the inservice teachers felt to have high (3%) or proficient (33%) understanding of
their national mathematics standards.
For item 2-(2): Choose the response that best describes whether elementary
school students have been taught the topic – Multiplication and division of
fractions. On a scale of five choices (Mostly taught before grade 5; Mostly
taught during grades 5-6; Not yet taught or just introduced during grades 5-6;
Not included in the National Mathematics Standards; Not sure), 92%
participants indicated that the topic is “mostly taught during grades 5-6" (a
correct choice), and most of the remaining (3%) chose the first response
("Mostly taught before grade 5", a partially correct choice if only fraction
multiplication is considered). The results, in contrast to the participants’
response to item 1, suggested that these ETs know very well about the content
topic placement in mathematics curriculum, although the majority did not feel
confident in knowing about their national mathematics standards.
For item 3-(2): Considering your training and experience in both mathematics
and instruction, how ready do you feel you are to teach the topic of “Number –
Representing and explaining computations with fractions using words, numbers,
or models?” On a scale of three (Very ready; Ready; Not ready), 69% of the
participants thought they were "ready", while 21% chose “very ready,” and 7%
“not ready.” The results indicated that the majority of these ETs were confident
in their knowledge for teaching fraction computations, including fraction
division. There was also a small percentage of in-service teachers who are not
confident. The diversity in responses suggested the need of learning more about
their confidence and possible connections with their knowledge preparation.
Taking together, in-service elementary school teachers’ responses to the Part 1
suggested that these ETs in China tend not to feel over confident, although they
actually knew very well about some specifics. In fact, the results are consistent
with what has been reported about in-service mathematics teachers in East
Asian countries (Mullis et al., 2004) and China in specific (Li & Huang, 2008).
The consistency in the general response pattern between ETs in the current
study and in-service teachers in other studies suggested that culture likely plays
an important role in expressing confidence by teachers in East Asia including
China.
The Extent of i=In-service Elementary School Teachers’ Training in
MCKT for Teaching Fraction Division
These ETs’ responses to Part 2 allowed a closer look at the participants’ three
knowledge components of MCKT, especially on the topic of fraction division.
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Results indicated that these ETs do very well on items related to fraction
division computation and problem solving (MCKT knowledge component 1).
For example, for the problem “Say whether 9  2 is greater than or less than
11

9 3

11 4

3

without solving. Explain your reasoning.”, 98% of these ETs answered

the problem correctly (i.e., the first numerical expression is greater than the
second one). Among those who provided the correct answer, 78% did not use
fraction division computations and explained, “If the divisor is the smaller (and
the dividend is the same), the result of the division is bigger; 2/3 (8/12) is
smaller than ¾ (9/12)”. The other 17.2% used the computation rule for fraction
division (i.e., converting division into multiplication, then followed by
comparing 3/2 and 4/3) to reach the correct answer. 4 out of 180 respondents
(2.2%) used both methods. There were about 2.3% of those sampled in-service
teachers who either answered incorrectly or did not answer at all. They did not
infer further on what would be the result of division if the divisor was the
smaller.
Moreover, these ETs also had great performance in solving multi-step word
problems that involve fraction division. For example, 95% participants solved
the following problem correctly.
Johnny’s Pizza Express sells several different flavour large-size pizzas. One day, it
sold 24 pepperoni pizzas. The number of plain cheese pizzas sold on that day was
3/4 of the number of pepperoni pizzas sold, and 2/3 of the number of deluxe pizzas
sold. How many deluxe pizzas did the pizza express sell on that day?

Specifically, 42% used a multi-step computation method to get the answer (e.g.,
24 x ¾ =18, 18÷2/3 =27), about 49% used a combined computation method
(e.g., 24 x ¾ ÷ 2/3 =27), 2.2% adopted an algebraic approach to set up and solve
an equation for solution, and a few (about 1.8%) provided more than one
solution approach. About 5% of these respondents did incorrectly, resulting
from either computation errors (e.g., providing a computation as 24 x ¾ ÷ 2/3 =
36) or misunderstanding of the problem (e.g., providing a computation as 24 ÷
2/3 = 36).
For the knowledge component 2 of MCKT, ETs were asked to explain “the
meaning of fraction division, and how fraction division relates to other content
topics” that aims to assess their knowledge of fraction division and ability of
connecting and justifying possible association between fraction division and
other content topics. The results suggested that 82.3% provided one or more
correct explanations to the first sub-question. The common explanation
provided by 53.9% sampled in-service teachers is that “the meaning of fraction
division is the same as the meaning of the division of whole numbers, and if
knowing the product of two factors and the value of one factor, it is an operation
to find the value of the other factor”. 7.2% explained that “the meaning of
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fraction division is the same as the division of whole numbers”, and 9.4%
provided their answers as “if knowing the product of two factors and the value
of one factor, it is an operation to find the value of the other factor”. The rest
(17.8%) either indicated “don’t know” (6.1%) or did not answer this question
(11.7%). For the second sub-question, about 40% of them provided correct
answers, with 11.1% indicating “fraction division is an inverse operation of
fraction multiplication”, 10% explaining that “fraction division relates to
inverse number, e.g., if divided by a number equals to multiplying its inverse
number”, 5.6% indicating that fraction division relates to ratio, e.g.,
a
(b≠0), 0.6% with other explanation, and 12.6% providing two
a  b = a：b =
b

different explanations. There are about 60% sampled in-service teachers who
either provided incorrect explanation (33.8%), or no answer at all (26.1%).
There were several items used to assess ETs’ knowledge component 3 of
MCKT. As an example, ETs were asked to explain how to explain/teach given
computations of fraction division. In particular, the problem of “How would
you explain to your students why 2  2 = 1 ?; Why 2  1 = 4 ?” (adapted from
3

3

3

6

Tirosh, 2000) was included in the survey. For the first fraction division (i.e.,
explaining why 2/3 ÷ 2 = 1/3?), 98% provided valid explanations and the
majority (53%) relied on the meaning of fraction to provide their explanation as
“dividing a whole into three equal parts, each part should be 1/3, so 2/3 mean to
have two such parts. Dividing 2/3 into two equal pieces, so each piece should be
1/3.” 19.3% used drawings or a number line to explain, and 16% explained
using the fraction division algorithm, i.e., flip and multiply to get the answer.
There are about 9% sampled in-service teachers provided two or more different
explanations. For the second fraction division (i.e., explaining why 2/3 ÷ 1/6
=4?), 88% provided valid explanations but the dominant explanation (39.8%)
was based directly on the fraction division algorithm, that is, flip and multiply
to compute. The other 18.8% provided their explanations mainly as “changing
fractions so that they have the same denominator first, and then using the
meaning of fraction for solution”. 19.3% used drawings or a number line to
provide their explanations. A few (0.6%) used the first fraction division to help
explain the second fraction division as “based on the first fraction division 2/3 ÷
2 = 1/3, we can deduct why 2/3 ÷ 1/6 = 4 is correct. That is, keeping the
dividend 2/3 unchanged, when the divisor 2 is decreased 12 times to become
1/6, the original quotient 1/3 should be increased 12 times to become 4.” There
are about 4.6% respondents provided two or more different explanations. 6.1%
failed to provide correct explanations, with either incomplete explanation or
simply copying the question without explanation. Taking together, these ETs
did very well in explaining these two fraction divisions (98% and 88%,
respectively). Their explanations were dominant with an approach that relies on
either the meaning of fraction or the fraction division algorithm. Moreover, they
339

performed better in explaining a fraction divided by a whole number than a
fraction divided by a fraction.
The results from these ETs’ responses on MCKT items revealed their strengths
in many aspects of MCKT, as specified in the framework. However, ETs’
strengths across these aspects varied to a certain degree. It appeared that these
ETs have solid performance on items related to fraction division computation
itself, especially in the procedural aspect and problem solving, but relatively
weak conceptually in connecting the content topic with others both
mathematically and pedagogically.
CONCLUSION
The findings from this study helped shed a light on the relationships between
these ETs’ confidence and their mathematical knowledge for teaching fraction
division. Specifically, these ETs didn’t feel over-confident about their
understanding of national mathematics standards, but they knew very well about
the curriculum placement of selected content topics. They also had better
confidence in terms of their readiness to teach elementary school mathematics.
Such confidence was likely supported by their solid knowledge and skill
directly associated with fraction division, a knowledge component that is also
typically required for school students. At the same time, their relatively weak
performance on items that are conceptually demanding in mathematics or
pedagogy likely failed to support their confidence in readiness for teaching.
Such knowledge differentiations, as specified in the MCKT framework, help
provide an important and feasible lens for us to know the strength and weakness
of teachers’ knowledge. For the case of China in this paper, the results
suggested that ETs are likely strong on mathematics, somehow less on
mathematical pedagogy, and limited on connections of mathematical ideas
through their teaching practices and professional development. In turn, such
results helped illustrate what teacher professional development needs to do
more in mathematical and pedagogical training in order to help further or
improve ETs’ confidence and expertise.
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We investigated the development of interest in mathematics of pre-service
primary teachers (N=62) during the transition from school to university using
longitudinal data and examined whether their beliefs about the nature of
mathematics explained their future interest. One main result is that although
high correlations between dynamic beliefs (the process and utility aspects of
mathematics) and interest were found in each of three surveys, dynamic beliefs
did not predict future interest (in addition to prior interest). Instead of dynamic
beliefs, formalism beliefs formed an additional significant predictor of future
interest.
THE SECONDARY-TERTIARY TRANSITION
The transition to university brings many changes and is often perceived as a
stressful endeavour (Gueudet, 2008). Many students feel that mathematics has
changed without being able to handle this new form of mathematics. A
fundamental change refers to what Tall (2008) calls the formal world.
Definitions, logic, and proofs are new to most students, whereas calculations
now play a minor role. In particular, dealing with proofs is difficult for students
and may negatively impact their interest in mathematics. Consequently, many
students lose interest during the transition (Rach & Heinze, 2017). Interest and
beliefs may be helpful concepts to understand the psychological side of this
transition. In particular, analysing their relationship may help understanding
why some students struggle more than others.
We focus on primary teacher education that has some commonalities with
secondary teacher education like the new role of formalism and proof.
Mathematics in primary teacher education is less formal than in secondary
teacher education. Unlike in school, however, even the primary teachers’
mathematics courses emphasise argumentation and reasoning not only in the
lectures but also in the homework. This work completes earlier analyses
presented at PME (Liebendörfer et al., 2014).
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INTEREST AND BELIEFS
We use Krapp’s (2005) interest concept, in which interest is defined as a
motivational person-object relationship, which is rather stable over time.
Interest is specific to a person, but, unlike other motivational concepts, it is also
specific to a (mental) object which, in our case, is mathematics. Interest has a
cognitive component, which refers to a high personal value, and an emotional
component related to positive affect.
Interest has gained importance as a predictor of good learning processes, such
as the use of deep learning strategies, effort, and good learning outcomes, as can
be shown across various disciplines and settings (Krapp et al., 1992; Köller et
al., 2001). Pre-service primary teachers have reported low interest in
mathematics. In a study by Abel (1996), pre-service primary teachers’ interest
scores (N=171) were about one standard deviation (SD) below the theoretical
mean of the scale and considerably lower than the interest scores of pre-service
secondary teachers (N=36) who had opted for mathematics as the subject of
their future teaching careers. Whereas in higher secondary teacher education,
interest declines during the transition (Rach & Heinze, 2017), this is not the
case in lower secondary teacher courses that focus less on formalism
(Liebendörfer & Schukajlow, 2017).
We use Grigutsch et al.’s (1998) concept of beliefs on the nature of mathematics
that distinguishes four dimensions: The process aspect describes mathematics as
a vivid field of trial and discovery. The utility aspect emphasises the usefulness
of mathematics in everyday life. The formalism aspect characterises
mathematics by logic, proof, and abstraction. Finally, the toolbox aspect
describes mathematics as the application of routine skills, formulae, and
standard procedures (see also Table 1). The first two aspects are rather dynamic
whereas the last two aspects reflect a rather static view on mathematics.
Dynamic beliefs are often favoured over static beliefs because they emphasise
opportunities for learning and improvement. They are further positively
correlated with students’ interest, whereas toolbox beliefs are negatively
correlated (Baumert et al., 2000). Beliefs generally affect the way we
experience and deal with new mathematics. In particular, improper beliefs may
be seen as one reason for the decline of interest during the transition
(Daskalogianni & Simpson, 2001) and beliefs that fit to the new mathematics
students are presented may help them taking interest (Liebendörfer &
Schukajlow, 2017). Thus, the static formalism beliefs may also be important for
students’ interest development during the transition as they may help them
understanding new elements like the role of axioms and definitions.
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RESEARCH QUESTIONS AND DESIGN
Our main aim is to describe how pre-service primary teachers’ interest in
mathematics develops in the first semesters at university and whether beliefs
about the nature of mathematics may explain this development.
RQ1: How is pre-service primary teachers’ interest connected to their beliefs?
RQ2: How do interest and beliefs change during the first year at university?
RQ3: Do beliefs serve as a predictor of future interest?
Design of the Study
We used data from the KLIMAGS-project (Blum, Biehler, & Hochmuth, 2014)
collected at Kassel University. There, mathematics courses are compulsory for
all pre-service primary teachers. The data were collected in the first (T1) and
last lectures (T2) of a course on arithmetic during the students’ first semester.
The third survey was collected at the end of a course on geometry (T3) during
the students’ second semester in which they also took a course on the didactics
of arithmetic. These paper-and-pencil surveys were collected over two
consecutive years to gain a reasonable sample size. The sample consisted of
N=62 pre-service primary teachers who participated at all three time points, 57
of whom were female. They were on average 21.75 years old (SD 5.06) and all
but two were first-year students.

 (T1-T3)

Scale

Items

Interest in
Mathematics

6

I am not interested in mathematics.
(reverse scoring)

.74 / .81
/.78

Utility
Beliefs

4

Mathematics is helpful for solving everyday
tasks and problems.

.79 / .74
/.71

Process
Beliefs

4

Mathematics thrives on inspiration and new
ideas.

.80/ .80
/.74

Formalism
Beliefs

7

Clarity, accuracy, and uniqueness are features of
mathematics.

.63 / .68
/.76

Toolbox
Beliefs

5

Mathematics is a collection of procedures and
rules that specify exactly how to solve tasks.

.47 /.46
/.50

Example

Table 1: Scales and their reliabilities
To measure interest and beliefs, well-tested Likert scales were taken from other
projects and were modified slightly if needed (words were adjusted; e.g.
“university” instead of “school”). To measure interest, we used Rheinberg &
Wendland’s (2000) scale; to measure beliefs, we took Grigutsch et al.’s (1998)
scales from the COACTIV (Baumert et al., 2009) version with a 6-point format
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(1=not at all, 6=exactly). Reliabilities (Cronbachs ) ranged from poor to good,
see Table 1. In particular, the toolbox scale had a low reliability. For the sake of
completeness, we included this scale; however, results concerning toolbox
beliefs should be handled cautiously.
RESULTS
We analysed data from a subgroup of the first-year pre-service primary
teachers; namely, those who answered all three surveys. Using Levene’s tests
and t-tests to compare the variances and means of the reported constructs, we
found no differences between this subgroup and students who missed one of the
three tests and had thus been excluded from further analyses (p>.10 in each
case). The means (SDs in parentheses) of the different constructs are displayed
in Table 2. We found that the interest values were below the theoretical mean of
the scale (3.5).
T1

T2

T3

Interest in Mathematics

3.36 (0.83)

3.07 (0.92)

3.15 (0.80)

Beliefs: Utility Aspect

4.59 (0.79)

4.03 (0.88)

4.35 (0.75)

Beliefs: Process Aspect

4.27 (0.91)

3.99 (0.95)

4.13 (0.88)

Beliefs: Formalism Aspect

4.21 (0.65)

4.29 (0.68)

4.26 (0.66)

Beliefs: Toolbox Aspect

4.12 (0.66)

4.13 (0.64)

3.93 (0.61)

Table 2: Means and standard deviations of interest and beliefs
For RQ1, we found significant correlations between interest and both dynamic
beliefs and toolbox beliefs on each survey. However, there were no statistically
significant correlations between interest and formalism beliefs. The correlations
between interest and the different aspects of belief are displayed in Table 3 for
each time point.
Correlation between interest and …

T1

T2

T3

r

p

r

p

r

p

… Beliefs: Utility Aspect

.46

<.001

.50

<.001

.47

<.001

… Beliefs: Process Aspect

.52

<.001

.52

<.001

.50

<.001

… Beliefs: Formalism Aspect

-.10

.444

-.11

.393

.04

.758

… Beliefs: Toolbox Aspect

-.13

.308

-.28

.026

-.31

.013
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RQ2 asks for the development of interest and beliefs. Interest was a stable
construct in our study. Correlations were .66 (both T1-T2 and T2-T3) and .60
(T1-T3). The beliefs were also rather stable; correlations ranged from .44 to .59
(T1-T2) and .37 to .43 (T1-T3). The changes in mean scores of both interest and
beliefs can be derived from Table 2.
Between T1 and T2

Between T2 and T3

p

t(df=61)

d

p

t(df=61)

d

Interest in Mathematics

.003

3.14

.33

.423

-0.81

.09

Beliefs: Utility Aspect

<.001

5.95

.67

.003

-3.08

.39

Beliefs: Process Aspect

.006

2.85

.30

.227

-1.22

.15

Beliefs: Formalism
Aspect

.249

-1.17

.12

.706

0.38

.04

Beliefs:
Aspect

.744

-0.33

.12

.017

2.45

.32

Toolbox

Table 4: Significance values, t-values, and effect sizes
Results of paired samples t-test for these differences and the effect sizes
(Cohen’s d) are shown in Table 4. There was a considerable decline in interest
as well as in dynamic beliefs during the first semester, followed by a slight
recovery in the second semester. Static beliefs were less affected; only toolbox
beliefs decreased in the second semester.
Effect on interest at T2
β

p

Pre-Interest

.615

Beliefs: Utility Aspect

Effect on interest at T3
β

p

<.001

.666

<.001

.149

.297

-.088

.444

Beliefs: Process Aspect

.093

.462

-.089

.410

Beliefs: Formalism
Aspect

-.168

.326

.292

.013

Beliefs: Toolbox Aspect

.168

.310

-.094

.464

R²

.47

Table 5: Results of linear regressions.

RQ3 was to investigate, whether beliefs could predict students’ future interest.
We calculated a linear regression and took interest and beliefs at T1 and T2 as
independent variables to predict interest values at T2 and T3 respectively. In a
simple linear regression using interest values only, the explained variance of the
dependent variable (R²) was .44 at T2 and .43 at T3. Including beliefs increased
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R²

.50

the R² to .47 and .50 for T2 and T3, respectively (cf. Table 5). The additional
variance in interest explained by beliefs was rather low and not significant in
the first semester. In the second semester, formalism beliefs explained an
additional 7% of the variance in future interest.
DISCUSSION
Answers to the Research Questions
In terms of their general level, the students in our study had little interest in
mathematics. This result compares to other findings and fits the idea that
primary teachers often have a stronger pedagogical than content-specific (e.g.
mathematical) interest (Abel, 1996). In addition, at Kassel University,
mathematics courses were compulsory for pre-service primary teachers.
The answer to RQ1 is that the correlations between beliefs and interest during
secondary school were positive for the two dynamic aspects (utility, process)
and negative for formalism beliefs. The correlations of interest and beliefs even
appeared to be slightly higher than those reported by Baumert et al. (2000). The
answer to RQ2 for the development of beliefs and the interest in mathematics of
pre-service primary teachers over the first year at university is threefold. For
interest and dynamic beliefs, a strong decline was followed by a weak recovery.
Toolbox beliefs decreased in the second semester, whereas formalism beliefs
were constant. To answer RQ3, modelling the influence of interest and beliefs
on future interest surprisingly revealed no effect of dynamic beliefs but a
significant positive influence of formalism beliefs.
How can this development and the predictive power of beliefs be explained?
Students’ loss of interest is similar to the loss of interest reported for future
higher secondary teachers (Liebendörfer, 2018; Rach & Heinze, 2017). An
important reason for their loss of interest lies in the restrictions in students’ selfdetermination. Formal mathematics requires competencies in handling symbols
and working with definitions, that cause students problems in solving their tasks
and it may even become difficult to understand the task itself. In such situations,
competence and autonomy are hard to perceive (Daskalogianni & Simpson,
2001; Liebendörfer, 2018); however, they are necessary for a positive interest
development (Krapp, 2005). Students who share a more formal view on
mathematics may better handle the “formal world” (e.g. proving theorems) at
this point and see its elegance and use. The changes in the second semester
might then be an adaption of the students to the new situation. Our data thus
underline the idea that beliefs that fit the mathematics addressed in future may
help taking interest (Schukajlow & Liebendörfer, 2017).
Strengths, Limitations and Practical Implications
One strength of our study is the longitudinal sample that revealed differences
between correlations and predictors. One limitation is that it is possible that
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more interested students have a greater willingness to participate in the testing
thus affecting the results. We should further mention that our study could not
cover students’ prior knowledge, performance, and other motivational factors,
which most likely interact with interest and its development.
Our results shed some new light on interventions, which mainly focus on
dynamic beliefs (e.g., Grootenboer, 2008). Formalism beliefs should not be seen
as something obstructive but can also help students take an interest in
mathematics.
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INTRODUCING PROBLEM SOLVING TO A CULTURE OF
LONGSTANDING HISTORY OF MEMORISATION
Mariam Makramalla
University of Cambridge
In light of the ongoing radical national curricular reform agenda, this research
aims at investigating Egyptian teacher readiness to embrace a shift away from
traditional instruction and towards the integration of mathematical problemsolving in the context of their daily instruction. Grounded on the Task Analysis
Guide, the research maps out results of four mathematics teacher focus groups
all centered around mathematical problem-solving task classroom integration
schemes. Results confirm the anticipated gap between the national vision of the
reformed mathematics classroom and the likely implementation of the reformed
curricular agenda as reported by the teachers. The research calls for a
contextualized approach to the distribution of the reform agenda.
INTRODUCTION
Multiple scholars have contended a repeating historical pattern of educational
reform initiatives proceeding from a time of political turbulence (Burde, Kapit,
Wahl, Guven & Skarpeteig, 2017). Cohen and Ball (1999) argue that for such
reform initiatives to be effective, it is important to fully capture the history and
cultural identity of a given learning context (Cohen & Ball, 1999). This research
particularly focuses on the case of the Egyptian system reform in mathematics
education which has been recently introduced by the Ministry of Education
(MOE). It explores how this reform is locally and contextually perceived.
In the recent years, ongoing national and international collaboration schemes
are operating to serve the purpose of a complete system level reformation in the
national schooling curriculum (MOE, 2019). Part of this reform targets to
incorporate the element of problem-solving into the national mathematics
curriculum (MOE, 2019). The reform is reported to present a radical shift away
from the longstanding teaching culture of memorization (Megahed, 2017). This
research seeks to investigate the readiness of ground level practitioners to
embrace the reformation, which is mainly administered by the MOE. The study
of ground level acceptance to hierarchically imposed reform in mathematics
education is relevant because of its transferability to other high distance power
relation learning contexts.
LITERATURE REVIEW
The relationship between education and power has received substantial attention
in scholarship. Multiple scholars (Apple, 1982; Arendt, 1993; Kupfer, 2015)
have reflected on the Weberian view which envisions education as a tool of
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control and governance in the hands of policy makers. Literature on power and
education in the Egyptian context has asserted the Weberian perspective
(Hargreaves, 2006; Megahed, 2017). Naguib (2006) argues that educational
schemes in Egypt serve the purpose of creating and re-creating a culture of
despotism. In his works, he investigated the different hierarchical stages of the
Egyptian educational system, arguing for the educational schemes to be created
and communicated by decision makers at every level of the hierarchical ladder
with the target of sustaining power distances and re-creating a culture of
oppression (Naguib, 2006). According to Naguib (2006), school leaders lack the
decision-making autonomy. This sense of oppression is cascaded all the way
down across the schooling hierarchy.
In their reflections on mathematics curricular reform initiatives in the past three
decades, Cohen and Ball (1999) acknowledge the incapacity of mere curricular
reform and teacher training initiatives to capture the full contextual complexity
needed in order to achieve enduring and sustainable improvement in students’
mathematical classroom experiences. According to the Cohen and Ball (1999),
schools are complex social institutions and a shift in the teaching mindset is
only possible when buy in to the reform initiative is established at all levels of
the schooling enterprise.
With these perspectives in mind, and in view of the national mathematics
curricular reform launched by the MOE in Egypt, this research seeks to
investigate the ground level contextual buy in of Egyptian teachers to a
hierarchically channeled (Al-Ashkar, 2018) reform agenda. The research
addresses the following research question:
•

In light of the ongoing government-led mathematics education system
reform initiative, which targets a shift towards mathematical problemsolving, how do Egyptian mathematics teachers relate to a problemsolving oriented lesson structure?
To study the integration of mathematical problem-solving into the classroom
context, researcher found the work of Stein, Smith, Henningsen, and Silver
(2000) to be of significant relevance. As part of a wider mathematics education
system reform project, Stein et. al. (2000) observed mathematics classrooms,
where problem-solving was incorporated into teachers’ daily practices. Based
on their observations, Stein et al. developed a schematic to evaluate this
integration process. They differentiated between two stages of classroom
integration; namely the setup stage and the implementation stage (Figure 1).
The former refers to the timeframe prior to students’ commencement of
working on the task along with the approach the mathematics teacher adopts
during this time. The latter refers to the timeframe where students are actively
engaged with the task and the approach the teacher adopts during this time.
Stein et al. (2000) argue that both stages of the mathematical problem-solving
task integration are tightly related (Figure 1). In other words, it is unlikely for
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students to experience the mathematical task as a problem-solving task during
the task implementation stage if already at the setup stage, the teacher has
reduced the task complexity by, for instance, providing the necessary procedure
for solving the task.

Figure 1. Two-stage problem-solving task classroom integration scheme
In their wider study, Stein et al. (2000) present the Mathematical Task Analysis
Guide as a framework to evaluate mathematical tasks. They distinguish between
four types of mathematical tasks, namely ‘memorization tasks’, ‘procedures
without connection tasks’, ‘procedures with connection tasks’, and ‘doing
mathematics tasks’ (Stein et al., 2000, p.20). The four task types vary in view of
their cognitive level demand. At one end of the cognitive level demand
spectrum, memorization tasks are mostly straightforward and simplistic. On the
other end, the tackling of ‘doing mathematics tasks’ requires conceptual
understanding, inquiry into the unknown, going through a process of constant
re-examination of suggested solution approaches and pattern matching.
Researcher chooses to refer to the ‘doing mathematics tasks’ as ‘problemsolving tasks’ for the purposes of this research, due to their high resemblance
with described problem solving task features in literature (Callejo & Villa,
2009; Stylianides & Stylianides, 2014). In my investigation, researcher relies on
Stylianides and Stylianides’s (2014) definition of problem-solving, which in
turn relies of Callejo and Villa’s (2009) definition of a problem situation. In
accordance with this view, the act of problem-solving is envisioned as finding a
solution to a situation where there is little immediate access to a process that
relates the data available to a required unknown.
In this research, researcher investigates how Egyptian mathematics teachers
relate to the integration scheme of a given mathematical problem-solving task.
Researcher bases the investigation on the depicted two-stage classroom
integration scheme (Figure 1). Based on the analysis of the task setup and task
implementation stages, researcher then utilize the Task Analysis Guide to map
the likely mathematical task experience that would result from teachers’
reported classroom integration choices.
METHODOLOGY
This work adopts a multiple case study methodology, reporting results of a
sample of four case studies: Each comprising a teacher focus group. Each focus
group incorporates a group of teachers that teach mathematics at the same
school. All schools that took part in this research are schools that adopt the
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national curriculum of mathematics and that are subjected to the suggested
reform initiative reported earlier. All schools that took part in this research have
been operating the highly centralized, highly traditional, memorization oriented
national mathematics curriculum (Naguib,2006) at least for the past 30 years.
The aim was to uncover how mathematics teachers, that are expected to
radically shift from a longstanding history of traditional instruction, relate to
mathematical problem solving when integrated in everyday practice. The wider
study, from which this work is derived, also explores how group power
dynamics – particularly in a collective Middle Eastern culture (Al-Omari,
2003)- influence the choice of buy in to problem-solving, being a foreign
method of classroom mathematical task integration; hence the choice of focus
groups as a data collection method.
The following three-stage data collection protocol was replicated across the four
case studies. Firstly, teachers were provided with a mathematical problemsolving task and were given an open timeframe to grapple with the task. The
task was then discussed in the group. Afterwards, researcher presented different
approaches to tackle the task, each ascribing to a different level of mathematical
cognitive demand as reported in the Task Analysis Guide (Stein et. al., 2000).
Secondly, after being presented with the task and the various suggested
approaches for addressing it, teachers were asked to each design their own
lesson plan, outlining how they would integrate the presented task into the
context of their daily instruction. Thirdly, the group was provided with three
narrative scenarios, each presenting a different classroom integration approach
of the same mathematical problem-solving task. The group discussion of the
narrative scenarios was guided by a set of questions, which are theoretically
grounded in the two-stage problem solving classroom integration framework
(Stein et.al.,2000). The idea was to triangulate between an inductive and a
deductive data collection activity (devising lesson plans and reflecting on
narrative accounts of lesson plans) in order to ensure higher validity of results
and to more holistically capture how teachers relate to a mathematical problemsolving task in view of their daily contexts of instruction.
The mathematical task, that the data collection activity has been centered
around is reported by Stein et al. (2000) as being a highly demanding problemsolving task. Hence, in view of the problem-solving oriented national reform
initiative, this task could be considered as a sample mathematical task which
Egyptian teachers would be asked to integrate in their daily practices. The
narrative scenarios present a culturally contextualized version of the narrative
scenarios outlined by Stein et al. (2000). Setup and implementation of the same
mathematical problem-solving task vary in each scenario, resulting in a
different classroom experience of the task in every narrative.
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DATA ANALYSIS AND RESULTS
Reported lesson plans as well as reported feedback to the three narratives were
captured for each case study (schools S1-S4). Repeating trends were captured,
coded, and mapped in view of the mathematical task features reported in Stein
et. al.’s (2000) Task Analysis Guide (Table 1) which acts as an analytical
framework of this research (Robson, 2000). Table 1 presents the resulting
coding scheme. It adopts the frequency count analysis (Yin, 2009) to denote the
most frequent patterns reported in the datasets of each case study with an X.
The mapping against the Task Analysis Guide features targets to unravel the
likely classroom task experience for every case study. To ensure validity of the
results (Yin, 2009), multiple case study results (of schools with a similar history
in a culture of memorization-based instruction) are cross compared. Table 1 also
maps the results across the cases against the two-stage classroom integration
scheme (task setup and task implementation) (Stein et. al., 2000).
Mathematical Task Integration Stage
I.

Setup Stage

Findings from
schools
S1 S2 S3 S4

Task Analysis
Guide Mapping

I.1 What are students expected to do?
1
2
3

Reproduce memorised knowledge
Adopt an already provided procedure
Relate to presented conceptual knowledge

4

Develop a yet unknown approach

X

X

X

X

Memorisation
Procedure
Connection
Problem Solving

I.2 How are students expected to do it?
1
2
3
4
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Compete against each other to recall a memorised
method
Follow the steps outlined by the teacher
Make use of conceptual knowledge
Construct knowledge by connecting peers’ input in
order to collectively develop the approach to solve a
mathematical problem

X

X
X
X

Memorisation
Procedure
Connection
Problem Solving

II. Implementation Stage

S1

S2

S3

S4

II.1 The target of working through the task
1
2
3
4

The task is worked through with the target of recalling X
a memorised method
The task is worked through as a means to practise a
studied procedure
The task is worked through as an application of
familiar concepts
The task is worked through as a challenge to discover
new knowledge

Memorisation
X

X

X

Procedure
Connection
Problem
Solving

II.2 The Meaning Making Process
1
2
3
4

The teacher equips students with the capacity to use
memorised procedures
The teacher equips students with as many
X
mathematical procedures as possible
The teacher draws on conceptual connections
The teacher facilitates a process of continuous inquiry
to solve the task

X

X

Memorisation
Procedure

X

Connection
Problem
Solving

II.3 The Task Ownership
1
2
3
4

The teacher is the sole owner of the task
X
The teacher tightly controls the student exploration
process
The teacher guides students as they explore the task on
their own
The teacher avoids offering input as it is viewed as
disrupting students' independent exploration

X

X

X

Memorisation
Procedure
Connection
Problem
Solving

II.4 The Time Management
1
2
3
4

Any lesson time allocated for student exploration is
considered wasted time
Minimal time is dedicated to independent student
exploration
The lesson time is split into teacher explanation
followed by student application
Most lesson time is dedicated to independent student
exploration

X

X
X
X

Memorisation
Procedure
Connection
Problem
Solving
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I. 3 What resources are the students provided with?
1
2

The worked through sample task
The presentation of a mathematical procedure

3
4

The presentation of a mathematical concept
The announcement of the problem without further
supporting information

X
X
X

X

Memorisation
Procedure
Connection
Problem Solving

Table 1: Mapping and across analysis of results
DISCUSSION
Table 1 shows how across the four schools, there were very little traces of the
teachers setting up for- and implementing the task in such a way that its
cognitive demand on problem solving (code 4) gets maintained and fully
experienced in the classroom. Instead, teachers consistently, in almost all focus
groups, seemed to prefer providing students with clear instructions on how to
solve the task already at the setup stage (Table 1-I.1). Across all focus groups,
teachers unanimously expressed that the implementation of the task was the role
of the teacher and that students were viewed as passive recipients of the task
implementation process (Table 1-II.3). Students were only given the chance to
work on a mathematical task themselves once a similar task has already been
presented by the teacher. In two of the focus groups (S1 and S2), there were
traces of teachers emphasizing the importance of the establishing conceptual
connections in relation to the mathematical task (Table 1-I.3). The wider focus
group discussion revealed that in these cases, the task was used as a tool to
explain a mathematical concept, hence the connection making element would be
entirely performed by the teacher.
In line with Cohen and Ball (1999), the results in Table 1 confirm the incapacity
of a reformed curriculum to alone penetrate the contextual barrier of school
micro-cultures that have a longstanding history of traditional instruction. This
research suggests that, beyond the efforts exerted in reforming the mathematics
curriculum, the national roadmap needs to incorporate locally feasible
implementation initiatives tailored to suit the unique and complex reality of
every school microculture.
Beyond the case of Egypt, the research offers a framework for studying ground
level buy in to mathematics reform initiatives in similar high-power contexts. It
also sheds light on how problem-solving is perceived in the Middle Eastern
culture. This understanding is particularly relevant, considering the growing
global representation (Burde et al., 2007) of the Middle Eastern culture in
classrooms around the world.
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THE SEMIOSPHERE LENS TO LOOK AT LESSON STUDY
PRACTICES IN THEIR CULTURAL CONTEXT: A CASE
STUDY
Carola Manolino
University of Turin
This paper presents an experience of Lesson Study involving primary school
teachers in a school in North Italy. Researcher will show how Lotman’s
Semiosphere construct can be used to analyze cultural and semiotic aspects of
Lesson Study practices inserted in the Italian cultural context, as practices
intended to enhance collaboration among teachers and their critical thinking on
professional issues. Researcher will also show how this analysis may
complement another analysis, performed in the perspective of the Chevallard’s
Anthropological Theory of didactics, and concerning the institutional aspects of
the Lesson Study experience.
INTRODUCTION
To meet the new challenges of mathematical education related to changes in
workplaces and more generally in society, the OECD “Teachers Matter” report
defines “teacher quality” as the “most important school variable influencing
student achievement” (OECD, 2005, p.2). In Italy, the National Plan for the
Professional Development of Teachers, scheduled for 2016-2019 but still in
force, considers the professional development of in-service (and pre-service)
teachers “compulsory, permanent and structural” by law. In particular, the plan
aims “to promote reflective thinking and collaboration” in all its forms.
The Lesson Study methodology (LS) can be considered one of the teachers'
professional development methodologies suited to meet the Italian institutional
requirements. Indeed, LS is “a teacher professional development approach,
originating in Asia” (Huang, Takahashi, & da Ponte, 2019, p.3), that focuses on
collaboration and co-responsibility. As Hummes, Font, and Breda (2018, p.69)
exhaustively explain, we can consider LS as “a very broad and non-guided
reflection phase of the professional development of mathematics teachers”. A
LS cycle is constituted of three consecutive moments: planning a lesson in a
given class, teaching and mutual observation, and discussion. After this last
moment, the LS working group can choose to start the cycle again for a new
class. Within this cycle teachers are led, and in this free, to reflect for an
improvement of the teaching and learning process of mathematics. We may
observe that the need for a practice like LS is even stronger when teachers need
to face the contradiction between current beliefs and new ideas. This
contradiction must be resolved over time in a supportive community with
mutual trust and respect. LS stimulates precisely an openly critical dialogue
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among educators about the teaching and learning processes collectively
observed.
Besides, international studies such as the OECD-PISA surveys encourage each
of us to compare deal with the results of other countries, especially in the area
of mathematics, and to study teaching and teacher professional development
practices that are at the heart of the educational success of these countries,
analyzing whether and how there can be a correlation between student learning
and teacher professional development. However, studies like those by Kim,
Ferrini-Mundy, and Sfard (2012) or Bartolini Bussi and Martignone (2013),
suggest that teacher professional development is not the only element that
affects the quality of student learning: We must take into consideration the
cultural aspects that have an impact on teacher professional development, on
teaching and and learning. In this perspective, my purpose is to study Lotman's
Semiosphere construct (Lotman, 1990) as a theoretical lens – prospectively
networking with others – to read the cultural aspects in teachers' practices.
Hence, my research questions are as follows: How and which aspects of
teachers' culture, relevant for their own professionality, are highlighted by the
Semiosphere? Which elements of the Semiosphere are effective in analyzing
teachers' practices?
The semiotic space is my main unit of analysis, specifically researcher will
investigate how teachers’ collective practice are observable in it within a LS
experience: Since, as Geoffrey Saxe (2014) states, it is within collective
practices where we can identify firmly the relationships between culture and
cognition, and therefore between culture and reflection.
THEORETICAL FRAMEWORK
In the literature in mathematics education the systemic aspects (Font, 2002,
pp.143-156) concerning the links between teaching and learning practices and
organization and social constraints are the subject of important theoretical
elaborations, in particular that of Yves Chevallard. His object of study is a
ternary relation: the didactic system (students, teacher, mathematical
knowledge), which cannot be understood except in relation to the (external)
environment that surrounds it, the teaching system and society. The relationship
between the system and its surroundings passes through the process of didactic
transposition that converts scholarly knowledge, initially into knowledge to be
taught and then into taught knowledge - and finally into learnt knowledge. The
“intermediate area between the teaching system and society” is the space that
Chevallard (1981, p.8) defined as “the noosphere: (the sphere where one thinks)
about the teaching system”. Bosch and Gascon (2006) warn us, however, that it
can happen that the school may lose the logic of the knowledge to be taught, i.e.
the questions that motivated the creation of this knowledge, stopping at the
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lowest levels of what Chevallard has defined as didactic co-determination
(Figure 1).

Figure 1: Didactic and mathematical co-determination levels (Bosch & Gascon, 2006,
p.61).

In-service teachers' professional development, focused on critical reflection and
on experiences of sharing, thinking, and collaborating, are aimed at awakening,
or renewing the knowledge to be taught. Each choice, each element living
within the didactic and teaching system, is dictated by one (or many) in-depth
reflection on the way this content is structured and taking into account the
conditions and constraints posed by the different levels of co-determination
during the didactic transposition process. However, since I could not leave aside
the cultural and semiotic aspects – since, furthermore, in mathematics the signs
are themselves objects of mathematics –, researcher attempted to verify if in the
perspective of Lotman’s semiotics of culture there could exist theoretical tools
suitable to account for these aspects.
According to Lotman (1990), semiotic knowledge is embedded in culture, that
is a complex system of signs. Studying semiotic aspects, we study the
correlation between the different sign systems that constitute culture. Moreover,
the systems do not present elements in isolation, but are always immersed in a
homogeneous semiotic continuum. In this way the idea of culture explains the
necessary notion of dependence and reciprocity between systems in which the
necessity of the other (another person, another culture) is fundamental. To
express it, Lotman coins the term Semiosphere:
As an example […], imagine a museum hall where exhibits from different
periods are on display, along with inscriptions in known and unknown
languages, and instructions for decoding them; […] imagine all this as a single
mechanism (which in a certain sense it is). This is an image of the
Semiosphere. […] all elements of the Semiosphere are in dynamic, not static,
correlations whose terms are constantly changing. (Lotman, 1990, pp.126-127)

Lotman's semiotics differs from the others (Peirce, Eco, Greimas) because,
instead of using unity (sign) as a primary element of study, he believes that only
a global understanding of the culture system can lead to the recognition of the
units that make it up. The smallest functioning mechanism of the process by
which an expression takes on the value of a sign, the unity of semiosis, is not a
separate element but the entire semiotic space of the culture in question. In
particular a specific culture (e.g. the Italian culture of teaching-learning
mathematics, in our case) is a semiosphere that lives immersed in the global “all
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cultures” semiosphere and it can exist as a system only in relation to the cultures
with which it continuously exchanges cultural elements: In this sense “it seethes
like the sun” (Lotman, 1990, p.150). The internal translation (in its semiotic
meaning) currents express the asymmetric character of the Semiosphere. In
fact, "besides the structurally organized language, [the semiosphere] is crowded
with partial languages [semiotically asymmetrical – i.e. without mutual semiotic
correspondences with the previous], [...] which can be bearers of semiosis if
they are included in the semiotic context" (Lotman, 1990, p.127-128).
Asymmetry between languages engenders the dialogue. In fact, the whole for
Lotman consists of at least two texts, which dialogue with each other thanks to
their constitutive asymmetry.
In potential continuity (to be further elaborated – see Discussion) with
Chevallard’s systemic-institutional approach, Lotman’s Semiosphere might be
considered as a dynamic (never motionless, always bubbling and exchanging)
integration (considering also the semiotic and, more generally, cultural aspects)
of noosphere.
METHODOLOGY AND DATA COLLECTION
A first experimental activity of LS cycles in a primary school near Turin was
carried out starting from the LS experiences conducted in Reggio Emilia
(Bartolini Bussi & Ramploud, 2018).
The working group is made up of six people: the researcher (Carola, a PhD
student), a retired former teacher-researcher (Ezio) and four teachers who teach
in different primary school classes of the same institute. Three are 1st-grade
teachers: Michela is a support teacher for low achievers, Nicoletta teaches
Italian in her class, Marcello teaches mathematics, science, history, geography,
and English. Valentina, the fourth teacher, teaches mathematics and science in
3rd grade. The Italian school system is characterized by high flexibility in
teaching in primary school. Teachers teach several subjects and even the
support teacher, supporting the class in which there is the low achiever, can take
charge of teaching subjects to the whole class, according to his skills, if the
team deems it appropriate.
The first part of the experiment consists of three complete cycles in the three
1st-grade classes. The topic of the lesson is the introduction of the “plus” sign
for the addition and its institutionalization. The specific goal for children is to
understand the concept of addition as the sum of two quantities in its meaning
of “putting together” and relate it to the signs of mathematical language. In the
second part of the experience, consistently with the previous three cycle, a new
lesson is carried out in the 3rd-grade. The designed activity is part of the
educational path that includes the knowledge of weight measurements and the
study of state transitions, via experiments. The aim is to accompany students in
reinvesting their mathematical knowledge and argumentation skills with respect
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to the transversely of the disciplines. Each teacher implements the lesson in his
or her class but in the total co-responsibility of the group, which is there in
agreement with the school headmaster. During the lesson, the other participants
play the role of active observers: in 1st-grade classes they interact with the
students as “hand-lenders”, i.e. they transcribe the thoughts of not yet writingskilled children.
The experience, covering all four cycles, was carried out from November 2018
to April 2019. For a total duration of 24 hours of group work. All the design (4
hours of initial formation and 8 hours of design de facto, 2 per cycle) and
discussion moments (8 hours, 2 per cycle), but also the classroom lessons (1
hour in each class – cycle –, for a total of 4 hours), were video-recorded. Some
extracts from these recordings were then transcribed by the researcher. In
addition, for each planned lesson, the group produced a Lesson Plan (Bartolini
Bussi & Ramploud, 2018): a written document – a table – that collects the entire
lesson planning, the objectives the group chose for the lesson, the positioning of
the lesson within the long-term planning of the class, and the educational
intentionality behind each choice of the group.
In the next section researcher will present a first analysis of a small transcription
excerpt with the Semiosphere. Because of the nature of the Semiosphere, the
excerpt is not self-sufficient: other extracts are required to grasp how the
elements external to the teachers’ and class’ semiosphere are gradually
translated and understood. Researcher uses the asymmetry within the
semiosphere to grasp how teachers’ collective practices evolve. Researcher
looks at the teachers’ discourses - i.e. words and vocabulary used, references to
the institutional and cultural aspects of their professional background.
SOME EXCERPTS AND THEIR ANALYSIS
Here is a short extract from the exact beginning of the first meeting of the
second LS cycle. Among all the data researcher has chosen to report just this
because it represents a turning point for the teachers of the group: They have
“now appropriated the methodology, understood its functioning and potential”
(in Nicoletta’s words, during the review of the first lesson held in her class), but
they are still at the beginning of this professional development path. The lesson
is still to be revisited and questioned in its details.
Nicoletta has already implemented and discussed the lesson. The LS group are
now in the planning phase of the same lesson for Michela’s class. Her children,
also in Grade 1, have never worked in pairs. The lesson planned for LS includes
an argumentation exercise in pairs on a double purchase: The children in a
previous class bought a 12 cents card and 8 cents sample clips. Some of them
paid with 20 cents. The key question is how and why they paid 20 if the prices
tags were 12 and 8. The LS group is reflecting on what changes to make to the
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lesson for Michela’s class. Here they are thinking about an introductory activity
to the lesson, to experience the work in pairs for the first time.
Michela:

Now I am talking nonsense. I looked at the tests you did [referring to
Ezio], the problem with the balloons: For example, it could be...
[…] you give it to a couple. Because I wanted to rework that one
anyway because… I saw it, it is really interesting... also the
motivations the students gave. But it could be an idea!

Nicoletta:

I believe we could also do something about the comics [introduced
in the previous design]. […] The scheme is that one of this
reasoning […] that you should... that we want to re-propose: take
two reasonings, do what he [Marcello] said […] That is: what did
the children who said “9 plus 6” think before? […] they are
balloons, kids […] it's too similar with the LS lesson?

Marcello:

[shoulders up] in the sense that it is!... in the sense that they put
together...

In this brief dialogue we already note some essential aspects that can only be
understood if we consider the Semiosphere in which the dialogue takes place:
•

Tasks reported by a teacher [Ezio] recognized as an expert by the LS
group are chosen instead of those reported in the textbook. The
teachers had already declared from the beginning that they did not want
to rely on the textbook.
To better understand the sphere in which this dialogue arises, researcher also
report the following excerpt. Marcello describes his difficulty in relating to
textbooks and institutional meta-didactic structures during the group’s first
planning meeting.
Marcello:

[...] maybe you find a very fixed structure: Lessons, notebooks, but
if you don't understand... [...] staring at the notebook and “making
the notebook” is very far from me, even if it gives you a lot of
[confidence]... I mean, I live a lot of anxiety, sometimes I get lost,
because if you don't have a structure... but at the same time, I can't
really get into it, because I am not interested in doing that. I think
the best thing would be to meet [each other]. But of course, the
times are what they are [...] I had to write all the subjects I do.
Which is a lot. […] I want to talk to people, I want to see the
practices, I want to confront myself directly [...] in my opinion the
university is too tied to the book [...] seeing things together gives
you a sense.

Using Chevallard we can say that the didactic transposition of some practices is
not complete. At least in these teachers' beliefs, such practices have not passed
through all the necessary levels of co-determination. There is a gap between
academic and implemented knowledge. Lotman, analogously, could tell us that
the Semiosphere of the group sees local institutional requests (“making the
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notebook”) and national ones (mention of university practices) as external
elements. They are currently “written” in a language that, Marcello and Michela
declare, is not that of the group today. The identification of critical thinking as a
practice of semiotic translation allows researchers, but also teachers themselves,
to analyze these practices from a semiotic and not only institutional point of
view: a semiospherical dialogue is created. The lens of the Semiosphere allows
us to perceive the existing asymmetry between the current school reality (many
subjects to teach, no time available) and the Italian university culture of
prospective teachers, that is a training ground for the first personal beliefs.
•

Graphic, material, and gestural visualizations are preferred to only
written text: The idea is to propose to the children a drawing with
comics and cartoon price tags. Then the group will choose a theatrical
performance.

An excerpt from the implementation of the lesson underlines the embodied
feature that the group sought to use.
Michela:

So, now, kids, let us focus and work on what Valentina did in the
sketch. […] She took a nice moment to think. She looked at the two
prices and thought. Did you see Valentina thinking? […] She
thought a little before giving me the coins. Okay? Good! So, I will
put these two prices [on the board, so you can see them] ... Now,
each of you will have a moment to think to what to say in the
couple! Because I am asking you to say what Valentina is thinking
right now. Nevi, you must do it in pairs! So, you, your thought will
have to share it with Mattia, and Mattia will say his.

Teachers are aware of the Western culture in which they are immersed: Abstract
thinking, for an Italian primary school child, must be approached gradually
(Mellone, Ramploud, Di Paola, & Martignone, 2019, p.8). Grasping abstract
thought requires time and continuity. A theatrical text, using bodily movements,
returns the desired continuity: It realizes the act of thinking. Then, translating
the action into the graphic text (the comics), the group keeps track of the signs
that mark the passage from concrete to abstract.
•

The shift of attention from the single teacher – who will enter alone in
the classroom – to the co-responsibility of the group is the main
objective, and for them the beauty, of this work with the LS
methodology. A co-responsibility that is not in the usual Italian
teachers’ Semiosphere. Nicoletta says: [...] that you should... that we
want to re-propose the following time [...]. Co-responsibility belongs to
LS, but not to the Italian class culture. This asymmetry between the LS
Semiosphere and that of the group allows a cultural transposition
(Mellone et al., 2019) of the teachers’ practices: During all the
meetings the teachers bring themselves and their educational
intentionality into play. They question their teaching practices with the
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group. Now educational intentionality and objectives are shared: They
are meaningful for each member of the group.
•

The exact words of the children are repeated. The expression “put
together” was how the children of Nicoletta’s class had referred to the
idea of sum and therefore it becomes the pivot sign of the LS group for
the institutionalization of the + sign.

To discuss this last point more thoroughly, researcher adds here a final excerpt
from the implementation of the lesson in Michela's class. A student is
responding to the problem posed.
Student:

Valentina thought a little bit about how she made the 20 cents.

Carola:

But she has not read 20 anywhere! [...] Was there a 20 written
somewhere?

Student:

[…] because she puts them together [the two prices on the price
tags].

Carola:

What is it that she put together?

Student:

20 uh... 12 cents and 8 cents. […] she counted in her mind...
continually. And she realized that 20, uh... 12 cents and 8 cents
make 20.

The task and its implementation guide the children within relational structures,
going beyond simple calculation. They look at how the numbers relate to each
other. The Semiosphere of the class sees the relational structure still external to
itself, but through the pivot sign of “putting together”, it translates its meaning.
DISCUSSION AND CONCLUSIONS
In the previous section researcher tried to observe what happened in the LS
experience, through the Semiosphere lens. It is just one of the possible ways to
look at a teachers’ professional development practice.
Researcher can thus answer the research questions; in fact, it is now explicit that
asymmetry is the effective element in analyzing collective teachers' practices. It
allows us to read the changes in teachers' daily practices when introducing an
element belonging to a different culture, such as LS. Semiosphere allows to
keep together levels of signification culturally distant from each other.
However, there is more, it allows to outline the internal structure of our
practices: Our Semiosphere. Such a double look helps researcher and teachers to
read the transpositions of the knowledge through the levels of co-determination.
Here the critical dialogue and reflection of the teachers, if read through the
Semiosphere, do not lose contact with the reality in which they are born. So, the
problem of possible integration between Lotman and Chevallard lenses
according to the Networking of Theories approach (Radford, 2008) arises
spontaneously. The analysis of the institutional aspects and the levels of co-
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determination seems enriched by a dynamic interchange perspective, and vice
versa this can be integrated with the institutional constraints typical of a school
system governed by laws. Future studies could tell us about the connection of
the two theories as lenses for professional development practices.
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This study investigated how Japanese preschoolers (5–6-year-old children)
understand the mathematical concepts of length, area, and volume, as
mathematics is not part of the preschool curriculum. Researchers conducted
structured clinical interviews with 32 children to investigate their mathematical
content knowledge, skill, and problem solving ability. The interviews were
statistically and qualitatively analyzed. The results indicated that children could
perform direct comparisons in length, area and volume, but the challenge was
found that they were not able to measure a few comparable objects with subtle
differences correctly. Children’s difficulty measuring correctly suggested that
the future mathematical programs could enhance integrated learning, dealing
with length, area, and volume simultaneously.
INTRODUCTION
Many studies have focused on elementary mathematics education for preschool
and lower elementary school children (e.g., Brandt, 2013; Lin, 2013). However,
measurement knowledge has not been sufficiently incorporated into these
studies (e.g., Kotsopoulos, Makosz, Zambrzycka, & McCarthy, 2015; Smith,
van den Heuvel-Panhuizen, & Teppo, 2011; Szilágyi, Clements, & Sarama,
2011; Tzekaki & Papadopoulou, 2017), even though it is an essential
mathematical skill that is frequently used in everyday life (Clements & Sarama,
2009). Wilkening (as cited in Ebersbach, 2009) stated that preschoolers have
been shown to have two-dimensional reasoning despite Piaget’s earlier notion
that young children could not reason beyond the number one; Ebersbach’s study
(2009) further supported this finding. Zöllner and Benz (2013) reported that
four- to six-year-old children are competent in the normative aspects of indirect
comparisons of mathematical concepts. This article, therefore, seeks to extend
the research on multidimensional reasoning—especially when comparing
length, area, and volume—among young children, particularly for those who do
not study mathematics as a subject in school. The research question is: How do
Japanese preschool children use multi-dimensional reasoning in a play-based
setting?
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Preschool Education in Japan
Teaching and learning in Japanese public preschools focuses on fostering three
to six-year-olds’ mental and physical development and is activity-based, not
subject-based (Japanese Ministry of Education, Culture, Sports, Science and
Technology [MEXT], 2018). Children are expected to develop through play.
According to MEXT (2018), kindergarten teachers should focus on developing
children’s learning of numbers, quantities, and geometric figures, which
comprise the foundation of elementary mathematics skills and should consider
children’s interests when teaching them.
The Project and its Theoretical Underpinnings
The article is part of our preschool mathematics education program in Japan.
The aim of the project was for inexperienced preschool teachers to understand
how to incorporate mathematical content into children’s play and recognize
activities that cause children to think and act mathematically. The theoretical
and methodological underpinnings of the program were mathematical guidedplay (Weisberg, Hirsh-Pasek, & Golinkoff, 2013) and the Structure of the
Observed Learning Outcome (SOLO) taxonomy (Biggs & Collis, 1982). In the
project, fundamental mathematical programs were developed within a
framework of learning activities, educational objectives, and the child’s
expected thinking and learning processes (Clements & Sarama 2009) to enable
a smooth transition from preschool to elementary school (Matsuo, 2017).
DESIGN AND METHODS
Research Participants
One kodomoen—a type of hybrid day care and preschool in Japan—took part in
our pilot study. This kodomoen focuses on mathematical activities. A retired
professional with experience in both kindergarten and elementary school
settings supports the research and training of novice teachers in kodomoen, and
she can help develop and disseminate early childhood informal mathematics
educational activities. Children attending this school do not formally learn
mathematics, although they engage in mathematical activities to a limited
extent, but there are no measurement activities. In total, 32 of the children—18
boys, 14 girls, aged five and six years—were selected for participation from the
graduating classes. Of them, 30 were Japanese and 2 were non-Japanese, and
they were from middle- and upper-middle-class families.
Data Collection and Analysis
We evaluated the children’s performance on tasks incorporating numbers,
shapes, and measurement, focusing on how well they measured length, area,
and volume, using both direct and indirect comparison. The researchers
developed a structured clinical interview (Goldin, 1998) with 21 mathematical
content items, 8 of which were on mathematical measurement quantified by 16
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questions. The questions covered the following areas: Q1-7 on length, Q8-11 on
area, and Q12-16 on volume. The questions were developed referring to the
framework for early childhood mathematical curricula (Matsuo, 2017), with
theoretical and methodological underpinnings from mathematical guided-play
(Weisberg, Hirsh-Pasek, & Golinkoff, 2013) and the Structure of the Observed
Learning Outcome (SOLO) taxonomy (Biggs & Collis, 1982.) The interviews
took place in January 2019 and each lasted about an hour. The interviewers
were the first author and co-researcher of this paper. The children were
randomly selected for interview order. Both interviewers sat in front of the child
and took turns asking questions. The interviews were video recorded. The
researchers analyzed the data statistically and qualitatively, scrutinizing each
child’s actions on the video as well as their transcript.
RESULTS
The interview questions were scored as 1 point for every correct response and 0
for incorrect response. The highest score possible was 16 points. The
researchers calculated the participating children’s total score and the average
percentage for each question item, the mean score. The average total interview
score was 10.81. Table 1 shows the question items with the mean score of the
correct answers.
S/N Questions
1
2
3
4
5
6
7
8

9
10
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Which pencil is longer? (direct comparison of the
lengths of two pencils)
Why did you give that answer in Q1? (the reason
why you selected a longer pencil in Q1)
Which pencil is the longest? Which
pencil is longer? (indirect comparison
of three pencils drawn on the paper)
Why did you give that answer in Q3? (the reason
you gave using mediation etc. in Q3)
Did you know how long 10 cm is? (knowledge of
the word and meaning of 10cm)
Can you draw a straight line of 10㎝?
Can you measure an 8 cm line drawn with a ruler?
Which card is larger? (comparison
between two cards (rectangles)
drawn on paper)
Can you compare two cards using the yellow card as
an intermediary? (The area of yellow card is as same
as the area of red card, but smaller than blue card.)
Can you put four cards of different sizes in order?

Mean score (standard
deviation)
96. 9 % (0.1740)
75.0 % (0.4330)
96.9 % (0.1740)
31.3 % (0.4635)
65.6 % (0.4650)
21.9 % (0.4134)
34.4 % (0.4750)
59.4 % (0.4911)

90.6 % (0.2915)
78. 1 % (0.4134)

11

12
13
14
15

16

(comparison among four cards (rectangles))
Why did you give that answer in Q10? (the reason
you gave is that the longer length means larger area
while focusing on a particular part such as height in
Q10)
Which cup of water has more water
in it? (comparison between the
volume of two cups of water drawn
on paper)
Why did you give that answer in Q12?
Did you compare the volume of the two cups of
water in Q12 in terms of depth?
Do you know how much 1L of water is?
Can you select 1L of water from four different
volumes of water? (The interviewer reminds
children of a 1L carton of milk and asks them to
choose from four options (500ml, 800ml, 1L, and
1.5L).)

84.4 % (0.3631)

96.9 % (0.1740)
75.0 % (0.4330)
93.8 % (0.2421)
53.1 % (0.4990)

28.1 % (0.4996)

Table 1: Question items and mean scores of correct answers
Correspondence and Cluster Analysis: The Relationship of Answering
Patterns with Question Items
Semantic similarities among interview items were investigated using
correspondence analysis and cluster analysis, this included all 16 question items
with average percentages of correct answers. Figure 1 shows the results of the
interview, the correspondence analysis is on the left and the cluster analysis on
the right. The numbers correspond to the numbers of the interview items. The
correspondence analysis shows the contribution ratio of the first and second
axes are 28% and 23%. The cluster analysis shows three groupings, (G1) (Q4,
and Q15-16); (G2) (Q3, Q10, Q2, Q11-13, Q1, Q9 and Q14); and (G3) (Q5-8).
These groups show the differences in children’s answer patterns. G1 and G3
show relatively lower achievement in their patterns.
In G1 and G3, the question items were related to the context of comparisons,
moreover, G1 contains an item on explaining length and volume, and G3
includes length and area. Looking at G1 and G3 in detail, in Q15-16, twentythree children did not identify the exact 1L amount by comparing it with the
other quantities of water. Instead, on Q16, they selected the similar quantity,
1.5L, out of the four options (500 ml, 800 ml, 1L and 1.5L). This result
indicates that children found it difficult to compare a particular volume with the
other volumes of a given liquid. This could be resolved similarly to Q4. In Q4,
children were expected to describe their reasoning when comparing the lengths
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of the three drawn pencils shown in Q3. It was not possible for young children
to use a particular length, that is, a ruler or paper clip intermediary when they
compared the lengths. Thus, making the comparison of similar quantities was
challenging for children.
In G3, knowledge of length (Q5) and measurement of length (Q6 & 7) were
related questions. Drawing a 10㎝ length and measuring the 8㎝ line were
related to the skill of reading a measurement scale. Children also needed to
capture the subtle differences between two areas of sheets of paper in Q8. They
also had to make a comparison of the area of rectangles that were different in
height (equal in width but slightly different in height). Thus, these three
questions (Q6-8), which were categorized in the same group in the cluster
analysis required children to show the correct skills for measuring things.

Correspondence analysis

Cluster analysis

Figure 1: Correspondence and cluster analysis
DISCUSSION
The statistical analysis did not show any differences in answering patterns
between direct and indirect comparisons. Children’s achievement in these two
areas is crucial for their learning.
Direct Comparisons
There were 5 direct comparison questions (Q1, Q3, Q8, and Q12). Q1 required
a direct comparison of length, Q3 required a comparison of length by judging
appearance, Q8 required a comparison of area by judging appearance. Q12 also
required a direct comparison of volume (a comparison of water in the same
glass as drawn on paper; see Q12 in Table 1). Except for Q8, the number of
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correct answers for items related to direct comparisons was relatively high,
showing that children performed direct comparison of length, area, and volume
well (Zöllner & Benz, 2013).
Indirect Comparisons
The results varied when taking a closer look at existing knowledge applied
across concepts, and this was not an aspect discussed in the statistical analysis.
First, the research considered length measurement. Q4 required an indirect
comparison of length. Children had to order the length of three pencils drawn on
paper using another medium, such as a ruler, or a paper clip, and their
performances were considerably poor. Moreover, in Q5-7, twenty-one children
answered that they had heard of the standard unit of length, a centimeter, but
they did not explain the concept well and could not measure or represent the
length of an object in centimeters. Second, are measurement was considered.
The result of Q8 showed that some children had a weak understanding of area
measurement. However, when a medium for indirect comparison was provided
(in the form of a yellow card the same size as the red square), ten more children
succeeded in comparing area and answered correctly on Q9. This clearly
indicated that simple interventions allowed children at these ages to be able to
make indirect comparisons. Regarding Q10, twenty-five children answered
correctly, but they may have judged the ordering of areas based on length
without considering width. There was a possible misconception as it was
difficult to arrange these cards in order of width: 12 cm × 12 cm, 11 cm × 11
cm, 9 cm × 15 cm, 9 cm × 9 cm; this result is consistent with that of a previous
study (Skoumpourdi, 2015). Third, volume measurement was considered. As
seen in the Q12 results, it seemed an easier task for children to compare the
amount of water in a drawing on paper; they correctly identified the larger
volume in the interview (Q14). Most children compared the volume of water by
its depth (Q13); even when they looked at the same amount of water in different
shaped glasses, they judged the difference in volume by comparing only the
heights of the liquid in each glass. Similarly, in Q15-16, half of the children had
heard of the standard unit, a liter, but could not express a concrete image of the
volume.
Relating Mathematical Concepts
The analysis revealed that children were confused about the mathematical
concepts of length, area, and volume (Skoumpourdi, 2015). Other previous
finding (Nakawa, Watanabe & Matsuo, 2019) also found out the same results
even with some interventions for two- and three-dimensional shapes. In
particular, children were able to compare lengths well, but that knowledge was
misleading when they applied it to area and volume measurement. When
analyzing the performance of the 13 children who could not compare the area of
two cards (Q8), only two of those children were able to explain, in Q4, how to
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compare length correctly using a medium (p = .02246 < 0.5). It can be inferred
that children might not be able to compare the area correctly if they were not
able to compare lengths. Furthermore, the number of correct answers was
higher when comparing the volume of water in the same shaped glass than
when comparing the area of cards. In the case of volume, children could
compare the amount of water by its depth, but they could not in the case of area.
Children were likely to compare area based on length, even if they noticed
differences in the width of the cards. One reason could be that Japanese children
often deal with height in day-to-day life. For example, teachers often measure
the height of children or compare their height; they may teach children to
observe plant growth and record height, and so on, but they get little experience
with area or volume. Finally, even when children are able to act mathematically
in specific activities (for example, Q12) in day-to-day life, they are not able to
acquire the concepts for quantities such as 1L, 10 cm, and skills for describing
the results of measurement. This should motivate better mathematics teaching.
CONCLUSION
The analysis showed that fifteen (47%) children in the interviews could perform
direct comparisons of length, area, and volume. However, the analysis also
showed that in cases where they did not do well on length comparison, it was
also challenging for them to compare area correctly. In particular, it is difficult
for children to make a comparison using a third vehicle or to make a detailed
and accurate comparison. The comparison of length, size, and volume is closely
related, and it was also revealed that children who could not compare lengths
could not compare area. We need to develop children’s understanding of
measurement and consider how the individual concepts of length, area, and
volume, which are currently learned separately, can be integrated with one
another. Future research should analyze a larger number of children and develop
an early mathematical educational program through which children can learn
how to compare related mathematical concepts and gain better mathematical
content knowledge and skills.
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Situational affect (emotions and motivation) in first year mathematics courses in
US high schools was studied using Experience Sampling Methods and Latent
Path Analysis. Seven Hundred forty-six students from two US states were
surveyed using Experience Sampling Methods. The results of a latent path
analysis suggest that situational emotions can be distinguished by the objects to
which they are directed, and that students interpret their engagement in
mathematics tasks using both positive and negative emotions simultaneously
depending on to whom or what they are directing their emotions. Finally, the
objects to which emotions are directed are key determinants of the motivational
outcomes they impact in mathematics classes.
INTRODUCTION
The role of emotion in students’ motivation and success in mathematics is well
established (Hannula, 2006; Hannula & Laakso, 2011). Emotions have been
projected as the primary link between experiencing mathematics and one’s
motivation to engage (Hannula, 2006). The consensus in educational
psychology and mathematics education, assumes that the role emotions play in
self-regulated learning is complex. For example, in the psychological literature
there is strong evidence that experiences promoting positive emotions improves
student learning (Pekrun, Elliot, & Maier, 2009). Positive emotions (such as joy
or hope) tend to be related to higher levels of self-efficacy and effort students
are willing to expend on a task. But there is also evidence that positive emotions
can have no effect or even negative effect on learning (Trevors, Muis, Pekrun,
Sinatra, & Winne, 2016). Negative emotions, (such as anger or hopelessness)
likewise, can have both positive and negative effects, depending on the
constraints of the learning situation (Goldin, Epstein et al., 2011).
As a case in point, Muis, Pekrun et al., (2015) show that in a computer-mediated
environment, students’ emotions while engaged in the task impacted the selfregulated learning strategies they utilized in the task. Importantly, “positive”
and “negative” emotions did not fall neatly into simple categories. Curiosity (a
“positive” emotion) and anxiety (a “negative emotion”) together, for example,
contributed positively to more critical thinking in the assigned tasks. Likewise,
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confusion and curiosity together contributed positively to metacognitive selfregulation.
One of the hypotheses that explains such conflicting evidence is that emotions,
rather than being general affective responses to a task, instead are directed at
particular objects in the environment. Middleton, Jansen, & Goldin (2017)
propose that each emotion one experiences is directed at some object such as
the teacher, oneself, one’s peers, or the mathematics in which one is engaged.
One can simultaneously be frustrated with the mathematics, but excited about
the teacher or one’s peers. There is some evidence that, given the multiple
potential objects to which a student may direct their emotions, and given the
multitude of emotions one may experience relative to those objects, there is no
wonder emotional responses generate conflicting evidence related to learning
outcomes. Mathematics and the teacher and peers in math class are prime
objects. Recently, Vollstedt & Duchhardt (2019) show that students take both
the academic and social features of their environment into account, and think
about them separately when framing the meaning their mathematics
engagement has for them (see also Botah & Hannula, 2019).
The pattern of emotions one displays in a learning environment and the
subsequent personal meanings of the task one constructs through appraisal of
the objects of one’s emotions can be termed, situational affect in much the same
way as the interest one experiences in a learning episode can be termed
situatonal interest. In fact, situational interest can be thought of as one feature
of situational affect. Other features such as mathematical self-efficacy, feelings
of social inclusion, and personal relevance of the mathematics can also be seen
as part of situation affect (Wiezel, Middleton, et al., 2019).
The distinctions between situational affect and longer-term, trait-like beliefs are
reviewed thoroughly by Middleton, Jansen, & Goldin, (2017). Like situational
interest, situational emotions can sustain persistence in the task, while longerterm moods and affective structures tend to direct whether or not one chooses to
engage in mathematics-related activity in the future (e.g., Hannula, 2006).
Together, aspects of situational affect, broadening the “catch and hold” theory
of the transition of situational interest to personal interest (Mitchell, 1993), may
contribute to long-term, trait-like approach orientations.
Recently, Wiezel, Middleton et al., (2019) found that positive and negative
emotions were significantly associated with students’ mathematical selfefficacy and interest, but not with other motivational factors. Moreover, both
positive and negative emotions appear to exist simultaneously in students’
experiences and contribute to their interpretation of their mathematical
engagement. The present study builds on these findings. Whereas in that earlier
study, we found that situational affect impacts situational motivation, the
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subtleties of emotional object, and measurement of situational affect were not
measured at the task-level.
In the present study, our working hypothesis was that situational emotions, if
distinguished by object (e.g., teacher, classmates, self, or mathematics) would
manifest different effects across the situational motivational variables.
Following Muis, Pekrun et al., (2015) we expected to see both positive and
negative emotions contributing simultaneously to the motivational variables,
with valences that would suggest that students may hold two or more emotions
with different valences simultaneously. Evidence of these patterns would
support the theory that: 1) Situational emotions are directed at objects; 2)
Students may interpret a situation using both positive and negative emotions;
and that 3) The objects to which emotions are directed will be a primary
distinguishing feature of the motivational outcomes they impact.
METHOD
Participants
Participating students were recruited from 42 classes, taught by 17 teachers (8
in a Mid-Atlantic US State, and 9 in a Southwest US State). Forty-five percent
of the students identified as Male, 52% identified as Female, and 4 % identified
as “Other.” Fifty-nine percent of our students identified as Hispanic/Latinx,
14% identified as /White, 14% identified as African-American, 2% American
Indian/Alaska Native, and 2% identified as Asian, 2% identified as Other, and
8% identified with more than one category. All students were enrolled in a
mathematics course designated as “first-year high school mathematics.” The
majority first year mathematics courses in the Mid-Atlantic sample were
semester-long integrated mathematics focusing more heavily on Algebra,
whereas in the Southwest, first-courses were year-long, traditional Algebra 1
content.
Measures
We assessed students’ situational affect using Experience Sampling Methods
(e.g., Shernoff, Kelly et al., 2016). A short survey (Wiezel, Middleton, Zhang,
Tarr, Jansen, 2018) was designed to assess students’ situational affect and
motivation during a focal class activity. This instrument featured a set of
situational emotion checklists including 16 emotions (angry, anxious, ashamed,
bored, confident, embarrassed, excited, frustrated, happy, hopeful, hopeless,
interested, proud, relieved, satisfied, and worried). Emotions were directed
toward four possible objects in the students’ mathematics class (the math
activity, themselves, their classmates, and their teacher), yielding a matrix
containing 16 emotions x 4 objects. Students were asked to check a box in the
matrix corresponding each emotion they felt towards each object.
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Factor analysis of these items revealed 4 separable factors: Negative emotions
directed towards the teacher/class (4 items e.g., Bored about/by Teacher);
Positive emotions directed towards the teacher/class (16 items e.g., Excited
about/by Teacher); Negative emotions directed towards the mathematics (6
items e.g., Anxious about/by Math); Positive emotions directed towards the
math (7 items e.g., Excited about/by Math). Chronbach’s alpha for these 4
scales were 0.72 for Positive math emotions, 0.76 for Negative Math emotions,
0.37 for Negative class/teacher emotions, and 0.84 for Positive Math emotions.
The low reliability for Negative class/teacher emotions indicates that findings
that show an impact of this factor on situational motivation should be taken with
caution. There is current debate on what reliability means for experience
sampling methods, wherein one “experience” may be quite different,
qualitatively from another, even in the same mathematics class. We include this
factor despite its low internal consistency, keeping this caution in mind.
Situational motivation variables were measured on the survey using a set of 5point Likert items arranged in 5 factors (1 corresponding to a low rating and 5
being a high rating): Effort (4 items e.g., How hard were you trying during the
activity you were just working on?), Self-Efficacy (2 items e.g., I felt successful
in the activity I was just working on), Social Engagement (4 items e.g., I felt like
my contribution was respected during this activity I was just working on),
Perceived Instrumentality (4 items e.g., How I performed on the activity I was
just working on will affect my future success); and Interest (2 items e.g., I think
the topic covered in the activity I was just working on is interesting).
Chronbach’s alpha for these scales ranged from a low of 0.71 for Effort, and a
high of 0.85 for Interest.
Procedure
Students were surveyed in the Fall of 2018 and Spring of 2019. Researchers
asked teachers to identify an activity in their classroom that had the potential for
engaging students in the mathematics. The entire class session was observed,
and when the identified activity was completed, each student was asked to
complete the ESM survey. Surveys were completed electronically, primarily,
using the students’ phones, or school laptops. Several classes did not have
universal access to these devices so the surveys were administered using paperand-pencil. Surveys took less than 5 minutes to finish. This resulted in 746
returned surveys, each assessing the student’s emotions and motivations in the
immediate situation they were studying.
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RESULTS
We fit a hypothesized latent variable path model to
the data using Mplus software (Muthén & Muthén,
2017). Each item on the survey was treated as
either binary (for emotion items) or ordinal (for
motivation items), and each scale was estimated as
its own latent variable. To address the ordinal
nature of these variables, polychoric correlations
(which can handle both binary and ordinal data in
the same analysis) and WLSMV estimations were
used in our models.

Goodness Estimate
of Fit
Index
χ²
2013.86
(p<.0001)
df
1091
RMSEA

0.034 (0.031,
0.036)
CFI
0.85
TLI
0.83
Table 1. Goodness of fit
indices for the Latent Path
Model

Overall, the model fit relatively well (see Table 1
for fit statistics). Although our chi square was
significant [χ²(1091) = 2013.86, p < 0.0001], the
rule of thumb
that χ²/df be Standardized Regression Coefficients
+Class
+Math
-Math
-Class
less than 3
Emotions Emotions Emotions Emotions
shows that our
model
has Interest
0.17***
0.54*** -0.25*** -0.28***
adequate
fit.
-0.02
0.66***
-0.63*** 0.17
The RMSEA Self-Efficacy
was 0.034 with Social
0.24***
0.34*** -0.25*** -.26***
a
90% Engagement
confidence
Instrumentality 0.26***
0.25*** -0.06
-0.29***
interval
Effort
0.08
0.07
0.28*** -0.50***
between
0.031and
Table 2. Relationships Among Latent Variables
0.036, which
indicated very good model fit (Hu & Bentler, 1999). However, the CFI and TLI
indices of 0.85 and 0.83 indicate moderately good fit.
In the hypothesized model, we found was a significant, positive standardized
regression coefficient between emotion factors and all motivation outcomes.
The pattern among the effects indicates that the object of the emotions
determines, in part, the motivational variables impacted.
Positive Math Emotions, for example, is positively related to all motivational
outcomes with the exception of effort. Effort expended in the task is predicted
by experiencing more negative math-oriented emotions, but by having fewer
negative teacher/class-oriented emotions. Positive emotions show nonsignificant relationships, regardless of object, towards effort students were
willing to expend on the task.
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The remaining significant effects in the model are as follows. Situational
interest is positively associated with positive class- and mathematics-related
emotions, and negatively associated with negative emotions. Task-based selfefficacy is positively associated with positive math emotions and negatively
associated with negative math emotions. Emotions directed towards the class
were not significantly associated with Self Efficacy. Social Engagement—the
belongingness and support students felt in the task is positively associated with
both positive class- and math-related emotions and negatively associated with
both negative class- and math-related emotions. Perceived instrumentality
appears to be associated with positive class and math emotions, and negatively
related to negative class emotions. Perceived instrumentality was unrelated to
negative math emotions. Figure 1 provides the full path model.

Figure 1: Latent Path Model of Situational Emotions by Object and their Hypothesized Relationship
with Situational Motivation

DISCUSSION
Results confirm our hypothesis that situational emotions are directed at objects,
and if these objects are taken into account when assessing situational affect,
they explain some of the perplexing findings in the field related to seemingly
conflicting emotions appearing simultaneously in the same experience. We
found that, when we accounted for math-related and teacher/class-related
emotions, the different emotional objects appear to impact aspects of situational
motivation differently.
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In particular, the role of “negative” emotions is fascinating, as negative mathrelated motivations appear to positively impact, or at least interact with, effort
students are willing to expend in mathematics learning. The finding that positive
emotions appeared to have little to no relationship with effort, but that negative
emotions appear to stimulate effort is a fruitful area for followup research.
Goldin, Epstein et al., (2011) in discussing affective structures make the point
that frustration and other “negative” emotions may be interpreted by students as
calls to expend more effort in order to learn or at least show some success in the
task. How this plays out is uncertain, but our confirming evidence of this seems
to indicate that challenging tasks, with support, are critical for students to feel
that a task is worthy of effort.
Social-related emotions—those pertaining to the teacher/class as objects—are
interesting for their part. Self-Efficacy appears to be fairly unrelated to socialoriented emotions compared to those focused on mathematics as the object. This
makes sense, in that task-related efficacy beliefs are tied to feelings of success,
and in the US, mathematics tasks are predominantly tackled individually, or
even if done in groups, are assessed individually.
Some limitations to our work here must be noted, however: First, our negative
class emotions scale had low reliability. This makes the findings related to that
scale somewhat suspect. Further research and refinement of this scale is
warranted. Second, our fit indices were inconsistent. Followup studies with
larger samples should provide better estimates, particularly if the negative class
emotions scale is improved.
In summary, this research contributes three important ideas to the literature
worth further pursuit: 1) situational emotions are directed at objects; 2) students
do tend to interpret learning situations in both positive and negative terms
depending on to whom or what they are directing their emotions, and 3) the
objects to which emotions are directed determine, in part, motivational
outcomes of mathematics learning experiences.
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This research explores engineering students’ math anxiety and math selfefficacy levels aiming to determine if there is a gender gap for this specific
population. Data were collected from 498 students using adapted items from
existing validated surveys. These items were translated to Spanish and validity
tests were used to establish content validity and reliability. Student t-test and
analysis of covariance (ANCOVA) were used to determine possible differences
between male and female math anxiety and math self-efficacy levels. Male
engineering students reported higher self-efficacy and lower math anxiety
levels. However, the ANCOVA results showed that only the math test anxiety
construct was significantly different. These results could help engineering
educators to design strategies aiming to ameliorate female students’ math
anxiety feelings.
INTRODUCTION
It is clear that enough engineers must be educated to be able to address society’s
most relevant problems through developing new technologies. Many countries
are employing strategies to attract and retain engineering students, and there is a
special interest in attracting more females to engineering majors due to their
under-representation in this field (Chubin, May, & Babco, 2005).
This research focuses on two factors that have been shown to be relevant in
students’ decisions to pursue and successfully complete an engineering major:
mathematics self-efficacy (Hackett, 1985; Lent, Lopez, & Bieschke, 1991) and
mathematics anxiety (Maloney & Beilock, 2012; Suinn & Winston, 2003). Selfefficacy refers to “people’s judgments of their capabilities to organize and
execute courses of action required to attain designated types of performances”
(Bandura, 1986, p. 391). Richardson & Suinn (1972) defined math anxiety as
“feelings of tension and anxiety that interfere with the manipulation of numbers
and the solving of mathematical problems in a wide variety of ordinary life and
academic settings” (p. 551). Analyzing students’ reactions and behaviors in
math-related activities through the lens of their math self-efficacy and anxiety
levels could help engineering educators to develop strategies to motivate and
guide students in completing mathematics courses in engineering curricula. This
is important because the lack of adequate mathematical preparation of
engineering students as they complete their first semesters of engineering
education is a challenge for educators; struggling to understand math topics and
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failing math courses is one of the main reasons for students leaving engineering
majors (Kokkelenberg & Sinha, 2010). Strategies designed with students’ math
self-efficacy and math anxiety in mind could have additional positive effects if
they specifically address the needs of students from under-represented
populations in engineering such as women (Marra, Rodgers, Shen, & Bogue,
2009).
The literature shows a gender gap in students’ math self-efficacy and math
anxiety, however most studies addressing this issue usually report analysing
precollege populations (Chen & Zimmerman, 2007; Hill et al., 2016). The
purpose of this research is to document the math self-efficacy and math anxiety
levels of students after their high school experiences, focusing on engineering
students and possible differences based on gender. This research aims to expand
current literature about engineering students’ math self-efficacy and math
anxiety due to the lack of focus in the gender gap of this specific population.
This study was led by the following research question: Is there a gap between
math self-efficacy and math anxiety levels of female and male engineering
students in Mexico?
MATHEMATICS SELF-EFFICACY
Literature suggests that high math self-efficacy is related to increased interest in
pursuing a math-related major (Hackett, 1985). One study suggests that students
with low math self-efficacy are more likely to avoid math-related activities,
making it more difficult to overcome struggles they may experience in their
math courses (Cooper & Robinson, 1991). Conversely, students with high math
self-efficacy are more likely to perform well in their math courses and persist in
math-related tasks even if they experience struggles learning complex math
topics (Williams & Williams, 2010). The relevance of math self-efficacy beliefs
and their influence on students’ performance in math courses is welldocumented, and it is consistent for different contexts, cultures, and populations
(Marra et al., 2009). But there is very little research focusing on how math selfefficacy can affect engineering students’ performance in math courses and their
motivation to successfully complete their major. Math self-efficacy is also
relevant to students’ decisions to leave STEM majors, with current literature
suggesting that students’ math self-efficacy was lower for students leaving
STEM majors; this factor was more significant for students leaving college
during their first semesters (Eris et al., 2010). Retaining students that are
enrolled in engineering degree programs is important for industry to meet its
global technological work force needs (Chen & Soldner, 2013). Math selfefficacy beliefs could play a key role in engineering students’ motivation for
successfully completing their major, influencing students’ performance in mathrelated courses that have shown to be significant predictors of student retention
in engineering (Middleton et al., 2015).
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Previous studies have found that math self-efficacy beliefs of males are
significantly stronger than those of females, and these findings seems to be
similar in different contexts and populations (Gwilliam & Betz, 2001). Female
students usually report lower math self-efficacy beliefs than male students even
after performing better in their math courses, getting similar or even better
grades than their male peers (Reis & Park, 2001). This math self-efficacy
gender difference favoring male students could lead female students with
similar math abilities as their male peers to perform at different levels, making
them more likely to face difficulties performing math and jeopardizing their
possibilities to complete the math courses required for an engineering major.
MATHEMATICS ANXIETY
Math anxiety is linked to students’ perceptions of low math ability, prior
unsuccessful experiences, and lack of studying or test preparation skills
(Hoffman, 2010). Math anxiety comprises a set of feelings that affect students’
performance in math that may lead to avoidance of math courses and mathrelated activities (Pajares, 1996). High math anxiety has been identified as a
significant predictor of poor math performance, and is also negatively correlated
with the decision to pursue a math-related major (Maloney & Beilock, 2012).
Although moderate anxiety levels may actually facilitate performance and
motivate students academically, high anxiety may hinder students’ performance
and interest in certain academic activities (Skemp, 1986). Students’ math
anxiety levels could be influenced by the importance they attribute to
performing well in math, especially if their academic success involves math
calculations (Wigfield & Meece, 1988).
Although male and female students seem to place equal importance on mathrelated activities and courses in their academic preparation, female students
have shown to be more likely to report feelings of stress and anxiety when they
perform math (Karimi & Venkatesan, 2009). This math anxiety gender gap is
more evident with college students, with female college students reporting
higher math anxiety levels than males. In contrast, research with younger
populations such as primary school students rarely report gender differences in
math anxiety (Harari, Vukovic, & Bailey, 2013). These findings suggest that the
math anxiety gender gap emerges in the secondary level, showing that female
students experience more anxiety when performing math-related activities than
males when they are facing higher educational demands (Hill et al., 2016).
Higher math anxiety could negatively influence females in their decisions to
take math courses or get involved in math-related activities, making them less
likely to pursue a math-related major like engineering.
METHODS
Participants for this study were selected from a Mexican university with only
engineering majors. All participants were first year students taking the first
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math course required in their engineering curriculum during the Fall 2018
semester (n=498), with 203 female (41%) and 295 male students (59%).
Participants answered a paper-based survey during their math class time. The
survey was an adapted version of the Mathematics Self-Efficacy Survey
(MSES) developed by Betz and Hackett (1983) and the 30-item Mathematics
Anxiety Rating Scale (MARS 30-item) developed by Suinn and Winston
(2003). The MSES assesses math self-efficacy with 52 items within three
constructs, asking participants to rate their level of confidence performing mathrelated activities on a scale from 1 (“no confidence at all”) to 10 (“complete
confidence”). The MARS 30-item assesses math anxiety levels with Likert-type
items considering two constructs with scores from 1 (“not anxious at all”) to 5
(“very anxious”). Items from these surveys were translated to Spanish and
adapted to the Mexican engineering students’ context to represent relevant daily
activities and problems related to the math topics in their first semester math
course. The adapted items were presented to professors and students at the
research site for face and content validity. Minor adjustments were made based
on to their feedback. Maximum likelihood exploratory factor analyses were
conducted on each survey to demonstrate validity, with three constructs for the
MSES items: 1) math problem-solving, 2) everyday math activities, and 3) math
courses; and with two constructs for the MARS 30-items: 1) math test anxiety
and 2) math activities anxiety. An oblique or promax rotation was used due to
correlations found among factors within constructs. Items showing a correlation
factor below 0.40 for each construct were deleted from the final version of the
survey. The final version of the MSES retained nine items for math problemsolving, nine items for everyday math activities, and six items for math course
self-efficacy; for MARS, seven items for both math test anxiety and math
activity anxiety constructs were retained. Additionally, Cronbach’s alpha values
were used to evaluate the internal consistency reliability for all constructs for
this specific population; all showed a Cronbach’s alpha value above 0.8.
Averages of all the items within the three math self-efficacy constructs (on a
scale of 1-10) and two math anxiety constructs (on a scale of 1-5) were
calculated, and total math self-efficacy and math anxiety averages were
determined for all participants. Seven Student t-tests were conducted to identify
possible differences between the math self-efficacy and anxiety levels of male
and female engineering students: three for the math self-efficacy constructs, two
for the math anxiety constructs, and two for the total averages. Additionally, an
analysis of covariance (ANCOVA) was conducted to determine if there was a
difference between the constructs of math self-efficacy and math anxiety levels
(7 independent variables) of male and female engineering students. The
ANCOVA model was used for testing significant differences among all the
constructs while controlling for confounding variables, and compare these
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results with the t-test analysis. All statistical tests were run using the statistical
software R.
RESULTS
The math self-efficacy levels of male engineering students were higher than
those for females for all constructs (see Table 1), and t-tests showed
significantly higher average math self-efficacy scores for male versus female
students. No significant differences were found between males and females for
math problem-solving and math courses constructs; everyday math activities
scores were significantly higher for male students.
Math

Female

Male

St. Dev.

p-value

self-efficacy

(n=203)

(n=295)

Math problem-solving

6.09

6.33

1.69

Not Sig.

Everyday math activities

8.05

8.37

1.43

0.015

Math courses

6.88

7.17

1.95

Not Sig.

Math self-efficacy (total)

7.01

7.29

1.37

0.022

Table 1: Scores (mean and standard deviation) for math self-efficacy constructs
for male and female engineering students (n=498), and t-tests results (p-values)
Math anxiety levels of female engineering students were higher than those of
males for both constructs (see Table 2), and the t-tests results showed that the
difference between the average math anxiety was significantly higher for female
students. While the math activities math anxiety construct was not significantly
different between female and male students, the math test anxiety construct
showed a very significant difference with higher levels for female students (see
Table 2).
Math anxiety

Female

Male

St. Dev.

p-value

(n= 203)

(n= 295)

Math test

3.87

3.43

0.90

< 0.001

Math activities

2.03

1.98

0.74

Not Sig.

Math anxiety (total)

2.95

2.70

0.66

< 0.001

Table 2: Scores (mean and standard deviation) for math anxiety constructs for
male and female engineering students (n=498) and t-test results (p-values)
The ANCOVA analyzed the math self-efficacy and math anxiety constructs
together, and showed that higher math self-efficacy average for male
engineering students was not statistically significant, while the math test anxiety
difference was significantly higher for female students (see Table 3). No
significant differences were found between male and female students for the
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other math self-efficacy and anxiety constructs, indicating that math anxiety is a
covariate with math self-efficacy.
Construct

F-ratio

p-value

Self-efficacy - Math problem-solving

2.61

Not Significant

Self-efficacy - Everyday math activities

3.39

Not Significant

Self-efficacy - Math courses

0.87

Not Significant

Math self-efficacy (average)

3.71

Not Significant

Anxiety - Math test anxiety

24.12

< 0.001

Anxiety - Math activities

1.32

Not Significant

Math anxiety (average)

0.78

Not Significant

Table 3: Results of ANCOVA identifying significant differences between male
and female student math self-efficacy and math anxiety levels
DISCUSSION AND CONCLUSIONS
There are significant differences between male and female engineering students’
scores on two of the math self-efficacy constructs based on t-test results, with
males showing higher math self-efficacy for everyday math activities and total
the total average. However, these difference drop out from the results of the
ANCOVA, indicating that t-test results may have been subject to a Type 1 error
due to multiple t-tests on the same data set. The average math self-efficacy for
both male and female engineering students was above 7 on a scale of 1 - 10,
suggesting that engineering students are confident they can perform mathrelated activities well and successfully complete math courses. Although math
self-efficacy scores were high for both male and female students, male students
tend to have higher self-efficacy for performing everyday math activities such
as calculating the mileage that a car can travel with 15 gallons of gasoline. Math
problem-solving self-efficacy was the lowest math self-efficacy construct for
both male and female engineering students.
The math anxiety levels of male and female engineering students were
relatively low, with an average math anxiety below 3 on a scale of 1 – 5.
Although math anxiety average was significantly higher for female students
based on t-test results, like math self-efficacy, this difference dropped out based
on ANCOVA results. The math test anxiety construct was higher for both male
and female students, and both statistical tests showed a strong significant
difference between male and female engineering students, with female students
reporting higher math test anxiety. A significantly higher math test anxiety
could be a reason why female engineering students experience more stress and
anxiety performing math in general. Experiencing higher math test anxiety than
their male peers could be negatively affecting female students’ math
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performance, and this could be seen at high school level where a gender
performance gap starts to emerge (Ganley & Vasilyeva, 2014), with male
students traditionally outperforming females in achievement and selection tests.
When math self-efficacy and math anxiety were tested in the same statistical
model (ANCOVA), average differences were no longer significant. This
indicates that these two factors could be covariates, or interacting with each
other. This agrees with prior literature; according to Bandura (1986), math
anxiety has an inverse relation to math self-efficacy levels. Any effort aiming to
increase math self-efficacy may help students to decrease feelings of anxiety
when they perform math-related activities. Math and engineering educators
should consider developing environments that help students to learn math topics
without generating feelings of stress and anxiety. Developing strategies to
motivate female engineering students to feel more confident about their math
abilities could help them deal with their high math anxiety and avoid negative
feelings towards math courses. Decreasing math anxiety feelings could have a
positive impact in female students’ math performance, making them more likely
to get involved in math-related activities and increase their interest and
persistence in math-related majors such as engineering, which ultimately could
help close the gender gap in these fields.
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MATHS RECOVERY CAN IMPROVE EARLY NUMBER
LEARNING IN THE SOUTH AFRICAN CONTEXT
Samantha Morrison
University of the Witwatersrand, Johannesburg, South Africa
This paper reports on findings from a study focused on developing early number
skills in a context of widespread low learner attainment in number. Positive
learning gains achieved through Wright et al.’s (2006) Maths Recovery (MR)
programme provided the rationale for a grouped intervention trial with
comparison individual intervention cases incorporated. Learner pre- and posttest data around the relatively short intervention indicated comparable learning
gains made by a sample of middle- attaining Grade 2 learners across the
grouped and individual intervention formats. Gains made by the intervention
group also compared favourably to those made by a matched control group.
This is an important finding in any context of highly inequitable learning
outcomes coupled with ‘lags’ in number learning on the ground.
INTRODUCTION
The number skills children learn during their first years of schooling are
considered by many researchers as the key foundation upon which all
understandings of mathematics are built (Reys et al., 1999). Most of the
mathematical concepts children learn during primary school are based on a
sound understanding of number (Perry & Dockett, 2008). Poor number skills in
young children, which are evident as early as pre-school, have far-reaching
consequences as these learning ‘deficits’ tend to snowball rather than decrease
over time (Spaull, 2013), thus the need for early intervention. Researchers agree
that early intervention for children who fall behind the mainstream in
hierarchical subjects like mathematics yield better learning gains over time than
intense input during later years of schooling (NCTM, 2000). The importance of
a solid foundation in early number skills, coupled with evidence of substantial
differences in these skills among children in the early grades, prompted the
development of Mathematics Recovery (MR).
THE MATHEMATICS RECOVERY (MR) PROGRAMME
The MR programme has been used successfully in many developed countries to
improve low attainers’ early number learning (Wright et al., 2006). Wright and
colleagues make a strong case for individualised intervention that grows out of
initial, comprehensive assessment of the child’s current number knowledge
which then forms the basis for instruction that is aimed ‘just beyond the cuttingedge of the child’s current knowledge’. The widespread success of this
programme has caused it to evolve over time to the place where it is now also
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used as a daily classroom numeracy programme, addressing the needs of all
ages and levels of ability.
The Learning Framework in Number (LFIN) is a key part of the MR
programme which guides teaching and assessment and provides a trajectory
charting children’s learning. The LFIN enables summary profiling of children’s
number knowledge which is an important first step for intervention and forms
the basis for instruction. Learner profiles are created using several interrelated
aspects of early number delineated in the framework: Stages of Early
Arithmetical Learning (SEAL); Base-Ten Arithmetical Sequences; Forward
Number Word Sequences and Number Word After; Backward Number Word
Sequences and Number Word Before and Numeral Identification (Wright et al.,
2006). An explanation of the SEAL and Base Ten aspects follow as the rest of
the LFIN aspects are fairly self-explanatory.
Strategies for Early Arithmetical Learning (SEAL) focuses on children’s most
sophisticated strategies for solving additive tasks. The SEAL profile is the most
important part of the LFIN and is the only aspect where progression is described
in terms of stages. In every other aspect of the LFIN, progression is described in
terms of levels. In MR, every new stage is likened to a “plateau” and is
characterised by “a qualitative advancement in knowledge” while a level is
regarded as “a point on a continuum” (Wright et al., 2006, p.190). In this
interpretation, progressing from one SEAL stage to another involves a bigger
shift in conceptual understanding than moving across levels in other LFIN
aspects. The SEAL stages are:
SEAL

Description of learners’ additive strategies

Stage 1 can only count perceivable items
Stage 2 solves additive tasks using the ‘count all’ strategy
Stage 3 uses curtailed counting strats like ‘count on’ and ‘count-downfrom’
Stage 4 uses ‘count-down-from’ and ’count-down-to’ efficiently
Stage 5 solves 2-digit tasks using ‘non-count-by-one’ strategies like derived
facts, N-10 and compensation without the support of materials
Table 1: Description of SEAL stages
Using base-ten involves the organisation of numbers and calculations into 1s,
10s, 100s and 1000s and is premised on children seeing/using ten as a unit.
‘Base-ten thinking’ draws on children’s ability to reason in tens and ones which
is linked to informal place value knowledge. Children’s ability to skilfully
structure numbers and calculations using ‘base-ten thinking’ helps them to get a
handle on working with numbers larger than twenty (Wright et al., 2012). A
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focus on developing ‘base-ten thinking’ emerged during intervention when
learners struggled to increase and decrease a quantity (shown with bundling
sticks) by ten without counting-in-ones. Placing learners at particular Base-Ten
levels requires determining their facility with using ten as a unit to solve
additive tasks (Wright et al., 2006). The Base-Ten levels are:
Base Ten Description
Level 1

solves additive tasks involving tens by counting-in-ones

Level 2

uses ten as a unit to solve additive tasks involving 10s and 1s but
needs a tens-based setting (e.g. rek-en-rek) to do so

Level 3

solves additive multidigit tasks using ten as a unit, without
materials
Table 2: Description of Base Ten levels

Children’s understanding of ten as a collection of ten ones and as a single unit
of ten is crucial for solving 2-digit by 2-digit number problems (Steffe et al.,
1988). So, to achieve the highest SEAL stage – which involves solving 2-digit
additive tasks mentally without a concrete tens-based setting – learners need an
understanding of base-ten. This means that learner’s facility with using ‘baseten thinking’, as opposed to counting-in-ones, is fundamental to their progress
along the LFIN SEAL trajectory.
EARLY NUMBER LEARNING IN THE SOUTH AFRICAN CONTEXT
Researchers rightly describe mathematics learning in South Africa as being in a
state of ‘crisis’ (Fleisch, 2008) when seen in light of national, regional and
international comparative studies. An over-emphasis on counting-in-ones, the
use of concrete materials and the lack of progression from counting to
calculating strategies underlie the poor early number development seen on the
ground (Hoadley, 2012). Challenges that impede children’s early number
learning in this context are found to apply more to poorer or working-class
learners who attend no-fee public schools – who make up roughly the bottom
60% of children attending public schools (Ramadiro & Porteus, 2017).
Individualised intervention in a context where the majority of learners in public
schools are falling behind curriculum attainment targets (Ramadiro & Porteus,
2017) is impractical. Highly structured remedial interventions are considered
key in addressing wide-spread low number attainment (in the midst of limited
pedagogical content knowledge) in South Africa (Spaull, 2013). In light of the
importance of developing children’s early number skills and the scale of the
problem in South Africa, I considered investigating whether short, structured
intervention using Mathematics Recovery for grouped and individual
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intervention could be effective in developing the early number learning of a
sample of Grade 2 learners in the South African context.
METHODOLOGY
Twenty Grade 2 learners from a public primary school were purposively
selected to make up the control and intervention groups (10 learners each).
Results from Annual National Assessments and an adapted Leverhulme test
(Brown et al., 2008) conducted with Grade 1s at the end of 2013 were used to
select 35 middle-attaining Grade 2 learners at the start of 2014. Middle-attainers
were selected because they were more likely in the country’s skewed
international performance to gain from a short-term structured intervention than
low-attainers. These 35 learners were then tested using a shortened version of
MR Assessment 1.1 to select 20 matched learners for the intervention and
control groups. Intervention learners were equitably split into two quartets (4
per group) and two ‘singletons’ based on test results and pragmatic reasons.
Each group and each singleton were withdrawn from class twice a week for 18
intervention sessions of 40 min, which totalled 12 hours. A ‘teaching
experiment’ was the approach used and the ‘test-teach-test’ model was
followed: individual pre-test interviews using MR assessments followed by 18
grouped/individual intervention sessions based on Maths Recovery and then the
same individual post-test interviews.
All intervention sessions and interviews were video-recorded (and later
transcribed) so that focus could be placed on learners’ verbal responses and
gestures. Thus, two sets of transcriptions were generated. Based on Cobb &
Yackel’s (1996) Emergent Theory, which is framed by a social constructivist
paradigm, the original study coordinated an individual constructivist perspective
with a social interactionist perspective to analyse the different data sets. For this
paper I only focus on participants’ pre- and post-test interviews which were
coded using the LFIN descriptors outlined earlier. Through this individual
constructivist analysis a pre- and post-test summary profile was created for each
participant. While Wright and colleagues do not ascribe numerical stage/level
descriptors in the LFIN, for the purpose of exploratory comparative analysis I
followed Venkat & Weitz (2013) in interpreting levels attained on the LFIN as
scores. The SEAL stage achieved was doubled for use as a score (hence the
superscript x2) to reflect the qualitative difference between stages and levels in
LFIN noted earlier. My dual roles as intervention teacher and researcher created
an expected tension that was managed through ‘reflective practice’ (Schwab,
1959).
RESULTS
The results presented here only focus on the SEAL and Base-Ten aspects of
learners’ (named using pseudonyms) pre- and post-test LFIN profiles. This is
because of the importance of SEAL stages in the LFIN and the emergent focus
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on ‘base-ten thinking’ during intervention. Learners’ scores, shown according to
the mode of intervention, are shown side-by-side in Tables 3, 4 and 5 (post-test
scores in bold). The highest possible score for each LFIN aspect in learner
profiles are: SEAL – 5x2, Base-Ten – 3, and a total score of 13.
Khanye

Josh

Total Gains

Pre

Post

Pre

Post

SEAL

3x2

5x2

2x2

3x2

6

Base-Ten

2

3

1

2

Totals

8

13

Gains

4

7

+5

+3

+8

Table 3: Pre- and Post-test SEAL and Base-Ten scores for Singletons
The ‘singletons’ scores in Table 3 show that Khanye, who started from a
stronger base, made a higher gain in the SEAL aspect of the LFIN – an
improvement of 2 SEAL stages – while both learners improved by 1 level on
Base-Ten. Khanye made the highest overall gains for these aspects (+5) and the
mean gain for singletons was +4.
Bongi

Mali

Jenna

Sibu

Pre Post

Pre Post

Pre Post

Pre Post

SEAL

3x2

5x2

3x2

4x2

3x2

4x2

2x2

Base Ten

1

3

1

2

1

2

Totals

7

13

7

10

7

Gains

+6

+3

10
+3

4

Gains

4x2

12

2

6

10
+6

+18

Table 4: Pre- and Post-test SEAL and Base-Ten scores for Group 1
In Group 1 the highest SEAL and Base Ten gains were made by the strongest
and weakest members of the group, namely, Bongi and Sibu – each improved
by 2 SEAL stages and 2 Base-Ten levels. By way of example, in his pre-test
Sibu found solutions to tasks like 5+4 (both addends screened) by counting
from ‘one’ to ‘five’ on one hand, then counting from ‘one’ to ‘four’ on the other
and finally counting all his raised fingers from ‘one’ to ‘nine’. This ‘count all’
strategy placed Sibu at SEAL Stage 2. During his post-test Sibu used ‘countdown-from’ to solve removed items tasks (9-4 and 15-3) and ‘count-down-to’
for missing subtrahend tasks (12-☐=9 and 15-☐=11). His judicious use of
these advanced strategies put Sibu at SEAL Stage 4 for the post-test. The
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average overall gain for Group 1 was +4,5 which was slightly better than the
singletons’ mean gain.
Julie

Khosi

Kyle

Kgomo

Gains

Pre

Post

Pre Post

Pre Post

Pre Post

SEAL

4x2

5x2

3x2

5x2

2x2

4x2

3x2

3x2

10

Base Ten

1

3

1

3

1

1

2

6

Totals

9

13

7

13

9

7

8

Gains

+4

4

+6

+5

+1

+16

Table 3: Pre- and Post-test SEAL and Base-Ten scores for Group 2
The highest SEAL gain in Group 2 was achieved by Kyle and Khosi. For BaseTen the two stronger attainers at the time of the post-test (Julie and Khosi)
gained 2 levels each. For example, in her pre-test Khosi counted-on in ones
(using fingers) to solve 13+10 and 40+10 posed with dot strips. She was thus
placed at Base Ten level 1. But, solving additive problems in her post-test using
base-ten strategies without the support of a tens-based setting qualified Khosi to
be at Base Ten Level 3. For example, Khosi correctly solved all eight additive
and subtractive 2-digit horizontal number sentences (like 38+24 and 43-15) in
her post-test using mental jump (N10) and split (1010) strategies. The mean
gain for Group 2 was the same as that made by singletons: +4.
Next I compare SEAL and Base Ten results between intervention and control
groups. For a nuanced comparison of the gains made in these aspects I will look
at what was invariant between groups at the pre-test and what changed at the
time of the post-test.
Intervention:
Top 4 learners

PreTest

PostTest

Julie

1

3

Kamo

2

Bongi
Khosi

Control:
Top 4 learners

PreTest

PostTest

Yazu

1

1

3

Rila

2

2

1

3

Nozi

1

1

1

3

Olsen

1

1

Table 4: Intervention and Control Top 4 learners’ Base-Ten scores
Table 4 shows that in the pre-test 1 of the top 4 learners in each group could use
ten as a unit with the support of a tens-based setting (level 2) while 3 of the 4
could not use ten as a unit (level 1). Post-test results show that while all 4
intervention learners could now use ten as a unit without the support of a tens399

based setting (thus reaching Base Ten level 3), the control groups’ Base Ten
results remained unchanged.
Intervention
learners at
SEAL 3 for
Pre-test

Post-Test
SEAL Stages
3

4

Khanye

5
Khanye

Control
learners at
SEAL 3 for
Pre-test

Bongi

Olsen

Khosi

Khosi

Ntlako

Kgomo

Mali

6

Jenna
1

2

3

3

4

Olsen
Ntlako
Sipo

Bonang

Bonang

Rhaka

Rhaka

6

5

Nozi

Sipo

Kgomo

Jenna

SEAL Stages

Nozi

Bongi
Mali

Post-Test

1

5

0

Table 5: Intervention and Control Group SEAL Comparison
Both groups had the same number of learners who achieved SEAL Stage 3 (the
‘counting-on’ stage) at the time of the pre-test, i.e. 6 learners each. At the time
of the post-test, 1 of these learners from each group remained at SEAL Stage 3,
i.e. Kgomo and Olsen. The biggest difference in groups’ post-test results was
that half of the 6 intervention learners at SEAL Stage 3 at the time of the pretest had achieved SEAL Stage 5 in the post-test (i.e. they could use various noncount-by-one strategies to solve additive tasks). But, none of the control
learners who were at the ‘counting-on’ stage at the pre-test reached SEAL Stage
5 at the time of the post-test.
DISCUSSION AND IMPLICATIONS
The biggest gain for intervention learners was made in the SEAL aspect of the
LFIN. This result may seem unsurprising as intervention centred on improving
learners’ strategies for solving additive tasks. Yet, the SEAL gains certainly
surprised me as I did not expect such a relatively short intervention to produce
the cognitive reorganisation required for learners to make big shifts. But, in the
absence of a delayed post-test one cannot be certain to what extent these gains
were sustained over time.
The biggest individual gain across these two LFIN aspects was made by Bongi,
Sibu and Khosi – who all received grouped intervention. These learners had
very different pre-test profiles. Both Bongi and Khosi were at the ‘counting-on’
SEAL stage but could not use ten as a unit when solving multi-digit tasks. Sibu,
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not placed on the Base-Ten model, solved additive tasks using ‘count-all’. The
significance of this result is that gains were possible to achieve across the
attainment range in the sample.
Khosi had the highest overall gains for SEAL and Base Ten in Group 2, despite
having begun intervention ostensibly from the same place on the LFIN
framework as Kgomo who made the least gains in Group 2. This result shows
that children’s acquisition of early number is an individual process even in the
midst of the social construction of knowledge taking place within the
microculture of a group.
Both intervention and control groups had similar pre-test Base Ten results for
their top four learners but the post-test results differed considerably – with
higher attainment for intervention learners. This result speaks to the value of
‘base-ten thinking’ as a key contributor to the use of more sophisticated mental
strategies for solving additive tasks.
CONCLUSION
The comparable mean learning gains made by learners who received one-onone intervention and those who received grouped intervention is an important
result as this outcome points to the efficacy of both intervention formats. This is
an encouraging outcome in our current context of highly inequitable learning
outcomes and the scale of the maths crisis on the ground (Schollar, 2008) where
it is reported that 75-80% of children in South African public schools are two to
four grade-levels below the grade-appropriate levels outlined in the curriculum
(Spaull, 2013). Further, the higher gains made by intervention learners in the
SEAL and Base Ten aspects compared to matched control learners is a
promising outcome from short-term intervention using Maths Recovery which
suggests that a broader trial into the use of MR for intervention in similar
contexts is warranted.
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This theoretical paper proposes a new perspective on identifying and
characterizing the cultural specificities of proof and proving in the classrooms
of a given country. To this end, based on the related literature, researchers
propose “structure”, “language”, and “function” as a triplet of aspects that
constitute proving activities. Researchers then exemplify each aspect in an
example case of proving activities in a Japanese classroom and discuss how it
allows us to characterize the cultural specificities of proof and proving.
INTRODUCTION
What is this thing called “proof”? The meaning of proof and proving is still a
subject of debate among researchers in mathematics education (e.g., Stylianides,
Bieda, & Morselli, 2016). Some previous studies have shown how proof and
proving are differently situated in the curricula, textbooks, and classroom
practices of different countries (e.g., Jones & Fujita, 2013; Knipping, 2004;
Miyakawa, 2017). These studies imply that proof and proving in mathematics
are culturally embedded activities. However, the number of earlier studies on
proof and proving from a cultural or international perspective is relatively small
(Reid, Jones, & Even, 2019); therefore, further theoretical, and empirical studies
on this topic are needed.
Since the diversity in the definitions of proof and proving may constitute an
obstacle to international communication among researchers from different
countries (Reid, 2015), it is important to take into account researcher’s
epistemology on proof (Balacheff, 2008) as well as the cultural dimension of
proof (e.g., Shinno et al., 2018). Although the expression “cultural” is rather
ambiguous, researchers understand it as “institutional”, based on The
Anthropological Theory of the Didactic (hereafter the ATD; Chevallard, 2019).
Within the ATD, a mathematical object (proof and proving in our case) exists in
each institution under the influence of several factors of different origins.
According to this tenet, cultural factors determine the way in which students
relate to proof and proving and produce diversity according to the institution to
which the object belongs. To gain deeper insight into the cultural specificities of
proof and proving in a given institution, researchers need to develop a
theoretical lens to analyze and explain such specificities. Therefore, the research
question in this research is as follows: What are the critical aspects that allow
researchers to identify the cultural or institutional specificities of proof and
403
2020. Inprasitha, M., Changsri, N. & Boonsena, N. (Eds). Proceedings of the 44th Conference of the International Group for
the Psychology of Mathematics Education, Interim Vol, pp. 403-411. Khon Kaen, Thailand: PME.

proving in the mathematics classrooms of a given country? To answer this, we
propose a new theoretical perspective and then exemplify it in an example case
of proving activities in a Japanese middle school classroom.
THEORETICAL PERSPECTIVE
Related Literature: Different Aspects of Proof and Proving
What counts as a principal aspect of proof depends on the theoretical
perspective adopted for the research being undertaken. Mariotti et al. (1997)
proposed the notion of mathematical theorem that consists of a system of
relations between a statement, its proof, and the theory within which the proof
makes sense. Balacheff (1987) proposed a framework composed of knowledge,
formulation, and validation. These works certainly deal with crucial aspects
when analyzing and understanding the complex nature of proof and proving,
especially in relation to the mathematical knowledge behind it.
When discussing proof and proving in the classroom, another important aspect is its
relationship with argumentation, which directs us to the discourse or rhetorical
means to convince others (Stylianides et al., 2016, p.316). Duval (1991) nicely
characterized the functional aspect of mathematical proof with respect to
argumentation in terms of the epistemic and logical values attributed to the
statement to be proved: The mathematical proof provides the logical value (true
or false), while the argumentation changes the epistemic value that is the degree
of certainty the collocutor has with the statement (certainly, probably, etc.).
Knipping (2008) adopted Toulmin’s argument model to describe the argumentation
structure in the proving process. This offers the argumentation analyses that make it
possible to compare and infer the rationale of the argumentation in both local and
global structures through classroom talk (Knipping & Reid, 2013). It is also
important to note that argumentation is the act of persuading someone with a claim
in ordinary life, since proving often plays this role even though it is not an ordinary
practice in some countries (Sekiguchi, 2002; Sekiguchi & Miyazaki, 2000).
Although different theoretical approaches have been used to characterize proof
and proving (or argumentation) in mathematics education so far, cultural, or
institutional perspectives are rarely considered. Nevertheless, some ideas from
the existing frameworks mentioned above can be reconsidered and integrated
into a new theoretical perspective to characterize what constitutes proof and
proving from a cultural perspective. Our proposition is that proving activities in
a given institution can be characterized by three aspects: Structure, language,
and function. Although these aspects have already been mentioned in different
ways in previous studies, researchers intend to reconceptualize them as a triplet
to identify the cultural specificities of proving in the classroom. Let us briefly
explain each aspect, and then provide some examples.
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Proof and Proving as a Triplet: Structure, Language, and Function
Structure denotes here the organization of reasoning or arguments showing how
different statements consisting a proof are connected. The structure required in a
proof may differ according to the institution. For example, in our everyday life,
arguments are given one after another to persuade the collocutor of the validity
of a statement (Duval, 1991). In contrast, proof and proving in school geometry
often requires a basic step consisting of “given statements”, a
“theorem/axiom/definition”, and a “conclusion”, as well as the chain of steps in
the propositional logic. At a more advanced level, it may be more appropriate to
grasp the reasoning for the universal proposition in the predicate logic including
quantification (Durand-Guerrier & Arsac, 2005). The argumentation analysis
(Knipping, 2008) is a way to identify such a structure that may be implicit in
classroom interactions.
Language is the semiotic representation, register or not (Duval, 2006), used in a
given institution to express the arguments and structure of reasoning. Gestures
and oral discursive representations are also languages that may express
arguments and the structure of proof. In the classroom, different representations
are used such as gestures, oral and/or written discourse, diagrams, and so forth
(Chen & Herbst, 2013). Since the formulation of proof is concerned with
ordinary language, this aspect shows strong cultural effects at both the
grammatical and semantic levels.
Function has been extensively studied in the mathematics education research
field (e.g., Hanna, 2000). However, the function attributed to the proof differs
according to the institution and is not reserved to the ones often mentioned in
the literature (verification, illumination, communication, systematization, and
discovery). In other words, what is called “proof” may differ according to the
function attributed to the justification. For example, Miyakawa (2017) showed
that in French lower secondary schools, proof is a means to justify a statement
without relying on perception or visual information.
EXAMPLES: PROVING IN JAPANESE LESSONS
To exemplify how and to what extent our theoretical perspective allows us to
account for the cultural specificities of proof and proving in the classroom,
researchers will provide empirical data to be analyzed in the next section.
Lessons in a Japanese Middle School
Researchers collected data on ordinary mathematics lessons in a public middle
school. A series of five mathematics lessons given to a Grade 8 class (13–14
years old; 35–40 students) were videotaped. A teacher was asked to give
ordinary lessons for a unit on “conditions for a parallelogram”, right after
teaching proofs and congruent triangles in geometry lessons. This middle school
teacher had around 20 years of teaching experience.
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One of the specificities in the proving Fig. 1: Oral proving by the teacher
activities through the five lessons is that the written proof was given only twice,
while there were 10 oral proving activities for the true statements (and five
others for the false statements). Below, researchers describe two example cases
of proving: One given orally, and another given orally then in a written form.
Case 1: Oral Proving
Case 1 is taken from the third lesson, in which the class proved one by one
different statements on the conditions for a parallelogram. The statement was
that a quadrilateral with two pairs of equal opposite sides is a parallelogram,
which is considered as an important theorem in the textbook used in this class.
The teacher reviewed the proof of the statement as follows:
Teacher (T): I will tell how we proved it. Pay attention. Well, by drawing [a
diagonal], two triangles appear. A pair of sides are equal. The
second pair, [are] equal, the third pair, overlapping ones are equal
[T draws a round mark on the diagonal (Figure 1)], so [they are]
congruent. Since [they are] congruent, this angle and this angle are
equal [T draws marks for equal angles]. Well, since [they are]
congruent, this angle and this angle are equal [T draws marks for
equal angles]. Well, next. Since this angle and this angle are equal,
Z appears, and [they are] alternate-interior angles [T draws marks
for parallel lines], [they are] parallel. Well, [they are] parallel. Then,
here, and here, since the angles are equal, Z appears, and [they are]
alternate-interior angles [T draws mark for parallel lines]. Well, it
[the diagram] is now a mess, but we can say [it is] a parallelogram.
Okay, we can say it.

Figure 1: Oral proving by the teacher
Case 2: Written Proof
In the fourth lesson, the teacher proved the statement “Like the right diagram,
when taking two points E and F so that AE = CF on the diagonal AC of the
parallelogram ABCD, prove that the quadrilateral EBFD is a parallelogram,”
which is an exercise in the textbook. The statement and proof were first given
orally through interactions with students, and then the proof was given in
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written form on the blackboard (Figure 2). The proving process was therefore
divided into two phases: Oral proving and its formulation as a written proof, as
in the following transcript:
(Proof)
Based on the property of a parallelogram,
BO = DO ... (1)
AO = CO ... (2)
From hypothesis
AE = CF ... (3)
From (2) and (3)
EO = FO ... (4)
From (2) and (4), since the two diagonals
intersect at their midpoints, the quadrilateral
EBFD is a parallelogram.

Figure 2: A written proof given on the black board and its English translation
Teacher:

We are going to write what I said now. At first, we say that BO and
DO are equal, and AO and CO are equal. This is like what we have
done so far. This is not new. Well, as the quadrilateral at the very
beginning is a parallelogram, what we can use is this [writing on the
board]. Ok? Well, [it is] the property of parallelogram.

EXEMPLIFYING PROOF AND PROVING AS A TRIPLET
Researchers will now analyze these two cases together from our theoretical
perspective of proof and proving as a triplet, by identify the structure of
reasoning given in these cases, the language used to describe the structure, and
the function played by proof and proving in the classroom.
Structure of Reasoning
The proving in Case 1 consists of the explanations of the congruent triangles
and parallel lines by the alternate-interior angles. One could identify the
structure of reasoning from the teacher’s speech and gestures on the diagram in
the video (whereas there are many implicit points): The first step is to prove that
the three pairs of sides of the two triangles are respectively equal; the second is
to prove the congruent triangles; the third is to prove the equal angles; the fourth
is to prove the parallel lines, and the last is to prove the parallelogram. This
structure is based on propositional logic, since the teacher never mentions
quantifications such as “any” or “all”, and the statements are connected from
the hypotheses to the conclusion by means of the geometrical properties
(definition and theorems).
In Case 2, the class is seeking the reasoning structure that connects the
hypotheses to the conclusion. The process of proving goes backward from the
conclusion to the hypotheses. This is different from Case 1, in which the teacher
proved forward like a written proof from hypothesis to the conclusion.
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However, the reasoning structure one may identify in the oral proving and
written proof is similar to Case 1. The statements are connected by the
properties in each step, and the intermediate conclusion is reused in the next
step as a given statement until the target conclusion. This structure of reasoning
is more explicit in the written proof. In addition, quantification is not mentioned
in this case either.
Language
What kinds of language are used to express the structure of reasoning? In the
oral proving of both cases, the language used by the teacher is an amalgam of
oral discourse, diagrams, and gestures. What he says could not be a written
proof per se and would not make sense without gestures and diagrams (see Case
1). Further, in Case 1, the teacher never uses labels (e.g., A, B, C, etc.) when
referring to the points or angles. Instead, he often uses “demonstrative words”
(e.g., “this” or “they”). This implies that the teacher sees the diagram and
gestures as parts of the proving.
In Case 2, the teacher provides a written proof after the oral proving (Figure 2).
It is given in Japanese with many symbols. However, the proof consists of a list
of symbolized statements with properties, but not of proper Japanese sentences,
except for the last line, because each statement does not include a subject and
verb and there is no dot at the end of the line, which there should be in proper
sentences. Unlike English, expressions like “BO = DO” are not abbreviated
sentences (as in Nesselmann’s Syncopated algebra) in Japanese, but symbolic
statements that do not preserve Japanese grammar (since the verb should come
at the end of the sentence). The teacher says when writing the last line, “The
conclusion must be written in Japanese. This becomes a little bit long”. This
utterance supports our interpretation that the other lines are not given in proper
Japanese.
Function of Proving
One may identify some functions of proving in the two cases. In Case 1, the
proving is to provide a logical value (Duval, 1991), allowing them to reuse that
statement in other proofs, and to systematize geometrical knowledge that has
been learned in the previous grades (e.g., parallelograms in primary school).
Notably, this was not done to convince someone. The students already knew
this statement from the previous lesson and there was no discussion on its truth.
One cannot see, therefore, the function of argumentation that changes a
student’s epistemic value (Duval, 1991) of the statement, and there was no
argumentative activity in the observed lessons. This was also the case in Case 2.
The class never discussed the truth of the given statement but took it for
granted. In fact, the teacher introduced the statement after drawing the diagram,
as follows:
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Teacher:

Well, this is the problem to prove that the red quadrilateral becomes
a parallelogram. It looks like a parallelogram, this red one. It also
looks like a rhombus. But this becomes a parallelogram. Why is it?
This is a problem.

One may see here that another function of the proof is to explain why the
statement holds. This role was accomplished by orally exposing the structure of
reasoning that connects the hypotheses to the conclusion. In other words, the
main function of proving was to create a deductive chain reaching to the
conclusion from the hypotheses and show the logical structure. The teacher
conveyed this logical structure through oral discursive language with diagrams
and gestures.
DISCUSSION
What is Proof and Proving in Japanese Middle School?
One could find in both cases that the teacher did not accord importance to the
written proof. It was given only twice in the sequence of five lessons. This
implies that what counts as “proof” in this classroom is not necessarily
formulated as a written entity. Instead, the oral proving with diagrams and
gestures was considered as a proof. This may cause some ambiguities in the
connections between statements. One may not explicitly see how the hypotheses
are connected to the conclusion by means of a theorem, because the discursive
language is not well organized and the “if-then” form is not used to describe the
properties. Further, even in the written proof, although it complements some
logical connections of statements in the oral proving, there are still some
ambiguities due to the non-use of the “if-then” form and the Japanese language.
So, what is the basis to conclude that a statement has been proved in a Japanese
classroom? The proving activity is not an argumentative activity to convince
someone of the truth of a statement (this is aligned with Sekiguchi’s [2002]
claim), but an activity to establish the structure of deductive reasoning from the
hypotheses to the conclusion in the propositional logic with a specific level of
linguistic rigor (as described above) and to explain why the statement is
considered to be true. Further, the proven statement should be universal, as
mentioned by Miyakawa (2017), but quantification is not explicitly dealt with in
the structure of reasoning.
Theoretical Reflection: Proof and Proving as a Triplet
Let us reflect on our theoretical perspective, conceptualizing proof as a triplet,
to answer our research question. This perspective allows us to characterize
proof-related activities, such as oral argumentation and written mathematical
proofs, from a broader perspective than the existing frameworks. However, we
do not intend to argue that these three aspects are necessary and sufficient for
discussing the cultural specificities of proof and proving. Instead, researchers
claim, based on the results of previous international comparative studies, that
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the triplet allows us to explain that some of the three aspects are emphasized in
a given institution more than other aspects, and some aspects are considered in
a different way according to the institution.
For instance, in a comparative study of French and German classrooms,
Knipping (2004) identified the importance of writing in French classrooms,
where each step in an argumentation chain should be made explicit. One may
see in our analysis that the linguistic level of rigor required for proving in
France is very different from that in Japan. Proving in a Japanese classroom is
rather similar to that in a German classroom, which is called intuitive-visual
argumentation. This example implies the relevance of our perspective that
language is an aspect that strongly reflects cultural specificities, in addition to
the function of proving mentioned above.
From the institutional perspective of ATD, students’ relation to proof and
proving could be different not only across the country, but also across grades
and mathematical domains (e.g., algebra and geometry) within a country. While
in this paper researchers consider as an institution the geometry lessons in a
specific country, it is necessary to further analyze and compare empirical data
from different institutions to corroborate our theoretical perspective and
elaborate it to systematically investigate different proving activities by means of
the triplet—structure, language, and function.
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This research focuses on 9th grade students’ learning processes while playing
mathematical games. We adopt the commognitive lens and ask: how do the
discursive processes around a board-game about quadrilaterals afford
explorative participation? We found four main routines followed by the
participants: two relating to the mathematical objects and two relating to the
rules of the game. These routines were organized in patterned ways where the
mathematical routine usually preceded the game-playing routine. In addition,
subjectifying discourse was relatively neutral in the mathematical discourse
while competitive and identifying in the game-discourse. In this way, the
mathematical routines served as a gateway and a resource for the main goal of
winning the game.
INTRODUCTION
Several studies have shown that mathematics game-playing can promote
motivation and engagement (Orim & Ekwueme, 2011; Parsons, 2008). These
studies join the contemporary enthusiasm about gamification and game-based
learning in education (Gee, 2008; Hays, 2005). However, not much is known
about the processes of learning happening through these games. Even less is
known about how students learn mathematics through game-playing. Having a
long experience with teaching mathematics by game-playing in middle-school
mathematics classrooms (2nd author), we designed a study that aims at
identifying the learning opportunities that students are provided with during
mathematics games. In the current paper we report on students' discourse
around a board-game about quadrilaterals, and how the organization of this
discourse affords explorative participation.
GAMES IN CLASSROOMS AND LEARNING THROUGH GAMES
Teaching through games is well supported by the constructivist theory since
games are natural activities for children (Vankúš, 2005) and provide them with
opportunities to explore their ideas and create strategies through trial and error
without being concerned with outcomes in real life. That is, mistakes which are
done during games will not influence the players’ real lives when compared
with mistakes done in a test (Hays, 2005). With no outcomes in reality, students
are more motivated to explore the subjects through the game. Their social skills
and emotional regulation can be improved as well as their ability to better
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understand and remember what they learn (Gee, 2008; Hamari, Koivisto &
Sarsa, 2014; Stott & Neustaedter, 2013). Various studies detail possible
contributions of game-playing to mathematics learning. Those include:
improving mental calculations, providing an environment in which students
generate their own mathematics questions and problems along the game
(Parsons, 2008), helping to conceptualize mathematics problems, improving
students' attitude towards mathematics, motivating students to practice in an
enjoyable way, learning mathematical vocabulary and ideas, improving math
reading (Henry, 1973) and improving logical thinking (Orim, Ekonesi &
Ekwueme, 2011). It could also enhance social and communicational skills and
competencies (Gee, 2013; Higgins & Chaires, 1980). Literature relates to
different types of games. In this study we focus on students playing one game
which complies with the following definition: “A competitive interaction based
on mathematical principles. This interaction must include at least two players
that are committed to the same set of rules and are free to choose their own
strategy and moves based on mathematics and luck”. This definition is based
upon various other definitions for games (e.g. Gough, 1999; Orim & Ekwueme,
2011).
While studies about game-playing in educational settings have been growing in
number and scope, studies about the learning processes involved in learning
with mathematical games is still lacking. For studying such processes, a
discursive lens, which focuses on students' communication while playing, can
be beneficial. Adequate methodological tools would have to be able to analyze
mathematical discourse among students and the way their identities and
emotions are expressed during the games. Commognition theory (Sfard, 2008)
has proved useful in the past for examining processes of learning, and in
particular, for examining affective aspects of communication as they interact
with mathematical activity (Heyd-Metzuyanim & Sfard 2012). Next we detail
about the commognitive framework.
LEARNING AS BECOMING AN EXPLORATIVE PARTICIPANT
According to the commognitive framework, learning mathematics is a change in
one's mathematical discourse, towards becoming an explorative participant in
the discourse (Lavie, Steiner and Sfard, 2019). Such participation is
characterized by the students' authoring of narratives about mathematical
objects. The learner chooses between alternatives according to the task at hand
and considers alternative processes. She is expected to make independent
decisions on the way. This, in contrast to ritual participation which is
characterized by rigidly following rules according to others' authority and
focusing on the doing and not on the goal.
To learn about the type of student participation while playing in the
mathematics classroom, whether more ritual or more explorative, we look at the
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routines that they perform. Routines are patterns that are repeated in similar
situations. We identify routines as pairs of tasks and procedures: the task one
sees herself performing together with the procedure she executed to perform the
task (Lavie, Steiner and Sfard, 2019). That is, when a person faces a new task,
she is able to act thanks to her previous experience, past situations that she
interprets as sufficiently similar to the present one to justify repeating what was
done then, whether it was done by herself or by someone else.
As mentioned above, game-playing is often characterized as promoting
motivation and emotional engagement (Hamari, Koivisto & Sarsa, 2014;
Parsons, 2008). Taking a discursive lens we use the terms of subjectifying and
mathematizing to analyze these affective aspects in students' communication.
By subjectifying we mean communication about the participants of the
discourse, including statements about one's actions, thoughts, feelings and
general attributes. These communicative actions are often accompanied by a
distinct emotional hue – that aspect of the utterance that is interpreted by the
audience as indicating how the communicator is feeling. By mathematizing we
mean communication about mathematical objects. Previous studies (e,g, HeydMetzuyanim & Sfard, 2012) have found that subjectifying can interfere with
mathematizing. For example, when students are focused on subjectifying
negatively about each other (e.g. in relation to who is smarter, who is better
understood, etc.), the effectiveness of the mathematical communication may
suffer. These studies, however, did not relate to playful or game-playing
situations. There, subjectifying may be intense due to the competitiveness of the
game (the individual's goal to win), yet it is unexplored whether such
subjectifying is beneficial or detrimental for learning.
The goal of the present study is to examine students' communication around
game-playing to better understand the affordances of this teaching practice.
Therefore we ask: How do the discursive processes around a board-game about
quadrilaterals afford explorative participation?
METHOD
In this paper we closely look into students' playing of one geometric game, the
"quadrilaterals Totem game", inspired by a game named Totem. It is a board
game with 10x10 ellipses (Figure 1). On 96 ellipses, a name of a quadrilateral is
written. The other 4 ellipses are empty. The game includes a stack of property
cards. On each property card, a geometrical property is written, for example
"two adjacent angles sum to 180". The players' goal is to move their 4 plastic
chips from one side of the board to the other according to the property card. In
each turn it is possible to move one chip in one direction through as many
ellipses that comply with the written property. For instance, if the property card
says, "all sides are equal", a player can move in one turn one plastic chip in one
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direction but it can pass through all sequential ellipses that comply with the
property. Once a student reaches an empty ellipse, players draw a new card.

Figure 1: The Totem game board – a sketch and in reality
The data for this paper includes a videotaped 9 th grade mathematics lesson in
which students were playing the quadrilaterals Totem game. We focus on two
groups of four students each. Both groups played for the whole lesson (about 30
minutes). One group played eight rounds and the other – five. The videotapes
were transcribed and analyzed in three steps. First, utterances were identified as
either relating to the mathematical discourse (talk about mathematical objects)
or to game-discourse (talk about the game). Second, we identified routines that
the participants performed in each of the discourses, by identifying the tasks
that they set before them. To identify the task, we look at what the participants
do and consider the possible task that she tries to perform. For example, if a
player says: "it's a rhombus because it has four equal sides", we could interpret
her task to be "justify your identification of shape". Third, we identified all
subjectifying talk and identified its emotional hue.
FINDINGS
Finding 1. We found that while playing, students talked either about the game
or about the mathematics. That is, they participated in two discourses – game
and mathematics discourses. Only 1% of students' talk was about other issues.
This implies that students were engaged with the game and did not talk about
other topics.
Finding 2. When looking at students' organization of the discourse in all
rounds, we found that after picking a card and reading the property, students
first jointly discussed which of the quadrilaterals comply with the property and
which do not. They also clarified words that were written on the card. Later,
students negotiated about specific mathematical narratives produced – they
challenged narratives formerly endorsed by the group and justified narratives
about the shapes. In those parts, students raised doubts, tried to convince others
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and addressed their peers' questions. After mapping the shapes as complying /
not complying with the given property, players shifted to talk about the game.
Here, students talked about game strategies and negotiated options and choices
of moves that they could or should take. We conclude that during the game
students' discourse included the following four routines of participation: (for
each routine we specify the task that defines the routine). Math_a: Laying the
mathematical ground. This routine includes the task: to produce mathematical
narratives that are required to play and win the game. This routine was initiated
in every round right after reading the property card. Math_b: Negotiating the
mathematical narratives. Task: to challenge and reason about formerly
produced mathematical narratives. This was initiated when a certain shape was
not checked earlier (after starting to play) or when an agreement about a shape
was questioned. Game_a: Game strategy. Task: to identify the best
strategy/moves to win. This was initiated after mapping which shapes comply
(or not) with the property. Game_b: Negotiating game-moves. Task: to
determine which moves are allowed according to the game rules.
Episode 1 illustrates the Math_a routine.
Episode 1: Laying the Mathematical Ground
Turn name
196 H
197 N
…
201 S
204 N
205
206
207
208
209
…
214
215

what was said (what was done)
(Picks up a card and reads) Every pair of adjacent angles sums 180
Every pair of adjacent angles

S
H
S
H
S

Ahh in a rectangle? What is adjacent?
Adjacent is, one (angle) next to the other (using hand gestures).
Those are 180
So also in a square, in a rectangle, in a parallelogram
Almost every shape
In parallelogram?
Almost every shape except
Trapezoid

H
S

Everything that includes, let's say, kite and rhombus
Great, my turn

The routine is initiated by picking up a card and reading the property (196). The
task that students were performing during this episode was to produce
mathematical narratives that are relevant to moves required in the game. The
sub-tasks that students performed towards this goal were: (a) clarify
mathematics words that are unclear (201, 204), and (b) determine the shapes
that comply (or not) with the given property (201, 205-209, 214).
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Episode 2: Negotiating the Mathematical Narratives
The next episode illustrates routine Math_b. The routine was initiated when a
player challenged narratives that were formerly accepted by the group. The
students' mathematical discourse during this routine usually included
mathematical explanations and justifications. This episode refers to the property
card “All opposite sides are equal” and was initiated when student M challenged
a narrative formerly accepted by the group, that "in a rhombus all opposite sides
are equal".
Turn Name
196 M
197 T
198 M
199 A
200 T
201 R

202 M

what was said (what was done)
In a rhombus opposite sides are eq(ual) not equal
In rhombus all sides are equal.
But it doesn’t mean that they, like the opposite have to be equal,
(but just) the adjacent are equal.
But all sides are equal
But all sides are equal in a rhombus, it’s like a square
Listen if it (the rhombus sides) were four four four four (each side
equals 4 length units), so four equals to four (pointing at opposite
sides), four equals four
Well. So, OK

Here, students T, A and R justify the formerly accepted narrative by using three
justifications: (a) if all sides are equal then a sub-set of them would necessarily
be equal (197, 199, 200); (b) making an analogy to a different shape (a square,
(200)) that was formerly accepted as being complying with the property due to a
similar reason (all sides are equal); and (c) by giving an example by attributing
specific length (four) to the sides (201).
The sub-tasks that students perform here are "challenge a formerly accepted
narrative", "justify a mathematical narrative" and "accept a suggested
mathematical narrative".
Finding 3. Performing routines Math_a and Math_b resulted in students'
production of multiple narratives. For example, during the performance of
routine Math_a for the property-card: Every pair of adjacent angles sums 180
(episode 1), students authored the following narratives: (1) adjacent angles are
next to each other (204); (2) Each pair of rectangle’s adjacent angles sums 180
(201, 205); (3) Each pair of a parallelogram's adjacent angles sums 180 (205);
(4) Each pair of a square's adjacent angles sums 180 (205); and (5) In a
trapezoid, not every pair of adjacent angles sums 180 (208-209).
Finding 4. In all 13 rounds that were analyzed, the activity structure that we
identified was Math_a - Game_a - Math_b OR Math_a - Math_b - Game_a. The
Game routines never started the round, and Game_b did not always occur. In
cases in which it did, it followed Math_b or Game_a.
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Finding 5. In both discourses - the mathematics and game, subjectifying
utterances were found. However, most subjectifying took place the game
discourse, that is, while performing routines Game_a and Game_b. We found
that 26% (76/287) of the utterances in routine Math_a included subjectifying,
and 22% (68/305) in routine Math_b. In contrast, 78% (208/267) of the
utterances in Game_a and 64% (190/299) of utterances in Game_b included
subjectifying.
Finding 6. Subjectifying differed not only in quantity but also in quality:
whereas routines Math_a and Math_b included neutral or positive subjectifying
and call for collaboration, routines Game_a and Game_b included negative
(mostly humorous) subjectifying narratives.
Episode 3: Negotiating Game-moves
Turn name
321 M
322 T
323
324
…
328
329

A
R
M
T

330 A
331 T

what was said (what was done) [emotional hue]
You can’t come back to where I am [Worried about T’s move]
I can do whatever I want to and you won’t tell me what to do
[annoyed]
So eat him (plastic chip), eat him [excited]
T is getting into a game mode (laughing) [cynical]
No, where are you going? [surprised]
BOOM! No (lands on M’s chip and takes it backwards). [Pride and
slight aggression]
Your turn (turns to R)
You don’t mess with T! [Arrogance and pride]

In episode 3 we can see that the subjectifying during game discourse is mainly
about winning, competing and teasing each other. This can be seen through the
aggressive and exited emotional hue within the game-discourse, that was totally
absent during the math-discourse.
DISCUSSION
Our question in this research was how do discursive processes around the game
of "quadrilaterals Totem" afford explorative participation in mathematical
learning. We found that students' routines of participation were organized in
patterned ways, where the mathematical routines usually preceded the gameplaying routines. This pattern promoted explorative participation since every
time students wished to reach the actual game-playing (routines Game_a and
Game_b), they needed to pass through the mathematics (routine Math_a). Also,
while participating in the game, students authored multiple mathematical
narratives: they determined whether to produce a narrative, which narratives to
produce, whether to question a narrative stated by others or when and how to
justify narratives. Also, they often did not have a ready-made procedure to
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follow while producing or justifying narratives. In addition, the mathematics
discourse hardly included subjectifying narratives, unlike the game-discourse.
This allowed relatively free engagement with authoring mathematical narratives
devoid of the potential negative consequences of authoring wrong mathematical
narratives. At the same time, the motive to win, and the emotional enjoyment
related to that was channeled to the game-playing discourse.
The use of mathematical games in class may divert traditional narratives such as
"being good/bad in mathematics" to two discourses with new narratives: the
game discourse which is mainly about the narrative of "I want to win", and the
mathematical discourse which is about collaborating to produce mathematical
narratives that will serve the main narrative of the game. That is, the
mathematical routines served as a gateway and a resource for the main goal of
winning the game.
References
Gee, J. P. (2008). Learning and games. The ecology of games: Connecting youth,
games, and learning, 3, 21-40.

Gee, J. P. (2013). Learning systems, not games. Texas Education Review, 1.
Gough, J. (1999). Playing mathematical games: When is a game not a game?
Australian Primary Mathematics Classroom, 4(2), 12.
Hamari, J., Koivisto, J., & Sarsa, H. (2014, January). Does Gamification Work?-A
Literature Review of Empirical Studies on Gamification. In HICSS, 14(2014), pp.
3025-3034.
Hays, R. T. (2005). The effectiveness of instructional games: A literature review and
discussion (No. NAWCTSD-TR-2005-004). Naval Air Warfare Center Training
Systems Div Orlando Fl.
Henry, K. M. (1973). The effect of games on cognitive abilities and on attitudes
toward mathematics.
Heyd-Metzuyanim, E. (2013). The co-construction of learning difficulties in
mathematics—teacher–student interactions and their role in the development of a
disabled mathematical identity. Educational Studies in Mathematics, 83(3), 341–
368.
Heyd-Metzuyanim, E., & Sfard, A. (2012). Identity struggles in the mathematics
classroom: On learning mathematics as an interplay of mathematizing and
identifying. International Journal of Educational Research, 51–52, 128–145.

Higgins, E. T., & Chaires, W. M. (1980). Accessibility of interrelational
constructs: Implications for stimulus encoding and creativity. Journal of
Experimental Social Psychology, 16(4), 348-361.
Lavie, I., Steiner, A., & Sfard, A. (2019). Routines we live by: From ritual to
exploration. Educational Studies in Mathematics, 101(2), 153-176.

419

Orim, R. E., & Ekwueme, C. O. (2011). The roles of games in teaching and learning
of mathematics in junior secondary schools. Global Journal of Educational
Research, 10(2), 121-124.
Parsons, J. (2008). Mathematical Games: Skill+ Luck= Learning. Mathematics
Teaching Incorporating Micromath, 209, 18-21.
Sfard, A. (2008). Thinking as communicating: Human development, the growth of
discourses, and mathematizing. Cambridge: Cambridge University Press.
Stott, A., & Neustaedter, C. (2013). Analysis of gamification in education. Surrey,
BC, Canada, 8, 36.
Vankúš, P. (2005). Efficacy of teaching mathematics with method of didactical games
in a–didactic situation. Quaderni di ricerca in Didattica, 15.

420

YOUNG JAPANESE CHILDREN’S SUBJECTIFICATION AND
OBJECTIFICATION THROUGH THE LENSE OF JOINT LABOR
Nagisa Nakawa1, Yusuke Uegatani2, Hiroki Otani3, Hiroto Fukuda4
1
2

Kanto Gakuin University

Hiroshima University High School, Fukuyama,
3
4

Japan Women’s University

Okayama University of Science

The article reveals how the processes of subjectification and objectification
proceed in a mathematical activity at a Japanese preschool and how the roles
of finger gestures change for children during these processes. The theoretical
construct used was joint labor as proposed by Luis Radford throughout his
work. We relied in part on his methodology and in part on a microgenetic
approach to analyze a scene of addition involving children and a teacher in a
Japanese preschool. The analysis captured children obtaining help from the
teacher to reconstruct the meaning of fingers as tools for solving quizzes rather
than preserving the meaning through unprompted practice. The analysis also
showed that the role of finger gestures was reconstructed in class to solve a
conflict between children’s differing solutions to an addition problem.
INTRODUCTION
In recent decades, studies examining young children’s mathematical abilities
and skills in various areas from a constructivist point of view have accumulated
(e.g., Duncan et al., 2007; Lin, Tsamir, Tirosh, & Revenson, 2013). Some have
investigated children’s gestures during geometrical problem-solving (Elia &
Evangelou, 2014; Elia, Hadjittoouli, & van den Heuvel-Panhuizen, 2014).
Moreover, socio-cultural issues, which are not intensively discussed in
constructivist research on young children, have been examined in the context of
research on preschool children in recent studies (Dijk, Oers, & Terwel, 2004;
Radford, in press), drawing attention to the socio-cultural nature of the early
development of mathematical abilities. Gestures, as well as other embodied
actions with verbal languages, were regarded by Radford (2012), as the integral
part of children’s cognitive functioning. From this point of view, the purpose of
this paper is to reveal finger gestures’ mathematical roles, especially in the
context of socio-cultural settings. To explore such roles, we refer to Radford’s
theoretical construct of joint labor (2016a, 2016b) and analyze Japanese
preschool children’s mathematical behaviors from a socio-cultural perspective.
The Japanese Ministry of Education, Culture, Sports, Science and Technology’s
Course of Study for kindergartens (2017) does not explicitly define school
subjects, including mathematics, and expects groups of same-aged children to
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acquire mathematical concepts and skills through integrated play. Individual
preschools are responsible for designing mathematical (and other) activities.
The authors believe that observing a mathematical group activity in a Japanese
preschool provides an opportunity to analyze the mathematical roles of finger
gestures.
THEORETICAL FRAMEWORKS AND RESEARCH QUESTIONS
In the process of illustrating his theory, Radford (2016b) proposed the idea of
joint labor—where students and teachers work together to create common
work—as a key theoretical construct. The theory is built on a Vygotskian view
of activities, the aim of which are
the dialectic creation of reﬂexive and ethical subjects who critically position
themselves in historically and culturally constituted mathematical practices and
ponder and deliberate on new possibilities of action and thinking. (Radford, 2016a,
p. 4)

Radford (2016a, 2016b) calls such specific activities joint labor, arguing that
subjectification and objectification are two sides of the same coin. These
processes occur simultaneously during an activity:
Learning can be theorized as those processes through which students gradually
become acquainted with historically constituted cultural meanings and forms of
reasoning and action. Those processes are termed processes of objectification
(Radford, 2015, p. 551, italics in the original)
[O]bjectification is more than the connection of the two classical epistemological
poles, subject and object: it is in fact a dialectical process—that is, a transformative
and creative process between these two poles that mutually affect each other […]
Subjectification is the making of the subject, the creation of a particular (and
unique) subjectivity that is made possible by the activity in which objectification
takes place. […] [L]earning is both a process of knowing and a process of
becoming (Radford, 2015, p. 553)

The concept of joint labor, thus, reconceptualizes teaching. A mathematics
teacher both objectifies a new aspect of the mathematical concept to be taught
and subjectifies herself as two sides of the product of a collaborative activity
with her students. Radford (2016a) views:
[T]eaching and learning not as two separate activities but as a single and same
activity: one where teachers and the students, although without doing the same
things, engage together, intellectually and emotionally, toward the production of a
common work. Common work is the sensuous appearance of knowledge (e.g., the
sensuous appearance of a covariational algebraic or statistical way of thinking
through collective problem posing and solving and discussion and debate in the
classroom). […] The joint labor-bounded encounters with historically constituted
mathematical knowledge materialized in the classroom common work are termed
processes of objectiﬁcation. (p. 5, italics in the original)
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Based on the abovementioned theoretical frameworks, our research questions
are as follows: 1) How does the process of subjectification and objectification
proceed in a mathematical activity at a Japanese preschool? and 2) How do
mathematical roles of finger gestures for preschool children change in the
process?
METHOD
Research Design
As mentioned, Japanese preschools design and implement the annual plan for
activities on an individual school basis. The present authors have an interest in
the development of children’s mathematical abilities during activities
implemented as a part of the curriculum. The first author of the current paper
has collaborated with a Japanese private preschool on the development of a
mathematics curriculum. That school participated in the study.
From the perspective of joint labor, we focus on an activity featuring
mathematical quizzes where students and teachers quiz each other regarding the
number of bananas belonging to a monkey. The episode of activity presented in
the paper is short-term; longitudinal research on joint labor is recommended for
documenting processes of objectification and subjectification (cf. Radford,
2015, 2011). Instead of the longitudinal track of studying children’s
mathematical development, we adopted a microgenetic approach to capture the
processes of developmental changes themselves in short-term episodes rather
than only milestones, or snapshots of development (Lavelli, Pantoja, Hsu,
Messinger, & Fogel, 2008). Indeed, even Radford reported a set of short-term
episodes as parts of the historical processes of objectification and
subjectification (e.g., Radford, in press, 2016b, 2011). Accordingly, we
recorded the entire session and then selected a salient segment to analyze in
terms of joint labor. We did not follow the remaining procedures proposed by
Radford (2015) because our focus on joint labor is a relatively new application
of his theory, and its means of identification have not yet explicitly emerged in
his methodological formulations (2015). Instead, our analysis was inspired by
the steps used in the microgenetic approach (Lavelli et al., 2008): (1) roughly
identify stable and changing components of the relationship between children
and teacher through repeatedly watching a clip; (2) transcribe the clip
chronologically; (3) divide the transcription into several frames; and (4) create a
storyline synthesizing the frames to explain the stable and changing
components.
Procedure (4) for creating the storyline is further divided into four steps: (4.1)
identify joint labor based on stable and changing components of the relationship
between children and teacher; (4.2) interpret the algebraic knowledge which
emerges through the joint labor; (4.3) interpret how it emerges, i.e., how it is
objectified; and (4.4) interpret how the children subjectify themselves.
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RESULT
Children’s Activity
In the implemented activity, after the children watched a video clip on wild
animals, the teacher introduced an activity about monkeys and their lives. When
the children and teacher sang a song about monkeys, she introduced questions
about 1-digit addition and subtraction. Children were encouraged to use their
fingers, with each finger representing one of the monkey’s bananas. As she
quizzed the children regarding the number of bananas, they calculated their
answers by watching and counting the teacher’s presenting fingers. After that,
the children indicated that they wished to share their own quizzes by raising
their hands. The teacher selected students one by one, and each in turn came to
the front of the class and took on the teacher’s role. Their questions followed
the sentence format for verbal expressions provided by the teacher, a common
pedagogy at the school. Children provided simple addition and subtraction
problems, including 10 - 5, 4 - 1, 10 - 8, 10 - 5, 10 + 2, and 11-3, to their seated
peers, who listened and answered the quizzes together by counting the
presenting student’s fingers. Student presentations were followed by additional
presentations from the teacher, followed by presentations from the remaining
students who quizzed their peers on 10 - 9, 10 - 7, 5 + 4, and 9 + 1.
The focal scene comprised the penultimate question asked by a student.
Following the third procedure for microanalysis, the transcription was divided
into six frames. All the conversations were in Japanese and were translated into
English by the authors. All children’s names are pseudonyms.
Frame 1 features a male child’s question.
182
183
184
185
186

Yu:
SS&T:
Yu:
SS&T
Yu:

(Singing a song.) Quiz, quiz
What is the quiz?
(Singing.) Quiz of answering the number of bananas.
What is the question?
Here are 12 bananas. A monkey put 5 more bananas. How many
bananas are there altogether?

After Yu’s question, the teacher wryly smiled, likely due to the large size of the
number, considering the ages of the children, but decided to continue the game.
187 T:
188 SS:

It seems more difficult than before. Okay, okay. Let us try.
(Raising their hands.) Yes, me.

Frame 2 shows the teacher’s confirmation of the content of the question.
189 T:
190 Saki:
191 T:

How many bananas were there in the beginning?
12.
12. And how many bananas were added?

Frame 3 shows a conflict between children.
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192 Yu:
(Pointing to a child, saying her name.) Hiroko.
193 Hiroko: 17.
194 Yu:
Wrong.

Though Hiroko correctly and quickly answered, Yu did not seem to correctly
understand what she said. After denying her answer immediately once he put a
troubled look on his face.
Frame 4 shows the conversations between Yu and teacher to reconfirm the
question.
195
196
197
198
199

T:
Yu:
T:
Yu:
T:

200 Yu:

Let us think together.
Wrong.
Wasn’t it right? What was the answer?
16.
16. Well, let’s think together. It became more challenging than
before.
There were 12 bananas and the monkey added 5 more bananas, and
then…

Frame 5 shows the start of a collaborative discussion using finger gestures.
201 T:
202
203
204
205
206

Well, in the beginning, the monkey had 10 and 2 bananas. (Showing
her 10 fingers and using 2 of Yu’s right fingers.)
T:
So, there are 12 and it added 5 more… (Showing 10 with her hands
and letting Yu show 7 more with his hands.)
Konoha: There are 16 bananas.
T:
16 bananas?
Yu:
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17.
T:
Thus? Right! Wonderful! (Clapping) It became difficult gradually.

The teacher demonstrated the use of finger gestures, and the children followed
her lead, actively counting using finger gestures.
Frame 6 shows Hiroko’s reasoning about the solution to 12 + 5. Immediately
after recognizing that her friends obtained the same answer she had, 17, by
using finger gestures, she saw the connection between 12+5 and 2 + 5 and
argued the point.
207 Hiroko: Well, 2 + 5 = 7. (Showing her 2 and 5 fingers together)
208 T:
Wow, well, you counted! I see, so let us do the final one? Please.

Created Storyline
The activity presented constitutes joint labor between children and teacher. We
regarded it as joint because its production was considered historically
contingent. The quiz was given by Yu, a child, not by the teacher (Frame 1).
Following her song format he invented a quiz by selecting the numbers 12 and 5
425

by himself. Although his quiz was relatively difficult for most children besides
Hiroko, they finally obtained the answer ‘17’ with the assistance of the teacher
(Frame 5). The role of the teacher was to provide neither the quiz nor the
answer. She only provided the format of the activity and demonstrated the use
of finger gestures. That is, her role of supporting the children did not change
when they presented quizzes. Instead, the children were free to decide (Frame 5)
whether to count on their fingers as the teacher had modeled. The children’s
focuses actively changed following their interactions with the teacher. Their
joint labor was visible in that particular scene.
During the joint labor, three kinds of algebraic thinking emerged as common
work. First, Yu proposed new numbers: 12 and 5. The teacher’s smile indicated
that she did not expect her children to use a number as large as 12. However,
contrary to her expectations, Yu realized that he could use larger numbers for
quizzes. In the beginning, the teacher controlled the rules, but ultimately such
role was delegated to the children, which might have prompted Yu to further
develop the scope of the questions. In this process, the children objectified the
new numbers as part of the quiz and gradually subjectified themselves as new
quiz producers.
Second, the children used finger gestures to determine the number of bananas.
They did so under the teacher’s facilitation. For example, since the number 17
was too large for the children to quickly count, Konoha counted her fingers in
error (Frame 5). The finger expressions of the number, however, spatially
maintained the initial assumption of the quiz that there were twelve and five
bananas and mediated the children’s repeated and careful counting. Therefore,
adding and counting, kinds of algebraic thinking, are re-embodied and remediated by the artifactual use of the fingers by the teacher. The children reobjectified finger gestures as tools for solving the conflict over the solution and
re-subjectified themselves as the finger gesture users in solving the quizzes.
Third, Hiroko realized that 12 + 5 was separable into 10 and 2 + 5. Since she
immediately answered the quiz, she might have already known how to calculate
this way before the joint activity. Only the teacher recognized what Hiroko
asserted; the other children, including Yu, did not respond to her. Her separating
strategy was difficult for the others, who depended on the finger gestures. She
objectified the separating strategy as a tool for solving the quizzes, but her
subjectification could not be determined from this observation. When she uses
the strategy again in the future, her subjectification might be gradually
determined, depending on the responses from members of her community.
DISCUSSION AND CONCLUSION
Our observation of the children’s reuse of finger gestures shows that spatial and
numerical structures are linked in accord with Radford’s (2011) claim that
algebraic thinking is by nature embodied and mediated by artifacts. On the other
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hand, the children needed the teacher’s suggestion to finger gestures. Although
they repeatedly used finger gestures before the focal scene, they did not
themselves propose to use them to resolve Hiroko’s and Yu’s conflicting
solutions. This fact does not completely fit into Radford’s (2008) theoretical
assumption that humans on their own preserve artifacts’ meanings. The children
appeared to obtain help from the teacher to reconstruct the meaning of fingers
as a tool for solving quizzes rather than demonstrating the preserved meaning in
practice. Although the ability to preserve the meaning of artifacts might be built
into human beings by nature, we may need to be taught to demonstrate such
ability.
However, that the children did not use finger gestures should not be construed
negatively. Instead of focusing on the intermediate process of the finger
gestures, they seemed to focus on input and output. This could be an origin of
flexible thinking, also called proceptual thinking (Gray & Tall, 1994), which is
based on a focus on the relationship between input and output. It is natural and
mathematically appropriate for finger gestures to lose their artifactual meaning
for children as they master adding two numbers mentally.
We agree with Radford’s (in press) argument that social rules and mathematical
content in classrooms are part of the fabric of children’s subjectivities. Our
interpretation and analysis corroborate this. We draw one possibly important
implication: the role of the knowledgeable other, in this case the teacher, in
solving conflicts between learners’ idiosyncratic rationalities. The observed
children showed their own valuable abilities: Yu’s ability to generate a new
quiz, Hiroko’s strategy for addition without counting, and other children’s focus
on the input-output relationship. However, these are still potential abilities and
are not always performed in appropriate situations. Teacher intervention may
potentially show them when to perform their abilities. We argue, therefore, that
the traditional constructivist focus on learners’ own idiosyncratic rationality
(Confrey, 1991) can be more widely investigated from Radford’s theoretical
perspective.
Let us finally answer our two questions. First, in accordance with Radford’s
theory, the subjectification and objectification proceeded in the scene of
preschoolers’ and teacher’s conversations regarding addition; joint labor in a
classroom activity offers a valuable opportunity to investigate these processes.
Second, through teacher mediation, the role of finger gestures was reconstructed
to solve a conflict over a mathematical problem. In addition to Radford’s
assumptions about the ability of human beings to preserve the meanings of
artifacts, we suggest that for young children, learning may be part of that
process. As our methodology is, at this stage, suggested, our interpretations will
be refined each time we obtain new empirical data.
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CROSSING THE BOUNDARIES OF MATHEMATICS
ASSESSMENT THROUGH SUMMATIVE SELFASSESSMENT
Juuso Henrik Nieminen
University of Eastern Finland
The idea of 'Assessment for Learning' is widely encouraged in education, but
mathematics assessment lags behind. In Finland, mathematics is mainly
assessed through exams. Implementing alternative assessment practices might
cause resistance, from both teachers and students. The present study, conducted
in the context of undergraduate mathematics, introduces summative selfassessment that includes the element of self-grading as an assessment model
that violates the norms of mathematics assessment. Utilising the discursive
framework of boundaries, it was observed whether students were able to cross
the boundaries of mathematics assessment.
INTRODUCTION
“Cultures of assessment” are often advocated as beneficial for students, but they
might actually hinder learning. This might be true in university mathematics,
where the assessment culture is heavily based on examinations and students
even prefer these traditional ways of assessment (see, e.g., Iannone & Simpson,
2015; Nieminen, 2020). The situation does not seem to differ too much at lower
levels of education, either. A recent Finnish national report (Atjonen et al.,
2019) revealed that mathematics teachers mainly assessed learning through
traditional methods such as exams, although this is clearly against the ethos of
the National Curriculum that calls for “Assessment for Learning”. For example,
the STEM subjects, with mathematics included, scored the lowest of all of the
school subjects in the use of peer-, self-, and group-assessment. It seems that if
assessment is to truly “reflect the mathematics that is important to learn and the
mathematics that is valued” (Suurtamm, 2016, p. 5), there would need to be a
substantial rethink of the culture of mathematics assessment.
The present study introduces an attempt to challenge the culture of Finnish
university mathematics assessment that as such reflects the current international
culture of undergraduate mathematics education (Iannone & Simpson, 2015;
Nieminen, 2020) and the culture of lower levels of Finnish mathematics
education (Atjonen et al., 2019). The aim of this study is two-fold: By reporting
on an empirical study of an innovative assessment model, the study seeks both
to highlight the outlines of the usual norms of mathematical assessment culture
and to reimagine them. Following Ben-Yehuda and colleagues I argue that “a
norm becomes explicit and most visible when violated” (2015, p. 183). Here,
student perceptions of an implementation of a summative self-assessment model
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are reported (see Nieminen, Asikainen, & Rämö, 2019). In a linear algebra
course we asked students to self-grade, therefore challenging the usual norms of
summative assessment in mathematics. I call this a “shaking up method”, since
rather than simply interviewing students about the norms of mathematics
assessment these norms were shaken up by self-grading to make their outlines
more visible.
In the field of higher education, it has been suggested that mathematicians are to
be held responsible for their resistance to developing new assessment practices
(Burton & Haines, 1997). However, as they have been shown to favour
traditional assessment methods in university mathematics (Iannone & Simpson,
2015), the students themselves might also show resistance towards nontraditional assessment practices. Furthermore, implementing alternative
assessment methods in mathematics would require students to adapt to these
practices by changing their concept of learning (see Martínez-Sierra et al.,
2016). However, exactly how this is achieved is rarely covered in the literature.
The present study approaches the concept of mathematical assessment culture
by utilising the theoretical framework of boundaries, aiming to understand how
students both challenge and co-create the cultural norms of assessment.
THEORETICAL FRAMEWORK: BOUNDARY CROSSING
The present study conceptualises the assessment culture of mathematics through
the framework of boundaries. The approach draws on discourse analysis by
defining cultures of assessment as the outputs of discursive practices. This
theoretical lense allowsme to capture the two-fold nature of assessment cultures,
both as the overarching artefact of the way assessment is done and
simultaneously as a factor influencing the assessment practices and students’
perceptions of those (Fuller & Lane, 2017). Connecting the framework of
boundaries with that of discursive practices shifts the focus from “what are the
boundaries of mathematical assessment culture?” to “how are the boundaries of
mathematical assessment culture constructed?”
Boundaries have been defined as ‘socio-cultural differences leading to
discontinuity in action or interaction’ (Akkerman & Bakker, 2011, p. 132).
Therefore, boundaries are constructed to maintain sameness and continuity
through categorisation. These categorical boundaries organise social life and
maintain social order (Lamont & Molnár, 2002). A person’s transition between
different fields has been characterised as boundary crossing (Engeström,
Engeström, & Kärkkäinen, 1995). Boundary crossing involves entering a new
territory through negotiation of the boundaries themselves – for example,
crossing the boundaries of mathematics assessment through self-assessment
might leave the students feeling unqualified to assess their own learning if the
transition is not truly made. Boundary objects (Star, 1989, cited in Akkerman &
Bakker, 2011, p. 133) are used to bridge various fields in the process of
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boundary crossing. Here, these objects refer to concrete actions and artifacts
that are conducted to help students cross the boundaries of mathematics
assessment. In the present study, personal boundary crossing is defined to have
happened when the new norms of mathematical self-assessment are internalised
in the discourse of a student.
In the present study, the boundaries of different assessment cultures are not
taken as given; rather, they are actively constructed by various actors in the field
through boundary-work (Lamont & Molnár, 2002). It is notable that boundarywork is not always purposeful. As Tan (2012) has argued, both teachers and
students bring their previously learned assumptions and roles into the
assessment process. Since both may have been conditioned to these roles in
assessment, boundary-work done by students occurs only within the restricting
effects of the assessment culture itself. However, the present study aims to see
students not as passive recipients of the assessment culture but as active agents
co-constructing the boundaries of assessment cultures through their own
boundary-work (see Raaper, 2019). Finally, boundary-work does not always
lead to boundary crossing (Akkerman & Bakker, 2011). The present study
utilises a ‘micro perspective’ as suggested by Akkerman and Bakker to
investigate whether boundaries are crossed in students’ discourses, and how this
is conducted.
THE OBJECTIVE OF THE STUDY
The present study uses summative self-assessment as a concrete example of an
assessment model that demands that students cross the usual norms and
boundaries of mathematics assessment. By observing university students’
discourses, the study aims to understand students as active co-constructors of
the assessment culture of mathematics. The research questions were formulated
as follows: What kind of boundary-work did the students take part in when they
negotiated the boundaries of mathematics assessment after taking part in
summative self-assessment? What kinds of boundary objects did they use to
cross these boundaries?
METHODOLOGY
The Course Design: Summative Self-assessment in Action
This study utilises the concept of summative self-assessment (Nieminen, 2020;
Nieminen et al., 2019) to refer to a self-assessment model that builds on
formative self-assessment but also includes the element of self-grading. Most
often higher educational studies recommend using self-assessment as a
formative tool for learning that would help students to monitor their own
learning (see Brown & Harris, 2013; Panadero et al., 2016). This means that
during the learning process, the teacher would provide some kind of selfassessment tasks that would prompt self-reflection on one’s actions, therefore
leading to a better quality of learning (Brown & Harris, 2013). However, it has
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been argued that effective self-assessment models would not just allow students
to compare their skills and knowledge with teacher-generated criteria, but
would give them power over their own grade. Hence, in the summative model
the students can decide their own grade, but only after a longer process of
engaging in practicing self-assessment.
The study took place at a large undergraduate mathematics course (313
participants) in a research-oriented university in Finland. The proof-based
course addresses linear algebra and matrix computations and is usually one of
the first courses students take in their mathematics studies Assessment in the
mathematics department of this university is heavily based on individual exams.
On this course, the traditional course exam was replaced with summative selfassessment; the students graded themselves on a scale of 0 (‘fail’) to 5
(‘excellent’). During the course, self-assessment was practised through
formative self-assessment. Digital feedback on students’ self-assessments was
offered, and students could reflect in writing how that feedback represented
their skills and knowledge. The feedback processes were designed as dialogic
and sustainable, and students were prompted to act on the feedback they
received from their peers, tutors and themselves (cf. Carless et al., 2011). Selfassessment was based on a learning objective matrix (rubric), making the
learning objectives transparent. For further details about the course
arrangements, see Nieminen et al. (2019; also Nieminen, 2020; Nieminen &
Tuohilampi, 2020).
Data Collection and Analysis
In total, 26 students were interviewed after the course about their experiences of
summative self-assessment. Eight of the participants were majoring in
mathematics and the rest studied, for example, computer science and chemistry.
None of the participants reported to have any previous experience of selfassessment practices in mathematics.
The analysis draws on discourse analysis. First, the interview data was reduced
through thematic analysis, using in vivo coding to capture the words and
meanings by the students themselves. After the data had been structured into
meta-themes, further discourse analysis followed.
FINDINGS
Crossing the Boundaries: “Finally Studying for Myself”
Many students described how summative self-assessment enabled them to study
in a way that was not aimed at succeeding in an exam but rather at gaining
personal mathematical knowledge. These accounts were coded to reflect
boundary crossing, since the students needed to internalise the new cultural
norms of summative self-assessment.
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Student: It supported independent studying [studying through summative selfassessment]. Acknowledging that encouraged me to think that there’s some sense in
assessing yourself, and that was inspiring.
***
Student: I took more responsibility of my learning. Now I didn’t need to stress
about any exams, but I could challenge myself with a good feeling.

Quite soon in the analysis it became evident that boundary objects were needed
to support students in their boundary-work. As one student put it:
Interviewer: Will you continue assessing your own mathematical skills after this
course as well?
Student: I guess I should (laughs). It would be bad to just leave it here. But it’s
another thing if you are offered tools for that.

The most frequently described boundary object was the detailed rubric with
exemplars. A frequent theme in the data was that students felt that selfassessment was strange and complicated at first, but could be conducted after
becoming familiar with the transparent learning objectives of the course.
Overall, the formative self-assessment tasks were described as important
boundary objects that taught goal-setting and self-reflection skills. In particular,
the feedback offered from the digital self-assessment tasks was described as a
crucial boundary object.
Student: In the beginning of the course it [self-assessment] felt more like, well let’s
just write something here according to my feelings. The learning objective matrix
included many confusing concepts that you couldn’t even define at the time. But
during the course you digged deeper to it, you could learn those skills.

Reflection (Akkerman & Bakker, 2011) was the discursive practice that was
connected with boundary crossing while the students negotiated the boundaries
of mathematics assessment. Summative self-assessment forced the students to
reflect on why it challenged the usual norms of mathematics assessment.
Furthermore, this process enabled them to critically reflect on those usual
norms. Thus, summative self-assessment did not just generate simple boundary
crossing, but rather encouraged students towards critical boundary-work.
Student: If I’m studying for an exam, I often feel like now I’m studying for that
exam. And for the fact that I would get a good grade. Now I felt more like I would
have been learning to be able to use these skills in the future.
Student: I feel it was so useful and should be used in studying everywhere. Once in
a while you stop and think about what you really know and what you don’t know.

Strengthening the Boundaries: “Self-assessment Belongs to Humanistic
Disciplines”
Across the whole dataset, summative self-assessment was largely described as a
new, strange, and even radical kind of assessment method. Not all of the

434

students’ discourses reflect boundary crossing - many of them were not willing
or able to cross the boundaries as the course teacher wanted them to. In these
cases, the boundaries of mathematics assessment with their usual norms were
strengthened further. Two discursive practices were identified when the students
resisted internalising the norms of summative self-assessment: Naturalisation
and illegimatisation.
Naturalisation was identified when the students leaned on simplifications of the
assessment culture of mathematics; when socially constructed discourses and
practices were taken as natural and even connected to the nature of mathematics
itself. For example, the students often naturalised the traditional practices,
framing the use of exams as a given. These accounts underlined that
mathematics must be assessed with exams. This was seen as the nature of
mathematics assessment: Because summative self-assessment does not belong
to this nature, it should not be used.
I think self-assessment belongs to humanistic disciplines. Somehow in mathematics
I’m used to the fact that knowledge has to be assessed brutally.
The teaching culture of mathematics has never before guided us towards selfassessment, so I can’t say it would have felt natural.

Illegitimating the process of summative self-assessment was also a common
discourse aiming to frame it as an inadequate assessment model. Many students
thought that self-grading is not an adequate way of determining one’s grade
since it might not reflect one’s real skills and knowledge. Often, the legitimacy
of summative self-assessment was only doubted in certain contexts or with
certain student groups. For example, it was pondered whether this assessment
model was suitable for ‘lazy’, ‘young’ and ‘mathematically weak’ students.
Self-assessment was constantly compared to exams, and many students thought
that the validity of summative self-assessment could be improved with an
external exam.
Maybe this kind of self-assessment would be suited better for advanced
mathematics courses later on in the studies. So that in the beginning of your studies
you would get a certainty of the level of your knowledge by doing an exam.
I would combine the methods of self-assessment and exams. Just because an exam
would really show whether you have really learnt or not.

DISCUSSION
The present study investigated university students’ discursive boundary-work
after taking part in a mathematics course drawing on summative selfassessment. Seeing students as active negotiators of the assessment culture
(Nieminen, 2020; Raaper, 2019), this study sought to understand how students
either crossed the boundaries of mathematics assessment and adjusted to
summative self-assessment or resisted this by further boundary-work that reestablished the frontiers already existing.
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The results underline the importance of offering adequate boundary objects (e.g.
rubrics) to students when asking them to negotiate the boundaries of the culture
of mathematics assessment. None of the students reported having any earlier
experience of self-assessment in mathematics, which calls for a careful
scaffolding of self-reflection. These findings reflect earlier research on selfassessment in higher education; for example, studies highlighting the
importance of practicing self-reflection skills based on transparent learning
objectives (Brown & Harris, 2013; Panadero et al., 2016). I argue that these
kinds of concrete support systems are especially important in the exam-driven
culture of mathematics. Here, the students were not only required to learn new
mathematical content but to adjust to new cultural norms as well, each of which
is quite demanding in themselves.
Through carefully designed boundary objects some students were able to
critically reflect (Akkerman & Bakker, 2011) on the boundaries of mathematics
assessment. As noted above, a certain structure was needed to support students
in this process. However, the results of the present study emphasise the power
of offering students alternative experiences of mathematics assessment. I argue
that this method of ‘shaking up’ the boundaries of assessment offers a powerful
tool not only for practice but for future research as well. The present study
showed that summative self-assessment was able to generate reflection; would
formative self-assessment, added on top of external summative testing, truly
challenge the boundaries the assessment culture of mathematics in the same
way?
Not all of the students were able - or willing - to cross the boundaries of
mathematics assessment. Two discourses were identified as boundary work:
naturalisation of the usual norms of mathematics assessment and illegimitation
of summative self-assessment. These findings remind us that students are active
co-constructors of assessment cultures. Their perspective must be considered
while re-imagining mathematics assessment, and especially while evaluating
whether boundary crossing has actually occurred. It is notable that
naturalisation and illegimitation can be made visible to the students themselves
through reflection (Akkerman & Bakker, 2011). However, the two-fold nature
of assessment cultures (Fuller & Lane, 2017) creates a challenge, as students
both co-construct the cultural norms and are restricted by them. We call for
future research to tackle this methodological issue by further understanding
assessment practices as discursive practices; as shown here, the framework of
boundary crossing can offer an adequate tool for this.
CONCLUSIONS
Finally, I argue that mathematics educators have an ethical responsibility to
actively try to reconstitute the exam-driven assessment culture of mathematics.
Even though the present study examined the viewpoint of the students, the
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teachers - and researchers! - need to do boundary-work as well. It is argued that
the least mathematics educators could do is to avoid strengthening the
boundaries of mathematics assessment through offering alternative discourses
such as those identified in this study. If new frontiers are not reached in the field
of summative mathematics assessment, it might be that external testing and
validation will, by default, keep dominating what is seen as ‘valued
mathematics’ (Suurtamm et al., 2016). Finally, there is a need for future
research that would boldly initiate innovations in mathematics assessment. A
vast amount of literature on sustainable assessment practices already exists - it
is time to take that knowledge into mathematical classrooms.
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THE USE OF QUANTITIES IN LESSONS ON DECIMAL
FRACTIONS
Kazuhiko Nunokawa
Joetsu University of Education
As numbers and quantities are closely related, it is sometimes recommended
that situations including quantities are used so that students can understand
numbers and their operations well. The purpose of this paper is to analyze the
lesson on decimal fractions in order to get insights into such a use of quantities
in learning numbers. The analysis using the framework, which distinguishes two
different relationships between numbers and quantities, showed that while the
use of quantities helped the students develop their own explanations, it enabled
them to bypass the reasoning process critical for achieving the goal of the
lesson. This result suggested that the use of quantities should reflect the
structures of numbers necessary for learning of the lesson.
INTRODUCTION: NUMBERS AND QUANTITIES
As younger students’ understanding of numbers is closely related to their
experiences of quantities (Irwin, 2001; Krajewski & Schneider, 2009), it is
natural that some researchers recommended using situations with quantities and
measurement in learning numbers (Astuti, 2014; Rahayu, 2018).
Nunokawa (2001) extended the scheme of mathematical modeling and
introduced the “Manipulations in Real World” component (Figure 1a). When
applying this extended scheme to situations including quantities, we can get the
scheme in Figure 1b.

Figure 1: Relations between numbers and quantities
It shows the following process: (a) some relations among quantities in a
situation are expressed by arithmetic expressions; (b) calculations in the
expressions are performed and their answers are found out; (c) new information
about the situations is obtained based on those answers. The dotted line
indicates manipulations of quantities. The results of these manipulations can be
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inferred, however, by the operations in the number system even when relevant
quantities are not actually manipulated.
But, when students begin to learn decimal fractions, they do not yet know
how to
perform operations on decimal fractions. That is, the arrow in the Number
System box is not yet established and will be established through lessons on
decimal fractions. In the lessons where teachers utilize realistic situations with
quantities, it may be expected that students construct operations on decimal
fractions (e.g. 0.4+0.5) by referring to manipulations of quantities and their
results (combining 0.4 L- and 0.5 L-milk). The scheme in Figure 1c shows this
process: (a) an operation on numbers, represented by the dotted line, is
temporally considered in a realistic situation; (b) corresponding quantities are
manipulated; (c) the steps and the result of the operation of numbers are
established by referring to the steps and the result of the manipulation of
quantities.
Nunokawa (2019) used these schemes to analyze textbooks and found that there
are some pitfalls from the perspective of the relationship between numbers and
quantities in learning fractions, which might provoke the difficulties students
often face. It may be also possible to find such pitfalls in mathematics lessons
on fractions if we analyze lessons using the above-mentioned relationship
between numbers and quantities.
The purpose of this paper is an attempt to analyze a mathematics lesson from
the perspective of the relationship between numbers and quantities in order to
get insights into the use of quantities in learning numbers.
THE LESSON ANALYZED
The lesson analyzed here was recorded in a third-grade classroom (8 or 9 yearold), whose goal was to understand how to calculate additions of decimal
fractions. For this goal, the teacher posed the following problem to the class:
“The teacher’s family drank 0.4 L milk at breakfast and 0.5 L milk at lunch.
How many liters milk did the family drink in all?” According to her lesson plan,
the teacher planned to ask her students to explain why the answer of 0.4+0.5 is
0.9 so that they became able to understand how to add two decimal fractions
deeply. She expected that through devising their explanations, the students
would pay attention to 0.1 as a unit of decimal fractions and understand that
they can reduce the addition of decimal fractions (0.4+0.5) to an addition of
natural numbers (4+5) by considering the numbers of this unit 0.1. In other
words, it might be expected that her students would not understand the
procedure of additions instrumentally: Removing 0 and decimal points, adding
resulting integers, and bring back the removed 0 and decimal points.
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The Outline of the Lesson
At the beginning of the lesson, the teacher reviewed the knowledge of decimal
fractions, which the students had learned before and they could use to make
their explanations in this lesson. The teacher asked how many liters the
drawings in Figure 2a show, how many deciliters 0.1 L and 0.2 L are equal to
(Figure 2b), and how many 0.1s 0.7 and 0.3 are equal to (Figure 2c). The
students could respond to these questions immediately.
After the review, the teacher posed the above problem. She put two one-liter
measures on a table (see Figure 3a) and poured 0.4 L- and 0.5 L-milk in each
one-liter measure. Showing these one-liter measures, she wrote the problem on
the blackboard.

a.

b.

c.

Figure 2: The review at the beginning of the lesson
The students noticed soon that they could find out the answer by addition
0.4+0.5. Many students also told that the answer probably became 0.9 L. The
teacher invited her students to explain this probable result and required them to
explain why combining 0.4 L and 0.5 L makes 0.9 L. The teacher wrote on the
blackboard the numerical expression 0.4+0.5=0.9 and the goal of the activity as
follows: “Let us explain the reason why 0.4+0.5 becomes 0.9.”
When the teacher asked them about ideas usable for explanations, the students
proposed the following ideas: (a) Converting L to dL; (b) Actually combining
0.4 L- and 0.5 L-milk; (c) Using drawings; (d) Using a number line. The teacher
pointed to Figure 2c and asked whether they could use this idea. Then, one
student mentioned using the number of pieces after dividing it into 10 equal
pieces (the idea (e)).
All the above five ideas were observed when the students attempted to build
their explanations for the reason why combining 0.4 L and 0.5 L makes 0.9 L.
There were students who first went to the teacher’s desk and poured the milk
into another one-liter measure (Figure 3a). Some of them tried to represent what
they had observed using drawings or number lines. Many other students also
used drawings or number lines. The students who used a drawing represented
0.4 L-milk in a one-liter measure and then found the drawing of the combined
milk by adding 0.5 L-milk to it on the drawings (Figure 3b). The students who
used number lines marked the fourth tick mark on the number line and found
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the tick mark corresponding to the answer by taking five steps forward (Figure
3c). Some students used the idea (a). They converted 0.4 L and 0.5 L into 4 dL
and 5 dL respectively and then converted 9 dL into 0.9 L to answer the “How
many liters” question (Figure 3d). Most of those students also drew drawings of
one-liter measures. Only a few students used the idea (e) (Figure 3e).
After the students worked individually for about 10 minutes, the teacher asked
them to present their explanations to their neighbors. Finally, the teacher chose
four students and asked them to present their explanations to the class. The
explanations of those students were the ones based on the idea (c), (e), (a), and
(d) respectively. Figure 3b, 3e, 3d, and 3c are the worksheets which these
students presented to the class. The teacher also reviewed these four
explanations after the four students presented their explanations (Figure 4). As
most of the students came to know the explanations new to them, the teacher
encouraged them to try the new types of explanation by themselves.

a.

b.

c.

Figure 3: The strategies the students adopted

Figure 4: The teacher’s review of the four explanations
At the end part of the lesson, the teacher attempted to summarize the
students’explanations first. She asked the students what a kind of computation
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they performed when finding the answer of 0.4+0.5. The students immediately
said, “An addition.” When the teacher questioned them what plus what, the
students told 4 plus 5. The teacher checked that all the four explanations
included the addition 4+5 as a part of them. In order to clarify the main point of
this lesson, the teacher asked the students what to think when we add decimal
fractions. One student answered spontaneously that they should change an
addition of decimal fractions into an addition of integers. Following this
student’s answer, the teacher began to write the summary of this lesson on the
blackboard as follows, by interacting with the students: “An addition of decimal
fraction gets easier by thinking of it using integers.” Here the phrase of “gets
easier” was proposed by some students. The students first proposed “by
changing it into integers,” instead of “by thinking of it using integers.” As the
teacher seemed unsatisfied with that proposal, the students suggested other
expressions and the teacher adopted the phrase “by thinking of it using
integers.” When she finished writing the above summary, however, the teacher
tilted her head and still looked unsatisfied.
Then the teacher asked the students to calculate 0.2+0.7 and 0.5+0.1 as a
practice. The students seemed able to calculate them easily. The lesson ended
with individual reflections of the lesson.
QUANTITIES IN THE LESSON
On the one hand, in this lesson, the students could translate the situation with
quantities (i.e. drinking milk) into the arithmetic expression 0.4+0.5. Moreover,
they could find out the answer 0.9 L and develop their own explanations of the
reason why the answer became 0.9 L. On the other hand, although the teacher
expected that the students would pay attention to 0.1 as a unit of decimal
fractions and understand how to calculate additions of decimal fractions
focusing on the numbers of the unit 0.1s, the idea of the numbers of the unit
0.1s was not mentioned by the students when the class made up the summary of
this lesson and the teacher looked unsatisfied with this summary. That is, this
lesson seemed successful on the one hand but also seemed unsuccessful on the
other hand. In the rest of this paper, this consequence of the lesson will be
analyzed from the perspective of the relationship between numbers and
quantities.
Quantities’ Support for Students’ Thinking
The teacher’s use of the situation with quantities in this lesson enabled her
students to adopt at least three strategies for thinking about the addition of
decimal fractions: (a) Converting L to dL; (b) Actually combining 0.4 L- and
0.5 L-milk; (c) Using drawings representing milk in one-liter measures. Because
they understood well that 0.1 L is 1 dL and 0.2 L is 2 dL and so on (Figure 2b),
the students could translate 0.4 L and 0.5 L into 4 dL and 5 dL respectively and
find the resulting quantity by calculating 4+5. Here, the students transformed
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the original situation a little by converting the units so that they could apply to
this situation the mathematical knowledge they had already learnt (Figure 5a).
Two one-liter measures and a pack of white-water representing milk provoked
the idea of pouring one measure of milk into another to combine them, which is
a manipulation of quantities. The students who used this idea could confirm the
resulting quantity by the direct manipulation of quantities (Figure 5b).

Figure 5: Strategies supported by the use of quantities
When they used the drawings, the students drew the pictures of milk in
one-liter measures, the quantities in the situation. The student who presented
her explanation based on the drawings (Figure 3b) to the class explained that
she “added the tick marks of the 0.5 L-milk measure (i.e. 5 ticks) to the drawing
of the 0.4 L-milk measure.” Her explanation implied that she simulated the
quantitative manipulation of pouring milk on her drawings. That is, her strategy
was based on the manipulation of quantities (Figure 5b).
The operations on number lines can be considered operations in a number
system. Seeing the number line in Figure 3c, which was drawn by the student
who presented her explanation based on the idea (d) to the class, however, even
number lines might be influenced by the use of quantities in this lesson. This
number line has the following elements: (1) the picture of one-liter measures
(boxes) and liquid (pained parts in the boxes); (2) natural numbers 1, 2, …, 9
written at the tick marks instead of 0.1, 0.2, …, 0.9; (3) the quantities 0.4 L and
0.5 L written at each interval on the number line instead of decimal numbers 0.4
and 0.5. In other words, this number line has the feature similar to the drawings
discussed above. This suggests that the reasoning similar to the drawing strategy
might be used even when the students used number lines, and their use of
number lines was supported by the use of quantities in this lesson (Figure 5c).
The situation with quantities might remind the students of their experiences of
manipulating quantities, and such experiences could help the students develop
their own explanations of the reason why the answer became 0.9 L.
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Quantities’ Interruption in Students’ Thinking
The student who presented her explanation based on the idea (e) to the class
wrote the following explanation without using drawings and number lines: “0.4
is four 0.1s, 0.5 is five 0.1s, when combining four 0.1s and five 0.1s, because
4+5=9, then the answer is 0.9L.” This explanation is based only on the
structures of decimal numbers 0.4 and 0.5, which consists of four and five 0.1s
respectively, and on the operation on those structures: 4×0.1+5×0.1=(4+5)×0.1.
In this sense, her explanation can be schematized as Figure 6. And this is the
explanation the teacher seemed to expect her students to attend to at the end of
this lesson, as her lesson plan shows. In fact, the teacher pointed to Figure 2c
and tried to remind her students of the structures of decimal fractions. And it
might be the reason why the teacher asked how many 0.1s 0.7 and 0.3 are equal
to at the beginning of this lesson.

Figure 6: Explanation in number system
Contrary to the teacher’s expectation, the students did not mention the numbers
of 0.1s in making the summary of the lesson. The students paid their attention to
the additionof natural numbers 4+5, but did not focus on 0.1 as a unit of decimal
fractions.
Seeing the students’ explanations shown in Figure 3, all of them except Figure
3e did not include 0.1s as a component of the explanations. That is, most of the
students did not use the idea of 0.1 as a unit of decimal fractions in constructing
their explanations. The students who combined milk or used drawings or
number lines attempted to explain the resulting quantity on the basis of the
number of the tick marks. The students who converted L into dL attempted to
explain it referring to the numbers of 1 dL, instead of the numbers of 0.1 L.
Even when they calculated 4+5=9, these students used this calculation to find
the total number of ticks or 1 dL. The students could pay attention to the natural
numbers and their addition, which represented the numbers of ticks or dL. That
is the reason why the students focused on the idea of “thinking of [an addition
of decimal fraction] using integers” in summarizing the lesson, but could not
pay attention to 0.1 as a unit of decimal fractions.
Furthermore, the students could develop such strategies because they could
resort to reasoning about quantities. Adopting manipulations of quantities, the
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students could bypass the conversion of 0.4 and 0.5 to four 0.1s and five 0.1s
(Figure 7a). The situation with quantities allowed the students to use their
knowledge and experiences about quantities to make their explanations, and
those knowledge and experiences in turn made it possible for the students to
convert L into dL or translate the quantities of milk into the numbers of tick
marks. In other words, the use of quantities in the lesson might facilitate
bypassing the conversion of decimal fractions to multiples of 0.1s.

Figure 7: Bypass of conversion of 0.4 and 0.5
In fact, the use of quantities can facilitate converting decimal fractions into
multiples of 0.1s. In order to make the use of quantities facilitate this
conversion, the way in which quantities are used should reflect this conversion
of decimal fractions. That is, 0.4 L and 0.5 L should be converted into four 0.1
L and five 0.1 L, instead of 4 dL and 5 dL. Even when 0.4 L and 0.5 L are
represented by drawings or number lines, it should be highlighted that a tick
mark represents 0.1 L, and the numbers of 0.1 L, rather than the numbers of tick
marks, should be focused on. This conversion of 0.4 L and 0.5 L might be able
to facilitate the conversion of 0.4 and 0.5 into four 0.1s and five 0.1s by the
translation of the structures of quantities into the structures of numbers (Figure
7b). The fact that this conception of 0.4 L and 0.5 L, i.e. four 0.1 L and five 0.1
L, was not highlighted during the lessons can be considered the reason why the
students did not mention the numbers of 0.1s in making the summary of the
lesson.
Furthermore, seeing the activities at the beginning of this lesson, the students
could convert 0.7 and 0.3 into seven 0.1s and three 0.1s without much trouble.
If the students could carry out this conversion without referring to quantities, it
should be examined whether it was really necessary to adopt the learning
process shown in Figure 1c. The learning process shown in Figure 1b could
have been also adopted in this lesson. That is, a situation with quantities is used
only to introduce additions of decimal fractions and students attempt to develop
their explanations why 0.4+0.5=0.9, without referring to 0.4 L+0.5 L=0.9 L,
based on the structures of 0.4 and 0.5, i.e. consisting of four and five 0.1s
respectively.
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CONCLUDING REMARKS
The above finding has some implications for teaching numbers using quantities.
First, while the use of quantities can be helpful for learning numbers, the ways
of using them must correspond to the ways of seeing numbers which are
necessary for achieving the goals of lessons. If students are expected to use a
certain structure of numbers in a lesson, a teacher should introduce the situation
which enables students to attend to the aspects of quantities corresponding to
that structure.
Second, the use of quantities does not necessarily lead to learning of numbers
which teachers expect to occur in students. Unless using quantities makes
students deal with necessary structures of numbers more easily than directly
dealing with numbers and manipulations of quantities can substantially support
students’ operations on numbers (Figure 1c), it may be unnecessary to use
quantities in learning numbers and operations on numbers. The relationship
between quantities and numbers which can be helpful for the learning expected
in a lesson should be examined in advance and highlighted during the lesson.
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THE IMPORTANCE OF UNDERSTANDING EQUIVALENCE
FOR DEVELOPING ALGEBRAIC REASONING
Catherine Pearn, Max Stephens, Robyn Pierce
The University of Melbourne, Australia
While many researchers have highlighted the importance of algebraic
reasoning for middle-years students some have suggested that students should
develop computational procedures using the algebraic idea of equivalence to
integrate their learning of whole numbers and fractions. This paper focuses on
four tasks from a paper and pencil assessment instrument used in a larger study
which investigated the links between fractional competence and algebraic
reasoning. The tasks were developed to encourage students to move beyond
using the equals sign as meaning ‘give an answer’ to a relational understanding
of the equals sign which focused on the equivalence of the expressions on both
sides of the equals sign.
INTRODUCTION
Many researchers have highlighted the importance of algebraic thinking for
middle-years students. Kieran (2004) described algebraic thinking as: analysing
relationships between quantities, noticing structure, studying change,
generalizing, problem solving, modelling, justifying, proving, and predicting.
Empson, Levi and Carpenter (2010) suggest that students should develop and
use computational procedures using relational thinking to integrate their
learning of whole numbers and fractions. Other researchers have noted that
three distinct aspects of algebraic thinking include students’ understanding of
equivalence, transformation using equivalence, and the use of generalisable
methods (Jacobs, Franke, Carpenter, Levi, and Battey, 2007; Stephens and
Ribeiro, 2012). Knuth et al. (2008) suggest that: “helping students acquire a
view of the equal sign as a symbol that represents an equivalence relation
between two quantities many, in turn, help prepare them for success in algebra
(and beyond)” (p.518).
Jones, Inglis, Gilmore and Evans (2013) highlighted three different conceptions
of the equals sign: operational, sameness-relational, and substitutive-relational.
The operational conception of the equals sign is described as the expectation
that the equals sign indicates that the student needs to ‘give an answer’ (Jones et
al., 2013, p. 36). The sameness-relational conception of the equals sign involves
seeing the equals sign as meaning ‘is the same as’ (Jones et al., 2013, p. 34).
This encourages students to see the sameness of the expressions on both sides of
the equals sign thus seeing the equivalence when comparing each expression.
The substitutive-relational conception involves students thinking that the equals
sign also means ‘can be substituted for’ (Jones et al., 2013, p. 35) and enables
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students to use arithmetic rules, such as commutativity, to change the arithmetic
expressions on either side of the equals sign but retain the equality. Jones et al
(2013) suggested that students’ understanding of both the sameness-relational
and substitutive-relational conceptions of the equals sign are important for
algebraic thinking. Researchers such as Knuth et al. (2008) believe that
students’ dependence on the operational conception of the equals sign hinders
both arithmetic and algebraic calculations.
THE CURRENT STUDY
The key question of our current research is to investigate the links between
fractional competence and algebraic thinking as middle-years students solved
mathematical tasks using whole numbers, fractions, decimals and pronumerals.
More than 600 Australian students from Years 5 – 9 (10 – 16 years) completed
two paper and pencil assessments: The Fraction Screening Test (Pearn, Pierce,
& Stephens, 2017; Pearn & Stephens, 2018) and the Algebraic Thinking
Questionnaire (Pearn & Stephens, 2016) and 45 students were interviewed
(Pearn, Stephens, Zhang & Pierce 2019) using a semi-structured interview. This
paper focuses on four tasks from The Algebraic Thinking Questionnaire (ATQ).
DEVELOPING THE ALGEBRAIC THINKING QUESTIONNAIRE
The ATQ (Pearn & Stephens, 2016) built on research that identified specific
features of the transition from arithmetic or calculation-based thinking to
thinking about number sentences as mathematical expressions with algebraic
features that include:
•

•
•
•

Keeping a number sentence in its uncalculated form and viewing the
number sentence as a group of numbers in relation to each other
according to the operations involved (Britt & Irwin, 2011; Jacobs,
Franke, Carpenter, Levi, & Battey, 2007).
Utilising the idea of equivalence to solve missing number sentences
(Kaput, Carraher, & Blanton, 2008).
Exploring variation, compensation and equivalence, and identifying
numbers that stay the same and numbers that vary in equivalent
expressions (Britt & Irwin, 2011).
Identifying rules that underlie relationships in equivalent expressions
and expressing these relationships in the form of a generalisation
(Stephens & Ribeiro, 2012).

The purpose of the ATQ tasks was to ensure that students needed to move
beyond an operational conception of the equals sign in order to successfully
solve tasks. It was hoped that the tasks would encourage them to use either of
the two relational conceptions of the equals sign: sameness-relational or the
substitutive-relational which Jones and colleagues (2013) indicated were
important for algebraic reasoning.
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The ATQ has two distinct parts that include whole numbers, fractions, decimals
and pronumerals. Part M focuses on multiplication and Part D focuses on
division. Each part is divided into two sections: Question 1 and Question 2.
Question 1 has one box for an unknown response while Question 2 includes two
boxes for two unknown responses.
Figure 1 shows the first of four tasks of Question 1 for multiplication (Task
M1a) and division (Task D1a). Later Question 1 tasks include decimals and
fractions.
For each of the following number sentences, write a number in the box to make a true
statement. Explain your working briefly.

Figure 1: Examples of whole number tasks from Question 1, Parts M and D
Figure 2 shows the first of five tasks for Question 2 for multiplication (Task
M2a) and division (Task D2a). Question 2 tasks were designed to focus
students’ attention on the relational features of equivalence while a follow up
question requires them to describe that relationship: “When you make a correct
sentence, what is the relationship between the numbers in Box A and Box B?”
Later tasks in Question 2 expected students to apply the same thinking to
similar questions for pronumerals and fractions.
In each of the sentences below, can you put numbers in Box A and Box B to make each
sentence correct?

Figure 2: Examples of initial tasks from Question 2, Parts M and D (ATQ)
To be successful with Question 1 and Question 2 tasks students would need to
use the sameness-relational or substitutive-relational understanding of the
equals sign.
RESULTS AND DISCUSSION
Question 1 (ATQ): Equations with One Unknown
Multiplication Task (M1a): Students used a variety of strategies to successfully
complete Task M1a (left-hand side of Figure 1). Student A (left-hand column of
Figure 3) used arithmetical calculations that demonstrate the sameness450

relational understanding of the equals sign and ensured that the expressions on
both sides of the equal sign were equivalent. This student calculated the lefthand side of the expression as 900 and then determined that the missing number
in the expression on the right-hand side was 100. Student B (right-hand column
of Figure 3) used relational thinking that demonstrate the substitutive-relational
understanding of the equals sign. This student recognised that 36 divided by
four is nine and that, in order to maintain the equality of the two expressions,
multiplied 25 by four to get 100.

Figure 3: Students’ responses to Task M1a
Students who successfully solved Task M1a (left-hand side of Figure 1) used
either a sameness- or substitutive-relational approach. Column T (Table 1)
shows the results for Task M1a while Column E shows the results for the
explanation for Task M1a. Fifty-six percent of all students gave a correct
response for Task M1a. There was an increase in the successful responses from
45% at Year 5 to 63% at Year 6. Fewer Year 8 students were successful than
those at Year 6, with 55% at Year 8, while 87% Year 9 students correctly
answered Task M1a (Column T).
While 56% of all students gave a correct response for Task M1a only 45%
explained their solution (Column E). Forty-one percent of all students used
arithmetical calculations while 4% used relational thinking. Of the Year 5
students who gave a correct response 94% used arithmetical calculations and
6% used relational thinking similar to that shown in Figure 3. Ninety-six
percent of successful Year 6 students used arithmetical calculations and 4%
used relational thinking while 82% of Year 8 students used arithmetical
calculations and 18% used relational thinking to successfully respond to Task
M1a. Six of the 13 successful Year 9 students used arithmetical calculations and
seven (54%) used relational thinking.
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Year 5
(n = 195)
T
E

Year 6
(n = 175)
T
E

Year 8
(n = 122)
T
E

Year 9*
(n = 15)
T
E

Not attempted

18

41

11

33

7

23

0

0

Incorrect

37

25

26

17

38

32

13

13

Correct

45

35

63

50

55

45

87

87

Responses

Table 1: Percentage of responses and explanations by year level for Task M1a
(ATQ)
Many students gave a correct response to Task M1a but did not show their
solution method, so it was not possible to determine whether they used
arithmetical calculation or relational thinking.
Division Task D1a: Some students used their knowledge of equivalent fractions
to respond to Task D1a (right-hand side of Figure 1). Student C (left-hand
column of Figure 4) used equivalent fractions and then simplified the answer to
check his response. Student D used relational thinking and indicates the
relationship between the numbers on either side of the equals sign using arrows.

Figure 4: Two students’ correct responses for Task D1a
As shown in Row 3 (Table 2) there was an increase in the percentage of
successful responses from 20% at Year 5, 35% at Year 6, 69% at Year 8, while
100% Year 9 students correctly answered Task D1a (Column T).
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Responses

Year 5
(n = 195)

Year 6
(n = 175)

Year 8
(n = 122)

Year 9*
(n = 15)

T

E

T

E

T

E

T

E

Not attempted

41

84

29

73

16

48

0

20

Incorrect

39

7

36

7

16

7

0

0

Correct

20

9

35

20

69

45

100

80

Table 2: Percentage of responses and explanations by year level for Task D1a
(ATQ)
Table 2 shows the percentage of students who explained or presented the
method they used to solve Task D1a (Column E). Many students did not show
their solution method, so it was not possible to determine whether they used an
arithmetical calculation or relational thinking. Nearly 40% of all students
successfully explained their responses for Task D1a. Three percent of all
students successfully used an arithmetical calculation including 4% of primary
students (Years 5 and 6) and 2% of Year 8 students. Five percent of successful
Year 5 students, 16% Year 6, 43% Year 8 and 80% of Year 9 students used
relational thinking to explain their solution for Task D1a.
While the primary students were less successful solving the division task (Task
D1a) than the multiplication task (Task M1a) the secondary students were more
successful with the division task (Task D1a) than the multiplication task (M1a).
Question 2 (ATQ): Equations with Two Unknowns
Some students started by substituting numbers in the two empty boxes and
checked if both sides were equal as for the sameness-relational conception of
the equals sign. However, in the following question students needed to reason
that, whatever numbers were substituted for Box A and Box B, the relationship
between the numbers was the same. While this may not be quite the same as
substitutive-conception of the equals sign, used by Jones et al. (2013), there is a
clear sense that students need to realise that whatever numbers are used the
relationship between the numbers in Box A and Box B must remain the same.
Multiplication Task M2a: Figure 5 shows two students’ correct responses for
Task M2a (left-hand side of Figure 2). It is difficult to determine how Student F
solved Task M2a (left-hand side of Figure 5) as there was no working shown,
but Student G (right-hand side of Figure 5) has used arrows to demonstrate the
relational thinking.
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Figure 5: Two correct responses for Task M2a (ATQ)
Table 3 shows the results in percentages for the students by year level. Column
M shows the results for Task M2a while Column D shows the results for Task
D2a. Overall, 64% of students gave two correct pairs and another 16% gave one
correct pair for Task M2a. As shown in Row 4 (Table 3) 54% Year 5, 67% Year
6, 73% Year 8 and 93% Year 9 students gave two correct pairs for Task M2a.
Another 19% Year 5, 10% Year 6, 13% Year 8 and 7% Year 9 students
correctly gave one pair of numbers.
Altogether 39% of all students explained the relationship between the two
numbers in Task M2a. Thirty-two percent of Year 5, 36% Year 6, 55% Year 8
and 93% Year 9 students were able to explain the relationship between the pairs
of numbers using a similar response to that of Student G: "Box A is two times
as much as Box B".
Year 5
(n = 195)
M
D

Year 6
(n = 175)
M
D

Year 8
(n = 122)
M
D

Year 9*
(n = 15)
M
D

Not attempted

19

46

9

33

6

43

0

0

Incorrect

8

31

9

31

8

19

0

0

One correct response

19

11

16

11

13

7

7

0

Two correct responses

54

13

67

25

73

32

93

100

Responses

Table 3: Percentage of responses by year level for Task M2a and Task D2a (ATQ)

Division Task D2a: Overall 26% of students gave two correct responses for
Task D2a similar to Student H's response (left-hand side of Figure 6), an
additional 10% gave one correct response, while 27% gave no written response.
However, some students used an incorrect inverse relationship as shown in the
right-hand column of Figure 6.
As shown in Row 4 (Table 3) 13% Year 5, 25% Year 6, 32% Year 8 and all
Year 9 students correctly wrote two appropriate pairs of numbers for Task D2a.
An additional 11% of Year 5 and Year 6, and 7% of Year 8 students correctly
gave one pair of numbers. However only 9% Year 5, 19% Year 6, 25% Year 8
and 93% Year 9 students stated the correct relationship symbolically or verbally
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using multiplication e.g. Box B is five times Box A or division e.g. Box A is
one-fifth of Box B or Box A equals Box B divided by five.

Figure 6: Two responses for Task D2a (ATQ)
The primary and Year 8 students were more successful with the multiplication
task with two unknowns (Task M2a) than the division task (Task D2a). All Year
9 students gave a correct response for the division task (Task D2a) while one
student gave an incorrect response for the multiplication task (Task M2a).
CONCLUSION
Many students found the ATQ tasks difficult with a large number of no
attempts. While some students relied heavily on arithmetical or computational
methods some began to use equivalence-based relational thinking as evidenced
by the use of arrows in their responses. Question 1 and Question 2 tasks using
division appeared to be considerably more difficult for primary students as the
percentage of “no attempts” and incorrect responses increased. The percentage
of correct responses for Task D2a are much lower for Year 5, Year 6 and Year 8
than the results for Task M2a. Year 8 and 9 students correctly solved more
Question 1 division tasks than multiplication tasks.
The four whole number tasks described in this paper permitted students to use a
sameness-relational or substitutive-relational understanding of the equals sign
which focused on the equivalence of the expressions on both sides of the equals
sign. The operational understanding of the equals sign was not appropriate for
these tasks. While only four tasks were described in this paper the results are
similar for subsequent tasks involving fractions and pronumerals (Pearn &
Stephens, 2016).
In answering our key research question, many students in the middle years are
not confident using equivalence based algebraic thinking for either
multiplication or division tasks. In order to develop algebraic reasoning,
teachers will need to determine the types of strategies their students are using to
solve mathematical tasks, and then develop tasks that will encourage their
students to demonstrate their understanding of the equals sign and equivalence
which will enable them to use generalisable methods.
References
Britt, M. & Irwin, K. (2011). Algebraic thinking with and without algebraic
representation: A pathway for learning. In J. Cai & E. Knuth (Eds.), Early
455

Algebraization: A global dialogue from multiple perspectives, pp. 137-159.
Heidelberg: Springer.
Carpenter, T. P., & Levi, L. W. (2000). Developing conceptions of algebraic
reasoning in the primary grades: Research Report. Wisconsin, Madison: National
Center for improving student learning and achievement in mathematics and
science.
Empson, S. B., Levi, L., and Carpenter, T. P. (2010). The algebraic nature of
fractions: developing relational thinking in elementary school. In J. Cai and E.
Knuth (Eds), Early Algebraization: Cognitive, Curricular and Instructional
Perspectives. New York: Springer
Jacobs, V., Franke, M., Carpenter, T., Levi, L. & Battey, D. (2007). Professional
development focused on children’s algebraic reasoning in elementary school.
Journal for Research in Mathematics Education, 38(3), 258–288.
Jones, I., Inglis, M., Gilmore, C. & Evans, R. (2013). Teaching the substitutive
conception of the equals sign. Research in Mathematics Education 15() 34-49
Kaput, J., Carraher, D., & Blanton, M. (Eds.) (2008). Algebra in the early years. New
York: Lawrence Erlbaum Associates and National Council of Teachers of
Mathematics.
Kieran, C. (2004): Algebraic thinking in the early grades: What is it? – In: The
Mathematics Educator 8(1), p. 139-151
Knuth, E. J., Alibali, M.W., Hattikudur, S., McNeil, N. M., & Stephens, A.C. (2008).
The importance of the equal sign understanding in the middle grades. Mathematics
Teaching in the Middle School, 13 (9), 514-519.
Pearn, C., Pierce, R. & Stephens, M. (2017). Reverse fraction tasks reveal algebraic
thinking. In Kaur, B., Ho, W.K., Toh, T.L., & Choy, B.H. (Eds.). Mathematics
Education Research – Learning, Instruction, Outcomes & Nexus? Proc. of 41st
Conf. of the Int. Group for the Psychology of Mathematics Education, (pp. 1 – 8)
Singapore: PME.
Pearn, C., & Stephens, M. (2016). Competence with fractions in fifth or sixth grade as
a unique predictor of algebraic thinking? In B. White, M. Chinnappan, & S.
Trenholm (Eds.), Opening up mathematics education research. (Proceedings of the
39th Annual Conference of the Mathematics Education Research Group of
Australasia, pp. 519-526). Adelaide, Australia: MERGA.
Pearn, C. & Stephens, M. (2018). Generalizing Fractional Structures: A critical
precursor to Algebraic Thinking. In C Kieran (Ed.), Teaching and Learning
algebraic thinking with 5– to 12-year olds: The global evolution of an emerging
field of research and practice. p. 237 – 260 ICME-13 Monographs. Springer,
Cham, Switzerland
Pearn, C., Stephens, M., Zhang, Q., & Pierce, R. (2019). Identifying emerging
algebraic reasoning. In M. Graven, H. Venkat, A. Essien, & P. Vale, (Eds.), Proc.
of 43rd Conf. of the Int. Group for the Psychology of Mathematics Education. (Vol
2, pp. 201-208). Pretoria, South Africa: PME.
Stephens, M. & Ribeiro, A. (2012). Working towards Algebra: The importance of
relational thinking. Revista Latinoamericano de Investigacion en Matematica
Educativa, 15(3), 373 - 402.

456

PROFESSIONALIZATION OF FACILITATORS IN
MATHEMATICS EDUCATION: A COMPETENCY
FRAMEWORK
Joyce Peters-Dasdemir1, Lars Holzäpfel2, Bärbel Barzel1, Timo Leuders2
1
2

University of Duisburg-Essen, Germany

University of Education Freiburg, Germany

Facilitators play a crucial role when scaling up continuous professional
development (CPD). They have to design and conduct programs to initiate the
process of teachers` professionalization. This requires competencies about
adult learning and the specific knowledge and needs of mathematics’ teachers,
which are much broader than teachers’ competencies. The aim of the study was
to specify facilitators’ competencies in a framework mainly for the design and
use in the context of qualification. Following a Delphi method in the context of
the German Center for Mathematics Teacher Education (DZLM) network,
experts (researchers, facilitators, stakeholders) were interviewed in several
development cycles. This resulted in a competency framework for facilitators
who train mathematics teachers in teaching and learning.
INTRODUCTION
There is a great diversity of terms used in literature to describe the profession of
the group of people who are initiating and leading processes to professionalize
teachers, e.g. facilitators, teacher trainers, multipliers, coaches or teacher
educators. We prefer the term facilitator to emphasize the cooperation aspect of
learning, it being rather a give-and-take than a one-sided teacher-pupil
relationship. When it comes to the breadth of terminology or the lack of clarity
in the qualification or task description of the facilitators (Thomas, 2004), it is
clear that their competencies are also not directly identified.
Kunina-Habenicht and colleagues (2012) highlighted the necessity of a
competency framework instead of just formulating a curriculum on the level of
teachers’ professionalization. They regard the concretization of competencies as
an important step to develop adequate quality standards in the field. This is
relevant on the facilitators’ level, as well, especially when regarding that many
facilitators were trained primarily as teachers, and often act "self-made" in their
new profession as facilitators (Zaslavsky, 2008, p. 93). Usually, there are no
uniform career paths or qualification programs for these persons. Coming up
with a clear competency framework emphasizes the importance of a specific
qualification for facilitators.
There is a research gap about what facilitators need to know and how to act to
be able to adequately support teachers (Sztajn, 2011). It is, therefore, the goal of
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this study to develop a competency framework for facilitators in mathematics
education and thus to use it in the context of qualification within the DZLM. In
order to follow the aim of reaching to competencies of facilitators in
mathematics education, the perspective of general adult education and of
mathematics-focused facilitations were taken into account.
THEORETICAL BACKGROUND
Teacher Competencies in Mathematics Education
At the level of teachers, research on professionalisation has already resulted in
differentiated frameworks, which in particular also include mathematic-specific
aspects (Ball et al., 2008; Baumert & Kunter, 2013). Baumert and Kunter
(2013) are often cited in this context and provide a summary of the existing
literature, which relates to teacher competencies in mathematics education. The
aim of this overview was to organize the different approaches to the CPD of
teachers, which brings together, integrates and empirically tests knowledge
from different research areas. It is relevant to include the facilitators’ perception
on teachers’ competencies, their beliefs on mathematics, teaching of
mathematics (Grigutsch et al., 1998) and their self-awareness (Hattie, 2009;
Thurm, 2019). For professional knowledge, Shulman’s (1987) proposal has
largely prevailed – content knowledge (CK), pedagogical content knowledge
(PCK) and pedagogical knowledge (PK). At the level of teacher competencies,
the professional knowledge was supplemented by organizational knowledge
(e.g. school organization, school quality, according to Fried, 2002) and the
advisory knowledge on which professionals in communication with laypersons
are dependent (Bromme & Rambow, 2001). These two knowledge areas are
rather largely content-independent.
Facilitators in General Adult Education
One can also find numerous competency frameworks in general adult education,
which usually refer to company structures and therefore define “competencies”
as authority, rights and duties, also as the ability to cope with complex
requirements in certain situations (see Weinert, 2001). An overarching
framework covering the competencies of teachers and facilitators in general
adult education has been developed within the framework "Basics for the
Development of a Cross-Provider Recognition Procedure for the Competences
of Teachers in Adult and Continuing Education" (germ. abbrev. GRETA;
Lencer & Strauch, 2016). The GRETA framework has been developed on the
basis of a literature review and by conducting a Delphi method (ibid.). The
Delphi method is a multi-level qualitative survey procedure aiming to combine
the knowledge of several experts in order to arrive at a forecast for the future. It
takes the competency framework of Baumert and Kunter (2013) into account
and includes all areas of adult education. In addition to the close cooperation
between science and practice, this framework offers orientation for the first time
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on competency requirements for adult and continuing education. Next to
professional values and beliefs and professional self-monitoring, professional
knowledge is specifically divided into didactic and methodological areas that
take adult learning into account.
Facilitators in Mathematics Education
Usually, the typical requirements that facilitators have to accomplish, are
described in a non-specialized way. In the literature, there are already a number
of approaches to systematize the competencies for facilitators. Smith (2005, p.
182-183) mentions a number of relevant aspects for qualified facilitators in any
subject: They should be self-confident, reflective on their actions and they
should have comprehensive, in-depth knowledge based on theory and practice.
Facilitators could benefit from being involved in curriculum development and in
research, and at least they should be good teachers with experiences teaching
different age groups. In addition to a comprehensive understanding of the
educational system, a high degree of professional maturity would be useful.
Zaslavsky (2008, p. 95), who focussed on facilitators in mathematics, adds
further aspects such as adaptivity and conscious selection of methods and
media.
For the CK-elements that facilitators should have at their disposal, different
emphasis is placed in various studies, even though they all accentuate that the
knowledge required from facilitators must go beyond the knowledge of
teachers, since they must impart new knowledge in a similar way as teachers do
to their students (Borko et al. 2014, p. 165). This becomes vivid by looking at
the "three-tetrahedron model (3TM) of professionalization research" for the
content-related PD research, where the individual levels are described and
related to one another (see in more detail Prediger, Leuders & Roesken-Winter,
2019). A first bundling of the mathematical specific competencies for
facilitators is developed by Borko and colleagues (2014). With their
competency framework, they refer to the work of Ball and colleagues (2008)
but they make explicit that there is a specific math related knowledge needed to
cover PCK with teachers as learners and they call it "Mathematical Knowledge
for Professional Development (MKPD)".
Going beyond the classroom-level, expanded knowledge refers not only to the
new knowledge of mathematical content and the relevant didactic aspects aimed
at continuing education, but also to the didactic knowledge of adult education.
This includes, for example, knowledge about mentoring, about existing teacher
practices (Even, 2008) or current views on teacher education (Borko et al.,
2014). Cochran-Smith and Lytle (1999) also stress the knowing about
conceptions of teacher learning as a relevant aspect for facilitators. The
following practices must be taken into consideration when designing a PD
module: practical knowledge generated in the teacher's professional action
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("knowledge-in-practice"), theoretical knowledge delivered to the teacher from
outside ("knowledge-for-practice") and theoretical knowledge generated by the
teacher's own reflection on professional actions ("knowledge-of-practice").
Even though facilitators should have a more extensive knowledge than teachers,
it should be emphasized that there are also knowledge elements that are relevant
for teachers, but not for facilitators (Beswick & Chapman, 2015). These
include, for example, detailed background knowledge about individual students.
For facilitators, only general knowledge of educational standards and curricula
is important, as well as relevant empirical findings (ibid.).
RESEARCH QUESTIONS
Taking into account the research gap concerning a comprehensive competency
framework for facilitators in mathematics education, the following research
questions arise:
(1) Which competencies are relevant for facilitators with a focus on
mathematics teacher professionalization?
(2) How can these competencies be structured and categorized to give a good
orientation for the design and research of qualification programs?
METHODOLOGY
Based on the findings of the literature we conducted a research process
following the Delphi method (Linestone & Turoff, 2011). We involved 33
researchers, 28 key stakeholders and teachers with experience in CPD and
realized three cycles of further development. All researchers involved are
experts in the field of CPD in mathematics education for primary and secondary
level and were asked to use this expertise to point out key competencies of
facilitators. The teachers’ and the stakeholders’ perception was important to
gasp the systemic processes and necessities by reflecting their practical
experiences in the field.
Different instruments were used to collect the ideas and experiences – a
questionnaire and individual written statements and discussions in small groups
(recorded). Due to the fact that the discussions were not anonymous, but were
still supported by anonymous surveys, one could rather speak of a quasi-Delphi
method. Nevertheless, several cycles have been carried out in the frame of
networking conferences, which were documented and evaluated. The aim of a
Delphi method is not necessarily to reach consensus, but rather, in a first step in
particular, to identify the breadth of the field so that all relevant aspects can be
covered.
The three examination surveys were carried out as follows:
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Survey 1:
The first development step was carried out by a team of DZLM researchers,
which consisted of 4 persons - the authors of this paper. The literature was
reviewed, and discussions were held within this team with the aim to come up
with a first framework combining the essential competencies from adult
education and from the perspective of mathematics education. The GRETA
competency framework (Lencer & Strauch, 2016) was considered as a good
structure to categorize the broad range of diverse competencies of facilitators:
Professional Values and Beliefs, Professional Self-Monitoring, Competency on
the Professional Development Level, Competency on the Classroom Level. In
addition, the substructuring in aspects and facets was also picked up from the
GRETA framework and adapted to mathematics education. This first
framework was presented to 20 DZLM researchers and reflections in group
work were initiated. This phase was characterized by the discussion of the topic
and the central questions "What is missing? What can be omitted?".
Survey 2:
The results from the first survey of the Delphi method and the further adaptation
were again presented to the DZLM network with 26 experts. This discussion
was followed by an online questionnaire, which was made accessible to 33
DZLM experts. With a response rate of 34%, this can be assumed to be very
satisfactory.
After the results had been incorporated, it was established that there were no
more significant differences of opinions, so that a new round in the DZLM
network was no longer necessary.
Survey 3:
The results of survey 2 were presented to 11 further researchers and 28
stakeholders. The stakeholders come from 12 different federal states and are in
their region responsible for the qualification of facilitators in mathematics
education. This whole sample included representatives from various
universities, (pedagogical) state institutes, ministries of education, schools and
special authorities for teacher training.
This third survey was conducted in two steps. In a first round, everyone wrote
down a personal statement to the framework in general. These statements were
discussed in small groups resulting in written group statement. All these written
statements were analysed and included in the further development of the
framework.
In a second round we focussed on the usability of the framework. For this the
stakeholders reflected the framework by applying it to a specific PD-topic from
their experiences. They were asked to think of whether the single competencies
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have been addressed and how and if they could structure all the competencies
according to their importance.

Figure 1: Competency framework for facilitators in mathematics education
Based on these findings and exchange processes in the DZLM, a final
competency framework for facilitators in mathematics education has now
emerged (Figure 1).
RESULTS
All the steps of the Delphi method were characterized by strong discussions
resulting in important points for the further development of the framework. To
give an exemplarily insight into the whole process and the emerged framework
we highlight the most important aspects, which easily converged or led to
strong debates.
The key issue through all surveys was the question to figure out differences and
similarities between the teachers’ competencies on classroom level and the
facilitators’ competencies on PD-level. What can be lifted from classroom- to
PD-level and what is new on PD-level? These were the questions, which
emerged at different steps in the process and led to the specification in the two
areas about competencies on the classroom and on the PD-level. It was an
intensive debate, whether these two areas are separated as equal areas or if
knowledge on classroom level is an integral part of knowledge on PD-level. The
final agreement was that content knowledge on PD-level (CK-PD) covers all
aspects of teachers’ knowledge. Lifting the well-established specification CK,
PK and PCK from classroom- to PD-level, you must specify PK-PD and PCKPD for facilitators (Wilhelm et al. 2019). Both take into account the specific
orientation on teachers as learners, either from a general view on adult
education (PK-PD) or as PCK-PD in a subject-related way (Prediger, 2019).
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PCK-PD covers all “the abilities to engage teachers in purposeful activities and
conversations about those mathematical concepts, relationships and to help
teachers gain a better understanding of how students are likely to approach
related tasks” (Jacobs et al., 2017, p. 3). It also includes learning hurdles when
teaching mathematics (Rösken-Winter et al., 2015).
The clear structure of the framework in key competency areas was appreciated
from the beginning. The four areas (Competencies on PD Level, Competencies
on Classroom Level, Professional Values and Beliefs, Professional SelfMonitoring) were changed to five by supplementing “Professional Social
Competencies”. The reason was to point out that “Communication and
Cooperation” has to be considered on all levels and is relevant between all
players (teachers, facilitators, stakeholders).
The segments “Professional Values and Beliefs” and “Professional SelfMonitoring” have been restructured. Above all, the dual role and one's own
understanding of their role as a facilitator also had an increase influence.
Therefore, the facet “Role Identity” was included alongside professional beliefs
and ethics. The concept of motivational orientation has been replaced by selfefficacy beliefs, as this is the more relevant aspect in the field of PD (Bandura,
1999; Thurm & Barzel, 2020). For stakeholders it was important to include
“Professional Experiences” explicitly to foster appreciation for teaching
practice.
What became apparent, however, was that the developed framework did not
directly cover the systemic dimension such as school development processes,
which are rather in the background, behind the aspects. Nevertheless, on the
basis of the evaluation of the documents, the participants found the idea, that
embedding the systemic dimension has to be always taken into consideration,
sufficient.
CONCLUSIONS
The development process of this competency framework showed the
importance of involving the different players who are responsible for scaling up
CPD-process in mathematics education. The Delphi method was highly relevant
to reach a consensus in structure, the detailed competencies and in
terminologies. This offers a sound basis when designing cooperatively
processes in scaling up in CPD.
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RELATIONS BETWEEN INDIVIDUAL INTEREST,
EXPERIENCES IN LEARNING SITUATIONS AND
SITUATIONAL INTEREST
Stefanie Rach
Otto-von-Guericke-Universität Magdeburg, Germany
Students’ individual interest in mathematics decreases in the first semester at
university which leads to demotivation and even dropout. One way to prevent
this could be to foster students’ situational interest. Thus, the present study
aimed to take a closer look to individual and situational factors that influence
the emerge of situational interest in university mathematics courses. 150 firstsemester students filled in a questionnaire concerning individual traits and
stated three times in a lecture their situational interest as well as their
experience of competence and autonomy. Linear mixed models indicate that
individual interest in university mathematics as well as experience of autonomy
and competence strongly relate to situational interest. These findings could
contribute to a better support of students’ interest development.
INTRODUCTION
Transition to Advanced Mathematics Courses
A high dropout rate of study programs in mathematics indicates serious
students’ problems, especially in the first year of study (di Martino & Gregorio,
2018; OECD, 2010). Researchers postulate two changes of the learning
environment at the transition from school to university: a shift in the character
of the learning domain, mathematics, and a change of the learning opportunities
from guided to self-regulated learning (cf. Rach and Heinze, 2017).
Advanced mathematics includes mathematics as an academic discipline based
on concept definitions and deductive proofs (Gueudet, 2008). This character of
mathematics strongly shapes teaching at university, e. g., by a strong focus on
the Definition–Theorem–Proof structure (Engelbrecht, 2010). In contrast to that,
teaching mathematics in school primarily focused on the goal of general
education: Mathematical concepts and procedures are useful tools for describing
the world and solving real world problems (e. g., Gueudet, 2008). Specifically,
in Germany, the transition from school to university therefore coincides with a
shift of the learning domain from an applied-oriented form of mathematics to
advanced mathematics.
In addition, the formal organization of learning opportunities and the individual
learning strategies necessary for an effective use of the learning opportunities
differ between school and university. In Germany, the Linear Algebra course
for students in a mathematics or a teacher education program consists of three
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different learning opportunities a week: two 90-minutes lectures, a set of
approx. four challenging exercises as obligatory homework (self-study phase
alone or in small study groups) and a 90-minutes tutorial per week (see Rach &
Heinze, 2017). In lectures, a lecturer presents fundamental definitions,
theorems, and proofs which students apply when solving the exercises. In
tutorials, students discuss the exercise solutions with a tutor.
Role of Situational Interest in Learning Processes
Students’ problems in the first year of study are mainly based on insufficient
performance and the lack of motivation. One important motivational variable is
interest, often conceptualized as a person-situation-relationship (Hidi &
Renninger, 2006; Krapp, 2002). It is assumed that high interest leads to a
frequent use of deep learning strategies (Willems, 2011) and to more
engagement in learning situations (Dietrich, Viljaranta, Moeller, & Kracke,
2017) because an interested learner seeks to find out more about the learning
content. However, there is only little empirical evidence for this chain of
effects. One reason for this difference between theoretical argumentation and
empirical results is that many studies analyse the relation between individual
interest and the use of learning strategies and not between interest in a specific
learning situation and the use of the learning strategies in this situation. In
contrast to individual interest as a trait, situational interest is defined as “a
temporary state aroused by specific features of a situation, task, or object (e. g.,
vividness of a text passage)” (Schiefele, 2009, pp. 197-198) and may influence
learners’ behaviour in concrete learning situations. Situational interest consists
of two components, a feeling- and a value-related one: “The feeling-related
valences refer to positive experiential states while being engaged in an interestbased activity” (Krapp, 2002, pp. 389) and “The value-related valences refer to
the assumption that an interest has the quality of personal significance” (Krapp,
2002, pp. 388). In line with these works, I define situational interest as follows:
Situational interest is a motivational state which is characterized by a feelingand a value-related component. Situational interest results of an interaction of
learners’ and situational features.
Other psychological models that describe feeling- and value-related valences
are expectancy-value-models (Eccles & Wigfield, 2002). Especially, value
concerning an object is closely connected to situational interest because e. g.
value is decomposed in intrinsic value (similar to the feeling-related component
of interest) and utility value (similar to the value-related component of interest).
Gaspard and colleagues (2015) divide the utility component further on in utility
for career, school, daily life etc. Since these two concepts are very similar to
each other, results from both research directions will be considered. In the
following, I will summarize in which way situational interest resp. value
supports learning processes which individual and situational characteristics may
influence the emerge of situational interest resp. value.
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Previous studies show that situational interest resp. value is related to
engagement in learning situations (e. g. Dietrich et al., 2017; LinnenbrinkGarcia et al., 2013) and a long-maintained situational interest can grow into
individual interest (Hidi & Renninger, 2006). Individual interest is an important
trait that has an impact on the choice of study program or career (Ufer, Rach, &
Kosiol, 2017).
Several studies indicate that individual interest influences situational interest
(Ferdinand, 2014, 10th grade, social sciences; Linnenbrink-Garcia, Patall, &
Messersmith, 2013, science summer program for adolescents; Willems, 2011,
8th grade, mathematics). Until now, there are divergent result concerning the
role of prior knowledge on situational interest: Whereas Schukajlow and
Rakoczy (2016) didn’t identify any relation in a study with 9 th graders in
mathematics, Rotgans and Schmidt (2011) reported a small correlation between
prior knowledge and situational interest in a university economic lecture.
Divergent results of these studies can be explained because the reported studies
vary in the learning context, e. g. in the learning content and the learners’ age.
Thus, characteristics of the learning context should be taken into account. As
summarized above, learning situations in the first year of university are
characterized by specific features, especially by distinguishing academic
mathematics from school mathematics. However, in many questionnaires items
like “I enjoy doing mathematics” are applied when measuring individual
interest in mathematics. For students, it is not clear which character of
mathematics they should refer to when estimating such items – mathematics at
school or advanced mathematic at university. So, I recommend for studies in
tertiary mathematics programs to use instruments that differentiate between
mathematics at school and at university (Ufer et al., 2017).
Not only individual characteristics but also person-situation-interactions can
influence the emerge of situational interest. A prominent approach to describe
learners’ experiences of a learning situation is the self-determination theory,
especially the concept of basic needs (Deci & Ryan, 2002). The mode of action
may be that only if the basis needs are fulfilled, then learners perceive
situational characteristics of the learning context that foster learners’ interest.
Empirical studies partly support this assumption: Situational interest is partly
connected to the experience of competence (Ferdinand, 2014; Willems, 2011;
see also Linnenbrink-Garcia et al., 2013) and to the experience of autonomy,
especially to the fit of personal wishes (Ferdinand, 2014; Willems, 2011). Based
on these studies, the experience of relatedness seems to be less important for the
occurrence of situational interest.
To increase the experience of autonomy, competence and thus situational
interest, situational characteristics of the context could be helpful. Hulleman and
Harackiewicz (2009) found that students in a science class with low
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expectations profit from activities which encourage them to connect course
materials to their lives. These learners with low expectations reported a higher
interest in science than students who didn’t think about the relevance of the
course content. Gaspard and colleagues (2015) use a similar approach for a
relevance intervention in mathematics classrooms.
In sum, it is essential to foster situational interest and situational interest is
probably closely connected to individual interest. However, at the beginning of
tertiary courses in mathematics, the character of mathematics change and it is an
open question which motivational traits concerning which character of
mathematics influence situational interest in this situation. I expect that a more
differentiated measure of individual, motivational variables could explain the
emerge of situational interest better. In addition, the role of prior achievement
and experiences of competence for the emerge of situational interest is not fully
clarified.
RESEARCH QUESTIONS
To gain a closer insight into students’ situational interest, I focus on the
following questions:
•
•

How does students’ situational interest relate to their individual characteristics, especially their study program, prior achievement and facets
of individual interest?
How does students’ situational interest relate to their experience of
autonomy and competence?

METHODS
Participants were 150 students (94 male, 56 female) in a first-semester-course.
The majority of these students (72%) were enrolled in a teacher education
program for secondary schools; the others in a mathematics (13%) or in a
computer science or physics program (15%). Almost all students of the lecture
participated in this study.
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Figure 1: Design of the study
The study took place in a first-semester lecture “Linear algebra” in the second
week of semester. This course was an advanced mathematics course and typical
topics like vector spaces, bases, linear equation systems etc. were included.
Students voluntarily reported at the beginning (after 15 minutes of lecture), in
the middle (after 45 minutes of lecture) and at the end (75 minutes of lecture)
their situational interest (Figure 1). The applied questionnaire is based on the
instruments of Gaspard et al. (2015) and Dietrich et al. (2017) and contains the
feeling- as well as the value-related component of situational interest (see
Table 1). When stating their situational interest, students also rated how
autonomous and self-competent they felt in the last 15 minutes of the lecture
(adapted from Willems, 2011, see Table 1). As I only wanted to interrupt the
lecture smoothly, I used single-items to measure the experience of competence
and autonomy. Students rated all items on a four-point-likert scale from
agree (4) to disagree (1). The descriptive analyses don’t give hints for floor or
ceiling effects, the reliability for the scale “situational interest” is still
acceptable (Table 1).
M / SD

α

Situational interest,
I like these contents.
feeling- and value- The content is important for my
related component
study.
(4 items)

2.89 / 0.57
2.82 / 0.61
2.89 / 0.64

.64
.66
.69

Experience of
competence
(1 item)

I have the feeling that I can
understand difficult content.

2.65 / 0.82
2.40 / 0.86
2.45 / 0.88

-

Experience of
autonomy

I have the feeling that the
lecture is as I wish.

2.59 / 0.81
2.52 / 0.89

-

Scale
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Sample Item

(1 item)

2.50 / 0.91

Table 1: Scales with sample items, means (M), standard deviations (SD), and
cronbachs’ α for all three times.
Before the lecture started, students filled out a questionnaire concerning their
individual interest in school and their interest in university mathematics (each
scale à five items, α = .74 and α = .81, item example for interest in school
mathematics: “I am interested in the kind of mathematics that I learned at
school”, see Ufer et al., 2017). The correlations between these two interest
facets are small to middle: r = 18, p < .05. To use it as an indicator for prior
achievement, the students reported their overall final school grade (reversed
scale, from 1.0 sufficient to 4.0 very good).
RESULTS
This design is a multi-level design because situational interest is measured three
times in a lecture. So, to investigate which factors situational interest predict
and to control the standard errors, I use a linear mixed model (see Bates,
Mächler, Bolker, & Walker, 2015). By this model, one can explore the relation
between fixed factors like study program or facets of individual interest as well
as random factors, such as times.
In the first step, I analyse if the person or the time is more relevant to explain
differences in situational interest. It turns out that situational interest differs
more between persons than between time. In the second step, I examined which
individual and situational factors predict the emerge of situational interest.
Whereas the final school grade doesn’t explain any variance in situational
interest, the study program does: Students enrolled in a teacher education
program reported less situational interest than students from the mathematics
study program (Table 2, Model 1). By integrating facets of individual interest
into the analysis, the prediction power of the study program decreases because
individual interest in university mathematics relates strongly to situational
interest, in contrast to interest in school mathematics (Table 2, Model 2). In the
last model, interactions of students and the learning context are focused:
Experiences of competence as well as of autonomy relate to situational interest.
As individual interest and experiences are measured on the same likert-scale,
one can compare the strength of the relations: Individual interest and experience
of autonomy are similar connected to situational interest, while experience of
competence shows a smaller relation to situational interest than the other two
factors (Table 2, Model 3). With the last model, 41% of the variance of
situational interest can be explained.
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Variable

Model 1

Model 2

Model 3

Study Program

-.61***

-.37***

-.30**

Final school grade

.03

.02

.00

-.09

-.05

Individual Interest School
Individual Interest University

.41***

.21**

Experience of Competence

.12***

Experience of Autonomy

.19***

R²

.18

.31

.41

Table 2: Results (unstandardized regression coefficients) of a mixed-linear
regression model to predict situational interest; *** p < .001, ** p < .01.
DISCUSSION
The starting point of this contribution are the enormous dropout rates in
mathematics study programs which are partly based on students’ demotivation
of studying (academic) mathematics. The present study aims to take a closer
look on factors which influence students’ situational interest in university
learning situations. In line with previous research (Linnenbrink-Garcia et al.,
2013), individual characteristics, especially individual interest in university
mathematics, strongly influence situational interest. The results also provide
additional support for the relation between experience of autonomy resp. of
competence and situational interest (see Ferdinand, 2014; Willems, 2011). In
addition, the results of this study show that situational interest differs between
learners of different study programs. Students in a teacher education program
report less situational interest comparing to students of the mathematics
program in this study. Following the results of Dietrich et al. (2017), these
students will be less engaged in learning academic mathematics. Ufer and
colleagues (2017) support this observation when they reported that students in a
teacher education program are much more interested in school mathematics than
in academic, university mathematics. For these students who want to become
teachers in the future, it is probably important to understand the relevance of
university mathematics for their future career as a school teacher to improve
their learning engagement.
The interpretation of this study is limited because the reliability of the
situational interest scale is only acceptable. This is probably due to the
broadness of the construct. In addition, I investigated situational interest at three
times in only one lecture. Future research could replicate these results in other
study programs and deeply examine the influence of situational interest on the
engagement and success in university learning situations by a longitudinal
study.
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The results of this study still can contribute to our understanding of the emerge
of situational interest and can help to construct activities that foster the
development of situational interest. According to the study of Hulleman and
Harackiewicz (2009), university courses could offer activities which encourage
students to make connections between the learning content and their future
career. One possible activity builds on the so called “Schnittstellenaufgaben”
which link school and advanced university mathematics (Bauer & Kuennen,
2017) and could be helpful to motivate students in teacher education programs.
Besides supporting students in their learning process, these intervention studies
could deeply explain the relation between situational interest and the experience
of autonomy and competence in concrete learning situations.
The project SIMs (“Situational Interest in a Mathematics study program”) is
supported by the German Research Foundation.
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In this research report we aim to analyse argumentation at two levels, using the
so-called Toulmin model. We examine the structure of the mathematical
argumentation, as well as the nature of the meta-mathematical argumentation
justifying the validity of some proofs and the rejection of others in a Japanese
grade 8 classroom. The results show that the analysis of a meta-mathematical
argument allows us to gain a deeper insight into the proving process, although
the role of the statements is more difficult to determine.
INTRODUCTION
Proof and proving are considered to be essential but challenging in the
mathematics classroom. How argumentation may develop through proving
processes in classroom interactions is one of the main research foci in recent
publications (e.g., Mariotti et al., 2018; Stylianides et al., 2016). Argumentation
analysis based on the work of Toulmin (1958) has been used extensively in
mathematics education to investigate students’ mathematical arguments in
different ways. For instance, Pedemonte (2007) has analysed the relationship
between argumentation and proof in students’ working in pairs, while
Krummheuer (2007) has adopted the model to analyse students’ argumentation
and participation in classroom processes. Although the Toulmin model was
developed to be applicable to different rational arguments in different fields,
including mathematical and non-mathematical argument, in mathematics
education research it is less common to use it to investigate non-mathematical
arguments. One exception is Potari and Psycharis (2018), who analysed preservice mathematics teachers’ argumentations while interpreting classroom
incidents. They report that “different argumentation structures and types of
warrants, backings and rebuttals [occur] in the … interpretations of students’
mathematical activity.” (p. 169). The lack of research on non-mathematical
argumentation implies that a broader perspective is needed to take into account
both mathematical and non-mathematical argumentation and how they can be
related to proof and proving in classroom teaching and learning. In this research
report we aim to analyse argumentation in a Japanese classroom at two levels.
We examine the structure of the mathematical argumentation, and also the
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nature of the meta-mathematical argumentation justifying the validity of some
proofs and the rejection of others. To attain this aim, we first consider how
Toulmin model can be adopted to analyse the mathematical and metamathematical argumentation, and then reconstruct the classroom process in
terms of the two-levels of argumentation.
THEORETICAL AND METHODOLOGICAL CONSIDERATIONS
Argumentation Analysis

We focus on argumentative structures which can be identified in collective
processes in classroom interaction. For this purpose, the Toulmin model is
adopted, following the methods of argumentation analysis described by
Knipping and Reid (2015, 2019). At the heart of this method is a reduced
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Method of Analysis
Argumentation analysis (Knipping & Reid, 2015, 2019) consists of three stages
for reconstructing arguments in classroom: first identifying ‘episodes’ of
mathematical activity, then assigning roles (Conclusions, Data, Warrants,
Backings) to statements, and grouping these into ‘steps’, assembling these steps
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into larger ‘streams’ in which a conclusion of one step is used as a datum (or
occasionally a warrant) for the next step. These streams are in turn joined
together into a ‘structure’ of the entire argumentation. Here we are interested in
comparing the argumentation streams at two levels that occur in episodes of the
lesson.
Data and Context
Our analysis is based on a transcript from a mathematics lesson in a
mathematics class with 37 eighth-graders (age 13-14) at a junior high school in
Japan. Before the lesson, the students learnt the terms ‘proof’ and ‘definition’,
with several definitions of geometrical objects and fundamental assumptions
(e.g., conditions for congruent triangles, SSS, SAS, ASA, and properties of
parallel lines and angles) in Euclidean geometry. Based on these definitions and
assumptions, they learned how to prove several statements related to triangles;
in order to prove that two segments are equal in length, they learnt to focus on
‘finding’ a pair of triangles to which the two segments belong respectively as
their sides (see Tsujiyama & Yui, 2018, for details). This experience is related
to the main problem in the lesson (see below).
DATA ANALYSIS
Identifying Episodes
The lesson can be divided into episodes, listed in Table 1. In Episode 1 the
teacher asked the students about their prior knowledge about parallelograms; the
students identified five properties of parallelograms. The teacher then (Episode
2) posed the problem: Prove that in a quadrilateral ABCD, if AB || DC and AD ||
BC, then AB = DC. After all the students had individually written down a plan
and proof in their own way (Episode 3), the teacher asked two students to
present their results. One showed △ABC ≡ △CDA (Episode 4). Miya then
presented her proof, based on showing △ABD ≡ △CDB (Episode 5). The
teacher then asked students who had done the first proof, why they had drawn
the segment AC (Episode 6) and those who had taken Miya’s approach why
they had constructed the segment BD (Episode 7). At the end of the lesson, the
teacher discussed the faulty proof produced by a fictive student Mikio (Episode
9, see Figure 2).
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Episode
1
2
3
4
5
6
7
8
9

Description
Recalling Prior Knowledge
Posing Problem
Individual Work
First Argument: △ABC ≡ △CDA
Miya’s Argument
Why AC? Jiro’s argument
Why BD? Etsu’s argument
Omitted section
Mikio’s ‘proof’

Transcript Lines
Not included
Not included
Not included
Not included
1–4
4–9
10–24
25
26–72

Table 1: Episodes of the lesson
Here we analyse mathematical argumentations from Episodes 5 and 9, and
meta-mathematical arguments from Episodes 6, 7 and 9. Although we have
identified two types of meta-mathematical arguments (Episode 6 & 7)
concerning the argument from Episode 5, we omit one of the meta-arguments
due to limited space.

Figure 2: Mikio’s ‘proof’
Miya’s Mathematical Argument
Miya’s argument is as follows:
2
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Miya: I drew diagonal BD to show AB = CD, and proved that △ABD and
△CDB are congruent. AB and BC are parallel from the assumption.
And, since alternate interior angles of parallel lines are equal,
∠ABD and ∠CDB are equal, also ∠ADB and ∠CBD are equal. And,
since they are common sides, BD = DB. Thus, ASA holds, and
therefore △ABD and △CDB are congruent. Since corresponding
sides of congruent figures are equal, well, I thought that AB = CD
should be correct.

The argumentation stream for this argument is shown in Figure 3.

Figure 3: Miya’s argument
Miya’s argument is unusual only in that there are fewer implicit data or
warrants, which are indicated by boxes with dashed lines, than often occurs in
classrooms. The only implicit statement is AD || BC, which is not uttered but
written on the blackboard. She asserts the existence of BD by drawing it into the
diagram.
Why AC? Jiro’s Meta-Mathematical Argument
In Episode 6, Jiro offers the following argument to justify the construction of
the diagonal AC.
4
5

T:
Jiro:

6
7

T:
Jiro:

Why was it necessary to draw AC? Jiro.
Well, what we want to show now, we want to show that two sides
are congruent.
Two sides are congruent?
Two sides are equal, we want to show that two sides are equal in
length. And, to show it, now I have a quadrilateral, but I do not
know how to show congruency of quadrilaterals. I only have one
quadrilateral and do not know how to show, so I tried to transform it
to the one that I already knew. Then I drew the line [AC] and, well,
made two triangles in that way, and I thought of showing the
congruency [of two triangles]. I drew the line in this way.

The diagram for his argumentation is shown in Figure 4. It begins from the fact
that they want to show that two sides are congruent. From this fact, via the
implicit warrant that corresponding sides of congruent figures are congruent,
Jiro implicitly concludes that he wants to show that two figures are congruent.
The only figure he can see is a quadrilateral and he does not know how to show
quadrilaterals are congruent, so he concludes he should show the congruency of
two triangles. To produce the two triangles it was necessary to draw the
segment AC.

479

Figure 4: Our analysis of Jiro’s meta-mathematical argument
The analysis of a meta-mathematical argument is similar to the analysis of a
mathematical argument, although the role of the statements is more difficult to
determine. It is useful to begin from the conclusion, the necessity of drawing
AC, and to find the data and warrants supporting it. This can be expressed as ‘It
was necessary to draw AC, because I wanted to make two triangles.’ In turn, ‘I
wanted to make two triangles, because I wanted to show congruency of two
triangles’ and ‘I wanted to show congruency of two triangles because I wanted
to show congruency of two figures, and I do not know how to show the
congruency of quadrilaterals.’ More elements are implicit than in Miya’s
argument.
Mikio’s Mathematical Argument
In Episode 9, the teacher showed Mikio’s ‘proof’, which is the incomplete proof
‘attempt’ shown in Figure 2. Our analysis of it is shown in Figure 5.

Figure 5: Our analysis of the mathematical argumentation in Mikio’s ‘proof’
The diagram of Mikio’s ‘proof’ reveals that is leaves two warrants implicit. One
of these implict warrants conceals the flaw in this ‘proof’. To assert that △AOB
≡ △COD he needs a congruent side so that he can use either AAS or ASA. But
without asserting either the property he is trying to prove (opposite sides are
congrent) or one of the other properties (that diagonals bisect each other) he
cannot establish the congruent side.
The Meta-Mathematical Argument Concerning Mikio’s ‘Proof’
Related to the meta-mathematical argument concerning Mikio’s proof, some
parts of the transcripts are omitted here, since space is limited. Nevertheless, the
transcript below shows how the teacher and students arrived at the reason why
the given proof is impossible.
51
52
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T:
Ken:

You could not make it?
Since there was no congruent side, well, no equal side.

53

T:

54

Ken:

…
59
60
61
62
63
…
67

Ss
T
Shin
T
Shin

Then, Mikio tries to prove, in this way. To create triangles that
include the conclusion, AB and CD, he connects points A and C, B
and D respectively. See? [These triangles] include the conclusion i.
Fine. Now he makes [triangles] AOB and COD. And then, if he
shows congruency [of △AOB and △COD], he can deduce the
equality [of AB and CD] since they include [AB and CD]. So he
tries to prove that. But here, he stopped at (1) (2). Why [did Mikio]
get stuck? What do you think? Ken.
Well, under the assumption, uh, sides... We cannot show equality of
[any pair of] sides, so we cannot prove this.
[…] We do not know properties of parallelogram.
Yes. We cannot use other properties [of parallelogram].
Then, uh, sides
These are parallel. [with marking AB and DC in Mikio’s diagram]
Length of other sides, sides are not necessarily equal in length.

Mizu: Well, we can only use those above two [properties of parallelogram:
(1) opposite sides are parallel, (2) opposite sides are equal in length]
and cannot use the three below [properties: (3) the diagonals
intersect at their midpoint, (4) opposite angles have equal measures
and so on].

…
70

T:

71

Ss:

Mizu, you wanted to use this [referring to the property (3)], didn’t
you? You thought that you could succeed if you used this, didn’t
you? Then, bad teacher came and told you that you were not
allowed to use this, so you were in trouble, didn’t you? Then, this
and this are like this [marking angles in Mikio’s diagram], alternate
interior angles are equal. So, it comes to this way. But how does it
work? These [angles] are equal since they are alternate interior
angles of parallel lines, these are also equal. So it is fine if we use
AB = DC, isn’t it.
The conclusion. / We cannot use the conclusion.

The meta-argument around Mikio’s ‘proof’ has rather complex structure as
shown in Figure 6. To justify the rejection of the proof, many statements
involve negations and both warrants and implicit backings can be considered as
meta-level reasoning or proving; such as ‘a statement cannot be used for
proving unless it is proven’, ‘circular reasoning’, and ‘it is necessary that a pair
of sides at least is equal to use congruence conditions of triangles’. In Figure 6,
the warrant ‘other properties of parallelograms have not been established” and
its backing are implicit, but it can be interpreted as such (Lines 59-50, 67, 70).
The ‘circular reasoning’ as an implicit backing is also concerned with what the
teacher and students uttered (Lines 70-71). Thus, it is interpreted that their
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discussions about Mikio’s ‘proof’ are not only about how to prove the statement
but also about what constitutes a proof.

Figure 6: Our analysis of the meta-mathematical argumentation around Mikio’s
‘proof’
DISCUSSIONS AND CONCLUSIONS
One of the characteristics of our paper is the use of Toulmin’s model for the
analysis of meta-mathematical argumentation, which allows us to gain a deeper
insight into classroom processes involving proving activity. In this study, we
considered the meta-mathematical argument as the justification of the validity
and the rejection of proofs and analysed their structures. For example, Jiro’s
meta-mathematical arguments were for justifying the validify of Miya’s proof.
It seems that the teacher’s question “Why was it necessary to draw AC?” (line
4) facilitated their discussions. Our analysis (Figure 4) showed that some
statements include ordinary sentences, such as “we want to show…” and “I do
not know…”, rather than purely mathematical sentences. Another metamathematical argument was for reasoning about the rejection of Mikio’s
‘proof’. This meta-level discussion allowed them to reflect “what has (not) been
proven” and “the conclusion is a statement to be proven (it cannot be used to
prove)” and to understand what constitutes a proof in the class (Figure 6). Since
our analysis is limited, further research is needed to investigate different
structures and functions of meta-mathematical argument.
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In South Africa, although school language policy expects that the majority of
early grade teachers should teach mathematics in an African language, initial
teacher education programmes are offered in English. To investigate bilingual
sense making of mathematics, students in their first year of a teacher training
programme wrote the same mathematics test in two languages: English and
isiXhosa, as part of the national assessment. Data from 88 student teachers
revealed that their performance was better in the English version of the test.
The majority of the students (69%) preferred the English version of the test. The
study recommends that universities need to pay far greater attention to the
teaching of mathematics in isiXhosa for the early grades.
INTRODUCTION
Globally mathematics classrooms are becoming increasingly diverse in terms of
their linguistic resources (Barwell, Wessel & Parra, 2019). There are a
diminishing number of classrooms where all the children in the class speak the
world language which is used as the medium of instruction for mathematics. It
can no longer be guarenteed that the mathematics teacher shares a home
language with all the members of her class. This is a result of globalisation and
increased migration and movement of displaced people; and the growth of small
groups advocating for the rights of indigineous people and those in the linguistic
minority in a country to access learning of mathematics in their mother tongue
(Barwell, Barton, & Setati, 2007). According to Moschkovich (2002: 189)
if mathematics reforms are to include language-minority students, research
needs to address the relation between language and mathematics learning from
a perspective that combines current perspectives of mathematics learning with
current perspectives of language, bilingualism, and classroom discourse.

A systematic review of research in multilingual classrooms in South Africa
(Setati, Chitera, & Essien, 2009) found an insignificant number of publications
focusing on multilingual classrooms; and described the research on the role of
language in early grade mathematics (Grades R–4) as insignificant (compared to
research on language in mathematics at higher levels). This gap has been partly
addressed by a more recent review which focuses explicitly on the early grades
and has South Africa, Kenya and Malawi with their multilingual mathematics
classrooms (Essien, 2018). In this review Essien identifies three themes
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pertaining to this corpus of research: (1) research on the impact of language
policy framework on curricula in relation to teaching and learning of
mathematics; (2) research in teacher education and professional development;
and (3) research on pedagogic/language practices. Essien (2018) notes that, in
relation to theme 2, there is a paucity of research in general, and clear gaps in
terms of how teachers are trained to teach early grade mathematics in
multilingual contexts; and that there are rarely quantitative or mixed methods
studies.
This paper seeks to contribute to filling this gap by offering a mixed methods
research design focusing on language and mathematics competencies of student
teachers in an initial teaching programme. As home language speakers of a
African language it is assumed that teachers will be able to translate their
understanding of mathematics, taught in English at university level, into their
African language when teaching in an early grade classroom. We investigated
the assumption be comparing student teachers‘ attainment in mathematics tests
(written in English and isiXhosa); as well as their perceptions of this experience
of the tests and needs in relation to teaching mathematics in an African
language.
THEORETICAL FRAMING
South Africa with 11 official languages, all being used to teach mathematics in
the early grades, provides a rich lab for reflections on multilingualism and
mathematics. Its language context is complex, and reflects both its colonial and
Apartheid past. There are two languages of the colonisers (English and
Afrikaans) and those may be considered world languages. The other nine
languages comprise of sign language, and eight indigenous African languages
(some of which stem from the same linguistic branches).
The use of African languages for the teaching of mathematics has been an area
of debate for a long time in South Africa (see Setati & Adler, 2000). While
mother tongue instruction in mathematics is considered to be the most valuable
for learning; such learning is allusive when the language in question is not yet
fully developed as an academic language; and when this language competes
with the hegemony of a world language. Essien (2018: 52) describes the
language in education policy in South Africa as being: “Based on nondiscriminatory language use, ...which calls for the promotion of multilingualism
in the education sector through the use of languages”. The policy therefore
advocates that learners choose their [Language of Learning and Teaching
(LOLT) and that school governing bodies need to stipulate how the school will
promote multilingualism in the school. Most (public) schools use the mother
tongue as the LOLT in the foundation phase (Grade R–3) (Essien 2018: 52).
Setati (2008) describes the ‘freedom to choose’ the language of learning of
teaching in schools as advocated in policy, as a chimera, given the economic,
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social, political and ideological factors underpinning the world language
(English). So while the majority of children in the early grades learn
mathematics in their home language, by Grade 4 they are expected to learn
mathematics in English. They continue to learn an African language (at home
language level) and English (as a first additional language).
In order to find solutions to the mathematics under-achievement in all levels of
schooling, particular importance was given to primary school mathematics
teaching and learning and the national Primary Teacher Education (PrimTEd)
was established. This had a dual focus: on mathematics and on language (where
the primary concern was African languages).
METHODOLOGY
The setting for this study was the rural province of Eastern Cape, were the
dominant African language is isiXhosa. The study was conducted in a rural
university where the majority of student teachers were isiXhosa home language
speakers, and had passed their National Senior Certificate with isiXhosa as a
subject at home language level. They are also relatively fluent in English
(having been taught in English from Grade 4 onwards and passed their National
Senior Certificate being examined in English).
The research question addressed in the paper is: How did student teachers
perform in, and respond to, the same mathematics test administered first in
isiXhosa and then in English (or vice versa). Quantitative data was gathered
from the performance trend by the primary teacher education student teachers in
PrimTEd mathematics test (Alex, Roberts, Hlungulu 2020).
The PrimTEd mathematics test items were translated from English into isiXhosa
by an accredited isiXhosa language translator from the rural university. The
translation was reviewed by the isiXhosa speaking primary mathematics
lecturer. The test comprised of 50 questions worth a total of 50 marks. Each
item was allocated 1 mark and there was no partial marking as a result of the
single answer and multiple choice format of items. The test was written using
pen and paper, in one of the lecturer session of the university, under normal test
conditions. The scripts were marked by the second author, using a
memorandum.
The first year students (n = 96) voluntarily took part in the study (after giving
informed consent). They were randomly assigned into two equal groups. Half of
the class wrote the English version and half of the class wrote the isiXhosa
version. After a week, the test was administered the other way around. After
checking the number of student teachers who wrote both tests, the final data set
comprised of 88 students in two groups: ‘isiXhosa first’ group (n = 44) who
wrote Test 1 in mother tongue and Test 2 in English; and the ‘English first’
group (n = 44) who wrote Test 1 in English and Test 2 in mother tongue). It was
assumed that student teachers would apply roughly the same effort to both tests
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(see Alex, Roberts, Hlungulu 2020). The results were considered in relation to
the four categories:
Group
‘English first’ group

‘isiXhosa first’ group

English

Test 1

Test 2

isiXhosa

Test 2

Test 1

Language of the test

Table1: Four categories of groups of participants
Firstly, the test was analysed using descriptive statistics for overall attainment
across all the items. Each student had two data points: Test 1 and Test 2. The
mean result and standard deviation were calculated for each category. Paired ttests were conducted to establish whether the observed differences in the means
from Test 1 to Test 2 were significant or not. Secondly, for each student their
change in result (delta) from Test 1 to Test 2 was calculated. They were each
coded as having ‘improved’, ‘stayed the same’ or ‘declined’ from Test 1 to Test
2.
A short structured questionnaire was designed. This was administered after the
second test, in English (which is language of instruction of the university). The
following questions were posed: (1) What do you feel about the tests? (2)
Which version of the test you felt easier to answer? English/ IsiXhosa? Why do
you say so? (3) Based on your performance in the test, what would you like us
to do for you? (4) Any other comments you want to share with us? The
responses from the students, in their groups, were categorized into themes.
FINDINGS
In the first attempt (Test 1), the isiXhosa version of the test (𝑥̅ = 29%, SD = 7%)
was found to be more difficult than the English version of the test (𝑥̅ = 34%, SD
= 12%). A paired t-test assuming equal variance found this difference to be
significant, t (43) = 1.99, p < 0.05. Calculating Cohen’s D gave an effect size of
0.47 (medium). At the second attempt (Test 2) the isiXhosa version of the test
(𝑥̅ = 34%, SD = 9%) was found to be more difficult than the English version of
the test (𝑥̅ = 35%, SD = 13%). A paired t-test assuming equal variance found
this difference was not significant. So while in the first attempt the English
results were better than the isiXhosa results, (by a significant difference, of
medium effect size), this difference was no longer evident at the second attempt.
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From T1 to T2
Improved
Stayed the same
Declined
Total

isiXhosa first
32
3
9
44

(%)
73%
7%
20%
100%

English first
27
0
17
44

(%)
61%
0%
39%
100%

Table 2: Percentage of student teachers where results improved, stayed the same
or declined from Test 1 and Test 2 for each group
A greater proportion of ‘isiXhosa first’ students improved (73%), than the
proportion of ‘English first’ students who improved (61%). We see a
complementary trend for the proportions of student teachers whose results
declined from Test 1 to Test 2: There was a lower proportion (20%) of
‘isiXhosa first’ students, than the proportion (39%) of ‘English first’ students
whose results declined. There was lower attainment on the mother tongue
version of the test than the English version of the test.
Drawing on the qualitative data, we found that 61 (69%) of the student teachers
said that the English version of the test was easier to answer; 23 (26%) of them
found the isiXhosa version easier, and 4 (5%) student teachers responded that
both versions were easy. Most of the open ended responses on why found the
English version easier to answer were “I understand it in English better”,
“isiXhosa words are difficult”, “English explains better than isiXhosa”, and “I
was taught in English”.
In relation to the question: Based on your performance in the test, what would
you like us to do for you? The main theme that emerged out of the student
teachers’ responses from both groups was that there are content issues and
language issues need to be addressed for them to do better in the mathematics.
Some of the content issue were general in nature: “Help me learn more Maths”;
“We need to do revision” and “I need extra lessons”, while others were more
specific such as the mention of ‘fractions’ as an area of difficulty. It was
positive to see that the student teachers realised that they need help with the
topics and directly request help with isiXhosa vocabulary and discourse. The
typical responses on language issues were “I need help with isiXhosa terms”
and “Teach in English not in isiXhosa”. There was a strong plea from the
students to change the language of future mathematics tests to English. On a
more general note, the students requested for the use of calculators in doing the
mathematics tests in future.
The open ended question on ‘any other comments’, resulted in similar responses
in terms of language and content. The language issues were stronger this time as
student teachers in both groups recommended that “Maths should be taught in
English” and a small minority group of students suggested that “Maths should
be taught in home language and English”. “Make sure learners understand the
language” and “Teaching Maths in isiXhosa won’t work” also echoed in the
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responses. The major concern from the student teachers was that Mathematics is
more difficult when it is in isiXhosa as they were not exposed to it in their own
schooling years and in their teacher training. The majority of the student
teachers suggested that to support their teaching of Mathematics in isiXhosa
required the provision of relevant resources.
DISCUSSION
The assumption that as home language speakers of an African language,
teachers will be able to translate their understanding of mathematics, taught in
English at university level, into their African language was found to be false.
Despite the student teachers being home language speakers of isiXhosa, and
expected to teach mathematics in isiXhosa, their attainment in the isiXhosa
version of the PrimTEd mathematics test was significantly worse than their
attainment in the English version of the same test. In addition, the students
expressed a preference for the English test. They were less able to make sense
of the mathematics, when it was expressed in isiXhosa, and felt that they lacked
the isiXhosa vocabulary and discourse to communicate mathematics in
isiXhosa.
The findings affirm the conclusion by Ramollo, (2014) who identified from two
Initial Teacher Education programs that both lecturers and student teachers were
concerned about the lack of vocabulary and syntax to communicate some
mathematical concepts in African languages and the poor preparation which
student teachers receive in the teaching of mathematics in an African language.
CONCLUSION
This paper sheds light on the complexity of the South African language and
mathematics education situation. In a rural province, teachers are expected to
teach early grade mathematics in isiXhosa and bring isiXhosa as their home
language resource. Yet they perform better in the mathematics tests
administered in English than in isiXhosa. In addition, when reflecting on the
experience, the majority of the student teachers indicated their preference for
the English version. This is a serious problem considering the policy
expectation that they should teach mathematics in isiXhosa to early grade
isiXhosa speaking children in their communities. The impact of the language
policy – on their own mathematics development – where they last
communicated in formal written mathematics using isiXhosa when they were
ten years old; has not adequately prepared them for their role as a mathematics
teacher in a multilingual classroom. As a result, it is clear that universities need
to pay far greater attention to the teaching of mathematics in isiXhosa when
preparing teachers for the early grades.
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WHAT MIGHT BE CRITICAL IN A CRITICAL EVENT?
Sigal-Hava Rotem, Michal Ayalon
University of Haifa
The goal of this study is to examine how different definitions for a critical event
may reflect what is found to be critical by pre-service mathematics teachers. We
describe and analyze two critical events that were identified by two pre-service
mathematics teachers from two different classroom observations. In each event,
the pre-service teacher identified an instance where the teacher could build his
or her instruction based on the student’s mathematical understanding. Data
analysis is used to identify the similarities and differences between the two
events. Implications are discussed.
RATIONALE
What is “critical” in a critical event that occurs during a mathematical lesson? It
seems that the answer is in the eye of the beholder. Different researchers define,
characterize and use critical events differently (e.g., Goodell, 2006; Rowland,
Thwaites, & Jared, 2015; Stockero, Leatham, Ochieng, Van Zoest, & Peterson
2019). Here we refer to critical events as moments that hold the opportunity for
the teacher to build on the student’s thinking, to make connections within
mathematics and extend students’ mathematical horizons beyond the immediate
task (Stockero et al., 2019).
The common thread between the different definitions and characterizations is
that they all use critical events as a tool to foster teachers’ learning and
professional development in teachers’ education programs (e.g., Jacobs, Lamb
& Philipp, 2010; Karsenty, Arcavi & Nurick, 2015; Stockero et al., 2019; Van
Es, Cashen, Barnhart & Auger, 2017). Here, we suggest using critical events
that were chosen by pre-service teachers (hereinafter PTs) from their lesson
observations as a “research tool that provides a ‘window’ into a learner’s mind”
(Zazkis & Leikin, 2007; p.15). In contrast to the shared use of critical events in
teachers’ education, where the critical events are brought to the PTs for
interpretive discussions by the researchers (e.g., Karsenty et al., 2015; Stockero
et al., 2019; Van Es et al., 2017), here the PTs choose critical events for
interpretation from their lesson observations.
Similar to Zazkis and Leikin’s (2007) use of examples that were generated by
teachers, we believe that the critical events PTs choose “mirror their
conceptions of […] their pedagogical repertoire, their difficulties and possible
inadequacies in their perceptions” (p.15). Therefore, characterizing PTs’ critical
events will enable researchers’ learning. In this study, we will examine how the
different existing definitions reflect what is found to be critical by PTs in order
to suggest an initial characterization.
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LITERATURE REVIEW
The research of critical events is usually done within the context of research on
mathematics teachers’ professional development programs, and mathematics
PTs’ preparation programs, in which teachers’ educators bring critical events
for interpretive discussion to enhance teachers’ learning. For example, Karsenty
et al. (2015) examined the way interpretive discussions regarding observed
videotaped events enhanced the development of mathematical knowledge for
teaching within the context of a teachers’ professional development program.
Van Es et al. (2017) examined the development of PTs’ noticing of ambitious
mathematics pedagogy while using videotaped critical events as the focus of the
university course.
However, critical events are addressed differently by different researchers. The
different names: MOST (Sotckero et al., 2019), contingency moments (Rowland
et al., 2015), and critical incidents (Goodell, 2006) somewhat reflect the
different characteristics of the different definitions. Each definition brings to the
forefront some different features of critical events. For example, Stockero et al.
(2019), who framed critical events as MOST, characterized them at the
intersection of student mathematical thinking, significant mathematics, and
pedagogical opportunity. Student mathematical thinking means that the
student’s statement concerns mathematics. Significant mathematics is defined as
mathematics that is appropriate for the students’ mathematical development
level and central for the students’ learning goals. Pedagogical opportunity is
framed by the opening to build on that student’s thinking and the timing for
taking advantage of that opening. In this definition, Stockero et al. (2019)
emphasized the mathematics of the event and the opportunity to deepen the
student’s mathematical understanding. Rowland et al. (2015) characterized
critical events according to the triggers that led the teacher to deviate from the
lesson plan: (1) Responding to student’s idea – whether a response to a
teacher’s question or a spontaneous statement; (2) A teacher’s insight that
provoked her/him to modify their instruction ‘in the moment’; (3) The teacher’s
response to the availability of tools and resources (for example, a digital
resource that was central to the lesson plan is unexpectedly unavailable).
Rowland et al. (2015) characterization emphasizes the gap between the planning
of the teacher and the actual occurrences of the lesson. Goodell’s (2006) use of
critical events highlights the learning potential for PTs who use mathematical
and non-mathematical critical events while learning to teach.
With the overarching goal of suggesting critical events that were chosen by PTs
as a tool for researchers’ learning, the goal of this study is to examine how
different existing definitions for critical events may be reflected in what is
found to be critical by PTs. As an initial step, in this study, we will compare and
contrast two critical events that were chosen by PTs from lesson observation in
order to identify what might be characterized as critical in the critical events.
492

The specific research question is: What are the similarities and differences
between the two critical events?
THE STUDY
Data Collection
The data source for the research project was 48 critical event reports submitted
by 13 participants in the context of a pre-service high-track secondary school
mathematics teachers’ university course, ACLIM-5 (a Hebrew acronym for
“clinical training for unique 5-unit (high track) mathematics teaching”).
ACLIM-5 is a part of the PTs’ field-based preparation in which critical events
identified by the PTs during classroom observations served as a focus for
interpretation.
In the study, PTs were directed to choose critical events and to submit written
reports in which they described and interpreted events according to a structured
framework based on Jacobs et al., (2010). The reports included prompts for
describing the critical event, the mathematical context, what the student said
and/or did, and what the teacher said and/or did and their thoughts about the
students’ and teacher’s actions. PTs were instructed that a critical event is an
instance where a student says something that involves mathematics and which
holds the potential for further mathematical learning.
In this study, we chose to analyze two critical events, Felice’s and Nora’s.
Felice and Nora had their field-based preparation in different schools. Choosing
two critical events that were identified in different classrooms and were taught
by different teachers allows us to compare and contrast the events to examine
how the different existing definitions are reflected in the critical events.
Additionally, both Felice’s and Nora’s critical events were exemplary in the
sense that their events represented an instance where a student’s mathematics
holds the potential for further mathematical learning.
Data Analysis
To examine what might be characterized as critical in the critical events, we
used the following characteristics: The mathematics of the event, student’s
learning opportunity (both taken from Stockero et al., 2019), the teacher’s
response to student’s idea that could lead the teacher to deviate from the lesson
plan (taken from Rowland et al., 2015) and, the learning potential critical events
hold for the PTs (taken from Goodell, 2006).
FINDINGS
Felice’s Story of a Critical Event
The place: 10th-grade high track gifted mathematics classroom.
Lesson topic: Complex numbers. Up to this class, the students learned to
add/subtract/multiply complex numbers in the Cartesian form. The lesson goal, as I
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[Felice] see it, was to expose students to the concept of the absolute value of
Complex numbers as preparation for transitioning from the Cartesian form to the
Polar form. The situation lasted no more than 5 minutes.
[…] One situation caught my attention, […] when she [the student] did not
understand how (6)2 = 36 = (−6)2 but √36 maybe only 6. In response to her
question, the teacher said: “Look at the equation 𝑥 2 = 36 and the function 𝑦 =
√𝑥 for 𝑥 = 36. The equation has two solutions ±6, and this can be checked by
substitution. While the function 𝑦 = √𝑥 corresponds to 𝑥 = 36 a single value (𝑦
value), since this is the definition of a function, each 𝑥 corresponds to a single
value of 𝑦. Also, the ‘numbers’ world’ (domain) of the function is only the nonnegative number set; that is why there is a difference; an equation does not act as a
function.”

This event occurred in the 10th-grade high track mathematics classroom while
learning the absolute value of Complex numbers. A student’s question
2
2
regarding (6) = 36 = (−6) vs. √36 = 6 seems unconnected to the lesson’s
topic, complex numbers. Felice tried to settle this gap between the mathematical
content of the lesson and the mathematical content of the student’s question in
several ways. First, she addressed this gap in her interpretation of the event:
“Throughout mathematics, students meet quite a few times with square roots,
powers and absolute values (for example, the distance between a line and a
point). In my experience, I see quite a few students experiencing this situation at
the very end of their track in the 12th-grade.” In this excerpt, besides
acknowledging this gap, Felice also legitimized it. According to the Israeli
2
2
context, the question 𝑜𝑓 (6) = 36 = (−6) vs. √36 = 6 is usually dealt with
in the previous year while learning about the square root function. However,
Felice relied on her experience and did not consider this a unique phenomenon.
Second, she framed the context and gave an interpretation for the goal of the
lesson as a way to bridge the gap between the mathematics of the lesson and the
mathematics that the student’s question entailed. She wrote: “The lesson goal
(from my perspective) was to expose students to the concept of the absolute
value of complex numbers as preparation for transitioning from the Cartesian
form to the Polar form.” In the Israeli context, the absolute value of the complex
number is a usual intermediate phase in the transition between the Cartesian
form and the Polar form. A typical approach will be to start with |𝑥 + 𝑦𝑖| =
√𝑥 2 + 𝑦 2 and then to give some numeric examples such as |−1 + 6𝑖| =
√(−1)2 + 62 = √1 + 36 = √37.
In terms of the opportunity to deepen the student mathematical understanding,
Felice wrote: “I think it was a great question that would benefit the whole class
for several reasons: It first sharpened the understanding of what equation is and
what function is and what it means to solve an equation and what it is a value of
a function, it further sharpened the meaning of the equal sign.” From her
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perspective, the question of (6) = 36 = (−6) vs. √36 = 6 held the
opportunity to differentiate between the multiple mathematical concepts, and
she saw this as an opportunity to benefit the whole class mathematical
understanding.
When addressing the teacher’s response to the student’s idea Felice wrote: “I
think the teacher was not surprised by the question, in particular, this question
was not a surprise in this specific class (Because they seem to understand things
so deeply, how can it be that one student got confused by such a matter).”
Felice’s explanation for the reasons why the teacher was not surprised by the
student question is characterized by the class traits, as the students of this class
are gifted, they have internal motivation for a profound understanding of the
mathematics. She wrote: “[…] Students in this class (gifted) do not take things
for granted, it is very difficult to ‘sell’ them things as they are, they strive for
deep understanding.” Consequently, from Felice’s point of view, the teacher did
not deviate from his plan, and there was no gap between the planning of the
teacher and the actual occurrences of the lesson.
The learning potential that this event held for Felice was articulated by her, as
the following interesting question: “I am debating whether the teacher should
introduce students to this question and its solution in advance […] or give them
the possibility that they will come to a ‘something here does not work out’
moment and then provide an answer?” Felice’s question can be framed in the
broader context of the teacher’s role. Is the teacher’s role to attempt to address
questions and mathematical contradictions in advance, or is his role to support
students as they struggle to understand mathematics?
Nora’s Story of a Critical Event
The lesson was about trigonometric functions analysis. […] The teacher asked to
analyze the function 𝑦 = 𝑠𝑖𝑛 (2𝑥 − 𝜋 / 3). The class found extremum points,
calculated the axis intersection points, and drew the graph. After they were
finished, the teacher asked them if they could guess the graph without doing the
analysis. One of the students said that we got this function after contracting 𝑠𝑖𝑛(𝑥)
by two and then moving it to the right by 𝜋 / 3. Later the same student asked what
would the graph of 𝑠𝑖𝑛 (𝑥) + 𝑐𝑜𝑠 (𝑥) look like, will it be one graph at the end or
two graphs? The teacher explained to her that, in the end, we would get one graph
and suggested using the function analysis.

This event occurred in a trigonometric function analysis lesson at the beginning
of the lesson as the teacher was checking homework. The class was requested to
analyze the function 𝑦 = 𝑠𝑖𝑛 (2𝑥 − 𝜋 / 3). After the class used the procedure
of function analysis, the teacher asked the follow-up open question: “if [they]
can guess the graph without doing the analysis.” One student used function
transformation as a way to draw the function without analyzing it. The student’s
response followed by her question: “how would the graph of 𝑠𝑖𝑛 (𝑥) + 𝑐𝑜𝑠 (𝑥)
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look like, will it be one graph at the end or two graphs?” This question can be
seen as an elaboration on function transformation. As Nora wrote: “The student
developed a method to understand the behavior of a function without doing
function analysis, so in my opinion, she divided the functions into groups, and
each group has a parent function. And this led her to ask about the function I
mentioned. How, by the same logic, can you guess the graph or understand
behavior without analyzing it?” Nora saw the student’s question as an attempt to
generalize a mathematical idea of graphing without analyzing. If multiplying is
expansion and contraction and adding and subtracting from the function
argument leads to shifting the function, then what happened in terms of function
transformation when adding functions? Nora saw the students’ question as an
outcome of the teacher’s question: “I really admire his method, which does not
settle for one solution and always wants to hear more ideas which lead students
to think further.” It seems that from Nora’s perspective, the teacher’s question
was the opening for the student’s question. In that sense, she reconciled for
herself the gap between the mathematics of the lesson and the mathematics of
the student. It was the teacher’s open question which led the student’s “what
if?” follow up question.
In terms of learning opportunities for the students, Nora addressed the learning
that this event held for the entire class and not just the student who asked the
question. She wrote: “I would […] use desmos, for example (i.e., dynamic
software) and show them how the two graphs look and try to conclude from the
graphs and their features.”. Nora suggest for the whole class to explore possible
connections, difference and similarities, between 𝑠𝑖𝑛(𝑥) and 𝑐𝑜𝑠(𝑥) and
𝑠𝑖𝑛(𝑥) + 𝑐𝑜𝑠(𝑥). This mathematical exploration is beyond the scope of the
curriculum, and it can broaden the students’ horizons.
Nora did not elaborate on the teacher’s response to the student’s idea. However,
from the teacher’s answer to the student’s question, we can assume that he did
not deviate from his plan as he did not elaborate on this instance. Furthermore,
even the teacher’s open question, which, in a sense, triggered the student’s
question, aligns with the context of the Israeli curriculum. This type of question,
relying on function transformation after conducting function analysis, is
apparent in all recent matriculation exams. Therefore, the teacher’s open ‘follow
up’ question and the student response can be viewed as a usual instance in
function analysis lesson. It seems that there was no gap between the teacher’s
plan and the actual occurrences of the lesson.
The learning potential that this event held for Nora was articulated by her:
“During high school, I would solve all the function analysis questions using the
standard procedure as we all did, but this event and the teaching courses I take
have given me an option to look at things from a different perspective.” Here it
seems that she referred to the opportunity to graph a function based on function
transformation. However, she did not articulate if it was an opportunity for her
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to learn about the connection between function transformation and graphing a
trigonometric function, or an opportunity for her to learn that this is a legitimate
way to learn and to teach students to graph a function. From her suggestion to
explore 𝑠𝑖𝑛(𝑥) and 𝑐𝑜𝑠(𝑥) and 𝑠𝑖𝑛(𝑥) + 𝑐𝑜𝑠(𝑥), it seems that Nora learned
more about teaching mathematics than the mathematical content itself.
Compering Felice’s and Nora’s Events
The analysis indicated two similarities between the events: (1) the gap between
the planning of the teacher and the actual occurrences of the lesson and, (2) the
learning opportunities the critical events held for the PTs. In both events, it
seems that the teacher stuck to his plan. Even if the teacher did not plan to
2
,2
discuss the question of (6) = 36 = (−6) vs. √36 = 6, he addressed it with a
simple explanation, and as Felice wrote, the teacher was not surprised. In that
sense, it seems that there was no gap between the teacher’s plan and the actual
occurrences of the lesson. In terms of the learning opportunities the events held
for Felice and Nora, both articulated insights about teaching and learning
mathematics. Felice has discussed the teacher’s role and Nora the possibility to
use function transformation while teaching function analysis.
The analysis indicated two differences between the events: (1) the gap between
the mathematics of the lesson and the mathematics of the student and (2)
learning opportunities for the students. First, in terms of the gap between the
mathematics of the lesson and the mathematics of the student, in Felice’s
critical event, it seems that the student’s question was not connected to the
lesson’s topic. In fact, the student’s mathematics is connected to a previous
topic (square root function). In Nora’s critical event, the student’s question can
be seen as an attempt to generalize a mathematical idea of using function
transformation to graph a function without analyzing it. This attempt can be
seen as a step forward from the lesson’s topic. Thus, both events had a gap
between the mathematics of the lesson and the mathematics of the student but
not the same gap. Second, in terms of learning opportunities for the students,
Felice’s event held the opportunity to underscore the distinction between two
key mathematical concepts studied formerly. Nora’s event held the opportunity
to elaborate the mathematical meaning of the concept by going into new
mathematical territory (Lampert, 2001). In that sense, Felice’s event had the
opportunity to review old mathematics and Nora’s event had the opportunity to
broaden the students’ horizons by learning new mathematics.
DISCUSSION AND POSSIBLE IMPLICATIONS
The differences between the two events can be viewed in terms of the gap
between the mathematics of the student and the mathematics of the lesson and
the learning opportunities for the students. These parameters in which the two
events differ can be seen as connected. The magnitude of the gap between the
mathematics of the student and the mathematics of the lesson influences the
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learning opportunities for the students. When there is a low magnitude between
the mathematics of the student and the mathematics of the lesson - for example,
when a student tries to make sense of a mathematical concept that was used in
the lesson, as in Felice’s critical event - the teacher aligns the unclear concept
with mathematical concepts the student is already familiar with (e.g., Stockero
& Van Zoest, 2013). When there is a high magnitude between the mathematics
of the student and the mathematics of the lesson - for example, when a student
tries to generalize the mathematical concept, as in Nora’s critical event - the
learning opportunity for the students can be an exploration of that generalization
by going into new mathematical territory (Lampert, 2001), which enhances the
mathematical knowledge of the student.
Furthermore, the parameters in which the two events are similar - the gap
between the planning of the teacher and the actual occurrences and the learning
potential critical events held for them - are also connected. Although Felice and
Nora did not perceive a gap between the planning of the teacher and the actual
occurrences, it seems that they both learned from the teacher teaching while
continuing with his plan. Felice raised the question whether the teacher should
tackle in advance issues that the students might perceive as contradictory, or
wait until the contradiction arises from the student, as happened in her critical
event. Nora embraced the idea of function transformation as a legitimate
teacher’s question that prompts student thinking.
Despite the limitation of generalizing from these particular examples, we
propose this initial characterization as a step toward the emergence of a model
for critical events that will not only allow us to analyze critical events but will
also allow pinpointing what is critical in the critical event.
Acknowledgment
The project is generously supported by the Trump (Israel) Foundation (Grant #
213) and the University of Haifa. We thank Prof. Roza Leikin for her help in
monitoring the project. The first author, Sigal-Hava Rotem, is grateful to the
Azrieli Foundation for the award of an Azrieli Fellowship.
References
Goodell, J. E. (2006). Using critical incident reflections: A self-study as a
mathematics teacher educator. Journal of Mathematics Teacher Education, 9(3),
pp.221-248.
Jacobs, V. R., Lamb, L. L., & Philipp, R. A. (2010). Professional noticing of
children's mathematical thinking. Journal for research in mathematics education,
41(2), pp.169-202.
Karsenty, R., Arcavi, A., & Nurick, Y. (2015). Video-based peer discussions as
sources for knowledge growth of secondary teachers. In K. Krainer & N. Vondrová
(Eds.), Proceedings of the 9th congress of the European society for research in
mathematics education (pp. 2825–2832). Prague: ERME.
498

Lampert, M. (2001). Teaching problems and the problems of teaching. New Haven,
CT: Yale University Press.
Rowland, T., Thwaites, A., & Jared, L. (2015). Triggers of contingency in
mathematics teaching. Research in Mathematics Education, 17(2), pp.74-91.
Stockero, S. L., Leatham, K. R., Ochieng, M. A., Van Zoest, L. R., & Peterson, B. E.
(2019). Teachers’ orientations toward using student mathematical thinking as a
resource during whole-class discussion. Journal of Mathematics Teacher
Education, pp.1-31.
Stockero, S. L., & Van Zoest, L. R. (2013). Characterizing pivotal teaching moments
in beginning mathematics teachers’ practice. Journal of Mathematics Teacher
Education, 16(2), pp.125-147.
Van Es, E. A., Cashen, M., Barnhart, T., & Auger, A. (2017). Learning to Notice
Mathematics Instruction: Using Video to Develop Preservice Teachers’ Vision of
Ambitious Pedagogy. Cognition and Instruction, 35(3), pp.1-23.
Zazkis, R., & Leikin, R. (2007). Generating examples: From pedagogical tool to a
research tool. For the learning of mathematics, 27(2), pp.15-21.

499

ARE YOU JOKING? USING REFLECTION ON HUMOR TO
TRIGGER DELIBERATIVE MINDSETS
Benjamin Rott1, Timo Leuders2
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In this study with 401 pre-service teachers, inspired by a study by Van Dooren
et al., we show that presenting a humoristic situation significantly increases
critical thinking as compared to a context in which routine word problems are
given. We interpret our findings in the context of the mindset theory by
Gollwitzer: reflecting on incongruences in jokes triggering a deliberative
mindset that enhances reflective thinking.
INTRODUCTION
At PME 41, Van Dooren et al. (2017, 2019) presented a study, in which 6 th
graders had to solve four so-called problematic word problems (P-items). Such
word problems are tasks in which realistic considerations must be taken into
account to solve them reasonably (cf. Greer, 1993), for example
When Calvin goes to school, Hobbes sometimes takes a swim. His best time to
swim 25 m is 20 seconds. How long does it take Hobbes to swim 500 m?

A non-realistic answer to this P-item would be “20 times 20 seconds = 400
seconds,” whereas a realistic answer would be “probably more than 400
seconds, because he can’t keep up the pace” (cf. Van Dooren et al., 2019).
The intriguing result of this study is that students who were presented with
jokes (and had to comment on them) in between tasks did significantly better in
giving realistic answers than students who had to solve routine tasks (standard
or S-items) instead. The jokes on the one hand and the routine tasks on the other
hand were framed similarly:
Humor Condition: Calvin says: ‘If I
have one melon in one hand, and two
in the other, what do I have, Hobbes?’
Hobbes answers: ‘Very large hands,
and strong muscles!

Word Problem Condition: Calvin and
Inge are doing an excursion with the
class. The bus drives on the highway at
80 km/h. After how much time will the
bus have travelled 120 km?

Van Dooren et al. (2019), drawing on Attardo (1997), explain this result with
the fact that “[h]umor may also stimulate children to see the problem situation
from a different perspective,” focussing on the incongruity theory of humor
with their interpretation:
The incongruity relief mechanism is specifically relevant for our study as it focuses
on the perception of the same situation from two different, seemingly incongruent,
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perspectives. Only one of these two interpretations of the situation is considered to
be the more plausible one, and this one will occur in the listener/reader when the
situation is presented. Humor originates when it becomes clear that the alternative,
less plausible interpretation – the one the listener/reader did not think of initially –
ultimately turns out to be true. The reaction to this unexpected experience of
incongruity is one of laughter. (ibid., p. 99)

In their article, Van Dooren et al. (2019) conclude that “the addition of humor
could be tested on a variety of items, taking into account different item
characteristics” (p. 103). In the study at hand, we will follow two goals: Firstly
we test the “humor effect” in a different context: we use critical thinking items
instead of P-items and ask pre-service teachers instead of 6th graders, thus
testing for the replicability of the effect. Secondly, we introduce a theoretical
explanation for the effect of humor, which draws on more general
considerations on human reasoning. In our interpretation of the study by Van
Dooren et al., the experience of incongruence produced by reading the jokes
triggered a specific “deliberative” mindset in the students, making them aware
of realistic considerations, whereas solving routine tasks triggered another
“implemental” mindset, making them ignore such considerations. Thus,
drawing on the mindset theory by Gollwitzer (2012), the rationale of our study
is to further explore the humor condition as an implicit trigger for a deliberative
mindset, compared to an implemental mindset triggered by the routine tasks (Sitems).
In the following, we elaborate on theoretical foundation of our approach and
then present an empirical study to support our interpretation.
THEORETICAL BACKGROUND
The ability to solve problems is certainly influenced by someone’s intelligence
as well as other characteristics (Guilford, 1967). However, psychologists like
Kahneman (2011) have demonstrated convincingly, that humans do not always
make rational choices. Decision processes are influenced by heuristics and
biases (ibid.). Such factors – favorable as well as unfavorable – are usually seen
as traits that characterize a person, which can be measured with special tests
like IQ tests or test for critical thinking. In addition to such traits, decisions and
the ability to solve tasks can also be influenced by states, which should be
visible in randomized studies with specific manipulation conditions. (The
differentiation between states and traits was introduced by Cattell and Scheier,
1961.) A theory which allows for interpreting the solution behavior described
above from the perspective of states is the aforementioned theory of mindsets:
Mindsets
Gollwitzer defined mindsets as mental procedures and cognitive orientations
that influence the ways in which people act intellectually (see Gollwitzer, 2012,
for a summary). He distinguishes between a deliberative and an implemental
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mindset; the former facilitating a heightened receptiveness to all kinds of
information (open-mindedness), and the latter facilitating a focus on processing
information and realizing previously set goals (closed-mindedness). (Please
note: Do not confuse Gollwitzer’s theory with Dweck’s (2006) theory of fixed
and growth mindsets. The latter is regarding a trait rather than a state.)
In several studies (see Gollwitzer, 2012, or Weinhuber et al., 2019), it could be
shown that mindsets tend to remain active beyond the triggering situation (cf.
ibid.). For example, Gollwitzer had one group of test persons deliberate on
unresolved personal problems and another group plan chosen goals. This way,
the first group was placed into a deliberative and the second in an implemental
mindset, respectively. Afterwards, these groups acted differently in a second,
seemingly unrelated task. Persons who were placed in a deliberative mindset
showed more planning and reflecting on reasons that persons who were placed
in an implemental mindset.
In two studies with 62 pre- and 54 in-service teachers, Weinhuber et al. used
comics to induce mindsets: a comic showing a “math-club” in which secondary
students are shown to debate alternative approaches to differential calculus
problems vs. a comic showing a “math-test-prep” course in which the teacher
shows consecutive steps of solving a complex differential calculus task. In both
studies, the participants were asked to subsequently draft explanations about an
extremum problem. On the one hand, participants primed with a math-club
comic (i.e. deliberative mindset) generated more principle-oriented and less
procedure-oriented explanations. On the other hand, participants primed with a
math-test-prep comic (i.e. implemental mindset) generated more procedureoriented and less principle-oriented explanations.
Critical Thinking
To investigate the effect of humour on task solutions within mindset theory, we
chose to use problems with specific characteristics: (i) they should reflect
mathematics-specific solution processes but should not require higher level
mathematics, and (ii) require a reflective component of reasoning and judgment
when solving a task or evaluating the solution (cf. Rott et al., 2015). Our choice
fell on problems from the heuristics and biases literature, and especially from
the Cognitive Reflection Test (CRT) by Frederick (2005) as those are predictive
of decision making and cognitive ability (ibid., p. 26) and have mathematical
content (ibid., p. 37). Typical participants – pre-service teachers, in our case –
should be able to solve such problems correctly as they have all knowledge and
skills necessary. However, in multitude of studies, such problems have proven
to have solution rates that are far from perfect (e.g., Frederick, 2005; Rott &
Leuders, 2016).
For the analyses of such problems and the construction of the CRT, researchers
differentiate cognitive processes into two types or systems: subconscious or
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“Type 1” processes are characterized as fast, automatic, and emotional, whereas
conscious or “Type 2” processes are described as slow, effortful, logical, and
calculating (cf. Kahneman, 2011; Stanovich & Stanovich, 2010).
A problem that requires type 2 thinking would be 123  456 as no solution
comes to mind spontaneously. Without a calculator, an algorithm is needed to
arrive at the solution 56.088. By contrast, the famous bat-and-ball problem (that
is part of the CRT; Frederick, 2005) does produce a spontaneous, automatically
generated answer: “A bat and a ball cost $ 1.10 in total. The bat costs $ 1 more
than the ball. How much does the ball cost?” Almost everyone thinks of “10
cents” as a first response. Finding the correct answer – “5 cents” – requires a
critical reflection of the “intuitive” answer. In this sense, critical thinking
encompasses the conscious checking and regulation of intuitive answers (cf.
Frederick, 2005; Stanovich & Stanovich, 2010).
Research Questions
Against this background, we assume that the solution rates of critical-thinking
tasks can be increased by influencing the state of the participants:
• Do explicit awareness prompts increase critical thinking?
• Does triggering a deliberative mindset by humor situations (compared to an
implemental mindset in routine-problem situations) increase critical
thinking?
METHODOLOGY
Design and Material
Drawing on the model of thinking by Stanovich and Stanovich (2010), and
using the CRT by Frederick (2005) as inspiration, Rott and Leuders (2016) have
developed a pool of items for measuring mathematical critical thinking (CT).
For the study at hand, ten CT items have been selected that have proven their
worth in qualitative and quantitative studies; i.e. they measure critical thinking
and not arithmetic skills. Sample items (without the bat-and-ball problem, see
above, that is also part of the test) are presented in Table 1. The items are rated
dichotomously with 1 point for a correct solution and 0 points for a wrong
solution.
Item

Examples of Responses

Water lilies grow in a lake and their surface area doubles every
week. At the beginning of the growth phase only ¼ m² of the lake
surface is covered, but already after 12 weeks, the whole lake is
overgrown. After how many weeks was half of the lake covered?

CR: 11 weeks

In a gamble, a regular six-sided die with four green faces and two

CR: RGRRR

MR: 6 weeks (linearity
assumed)
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red faces is rolled 20 times. You win € 25 if a certain sequence of
results is shown. Which sequence would you bet on?
 RGRRR
 GRGRRR
 GRRRRR

MR: GRGRRR (i.e. most
occurrences of “G”)

A frog falls into a 20 m deep well. During the day, it climbs up 4 m,
at night it slides down 2 m again. After how many days does the
frog climb out of the well?

CR: 9 days

For a 56 cm high mural, you need 6 ml of
paint. How many ml of paint is needed for a
168 cm high mural?

CR: 54 ml

MR: 10 days (= 20:2)

MR: 18 ml (= 6 ml  3)

Table 1: CT items with correct responses (CR) and typical misresponses (MR)
To investigate the possible influence of mindsets and their triggers, we
developed the three-group design that is presented in Table 2. (Please note that
we do not think that it is possible to differentiate between an explicit and an
implicit trigger for an implemental mindset; therefore, it is not a four-group
design.)
Trigger / Mindset
Explicit
Implicit

Implemental

Deliberative

(1)
Mathematical routine procedures (comparable to S-Items
by Van Dooren et al.)

(2)
Awareness prompts
(3)
Humor (cf. Van Dooren et al.)

Table 2: Three-group design of the study
For each of the three groups, a different test booklet has been created: The ten
CT items were spread over three pages in the test booklet. On top of each of
these three pages, an environment trigger (1), (2), or (3) was presented to the
participants (see Table 3).
Env.

Trigger
(i) What is the size of angle ?

(1)

(ii) Solve the following equation: x² – 4 = 0
(iii) What is the area of the shown trapezium?
(i) ATTENTION, check your results!

(2)

(ii) THINK CRITICALLY!
(iii) REMINDER: THINK TWICE!

(3)
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(i) Teacher: “75% of all students in this class have no idea of percentages.”

Students: “Teacher, we’re not that many!”
(ii) The teacher gives a simple task: “If five birds sit on the roof and you shoot
one, how many are left?”
Student: “None, teacher, the others have flown away!”
(iii) Why does a mathematician who is afraid of terrorist attacks smuggle a
bomb on board an airplane?
Because the probability of two bombs being smuggled into an aircraft
independently of each other is almost zero.

Table 3: Environment (env.) triggers that differentiate the three test booklets
Participants
In May 2019, the test was administered in three different lectures at the
University of Cologne, addressing mathematics pre-service teachers for primary
and special education schools (cf. Noeding, 2019). Those lectures were “B1:
Fundamentals of Mathematics” for the first Bachelor semester, “B2:
Fundamentals of Mathematics Education” for the second Bachelor semester,
and “B5: Didactics of Arithmetic” for the fifth Bachelor semester. Participating
in this study was voluntary and not participating did not have any consequences
for the students.
In total, 401 university students (338 or 84.3 % female, 61 or 15.2 % male, and
2 or 0.5 % not specified; B1: 198 or 49.4 %, B2: 179 or 44.6 %, and B5: 24 or
6.0 %) with a mean age of 21.8 years (standard deviation 4.0 years) submitted a
completed booklet (filled in on paper), which took them less than 20 minutes.
By distributing the booklets in no specific order, the students were randomly
assigned to the three environments.
Additionally, all participants reported their Abitur (university entrance degree)
grade (median 2.0 on a scale from 1, the best, to 6, the worst) as well as their
final mathematics degree from school (median 2.0 on the same scale).
RESULTS
On average, the students solved 3 problems (median = 3; mean = 3.20) with a
minimum of 0 and a maximum of 8 points. The sizes, mean values and standard
deviations sorted by the lecture in which data was gathered are given in Table 4.
Compared to our previous experiences with CT tests (e.g., Rott et al., 2015; Rott
& Leuders, 2016), these results are on the lower end of the spectrum, but not
untypical, especially since almost 95 % of the participants are in their first or
second semester and students with a low number of semesters normally do
worse than students with a high number of semesters.
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B1

B2

B5

total

N = 198

N = 179

N = 24

N = 401

M = 2.94

M = 3.44

M = 3.63

M = 3.20

SD = 1.84

SD = 1.87

SD = 1.58

SD = 1.85

Table 4: Mean values (M), standard deviations (SD) sorted by semester
The data regarding the mindset environments (Table 5) show that group (2) –
explicit, deliberative mindset, awareness – performed better than group (3) –
implicit, deliberative mindset, humor – which in turn performed better than
group (1) – implemental mindset, S-items. A one-way ANOVA confirms
significant differences between those groups with post-hoc tests revealing
significant differences between groups (1) – (2) and (1) – (3), but not (2) – (3).
As expected, the groups in which a deliberative mindset was triggered,
outperformed the group in which an implemental mindset was triggered. A state
highlighting open-mindedness (i.e. the deliberative mindset) is favourable for
working on CT problems compared to a state inducing closed-mindedness (i.e.
the implemental mindset). Interestingly, both the explicit (awareness) as well as
the implicit (humor) environments seem to trigger the deliberative mindset,
which strengthens our initial interpretation of Van Dooren’s humor environment
in the light of the mindset theory.
(1) routine

(2) awareness

(3) humor

N = 148

N = 135

N = 118

(1)

M = 2.86

M = 3.51

M = 3.29

(2)

SD = 1.79

SD = 1.98

SD = 1.72

(3)

One-way ANOVA: F = 4.64, p = 0.0102

(1)

(2)

(3)

p = 0.002

p = 0.024
p = 0.172

Post-hoc t-tests (one-sided)

Table 5: Mean values (M), standard deviations (SD) per environment
DISCUSSION
The data confirm the result by Van Dooren et al. that a humoristic environment
is favorable for solving problems demanding reflection as compared to a word
problem environment. Presenting jokes in the test booklet has an effect in the
same direction as direct awareness prompts. Using the notion of mindsets by
Gollwitzer (2012), reading the jokes might have placed the students in this
specific environment in a deliberative mindset, whereas students in the
environment with routine tasks were placed in an implemental mindset.
However, there are limitations to this study: Even though the differences
between the three groups are significant, the effect is rather small – especially,
compared to the study by Van Dooren et al. (2017), in which pupils in the
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humor condition “gave almost twice as many realistic reactions compared to the
word problem condition” (p. 4-303). This might be due to the different
problems (CT items instead of P-items), the different participants (university
students instead of pupils), or differences in the conditions: Unlike Van Dooren
et al., where pupils were asked to compare the jokes, our tests persons were
only presented with the jokes and with a lower number of jokes. This way, the
humor environment provided only a very “soft trigger” for a deliberative
mindset. In other studies using mindsets (e.g., Gollwitzer, 2012; Weinhuber et
al., 2019), the triggers are more intense. Therefore, in future studies, we plan to
make our participants reflect upon jokes for a presumably even stronger effect.
Implications of this study are introducing the theory of mindsets to the PME
community and as a consequence the awareness for considering states in
performance testing compared to only considering traits (like knowledge and
beliefs).
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“I DON’T WANT TO BE THAT TEACHER”: ANTI-GOALS IN
TEACHER CHANGE
Annette Rouleau
Simon Fraser University
This paper uses the theory of goal-directed learning to examine anti-goals that
arise as teachers implement change in their mathematics practice. Findings
suggest that anti-goals develop as teachers begin to recognize who they do not
want to be as a mathematics teacher. Accompanying anti-goals are emotions
that can be useful in measuring progress towards anti-goals (fear and anxiety),
and away from anti-goals (relief and security). Furthermore, acknowledging
anti-goals allows mathematics teachers to focus on the cognitive source of their
difficulties rather than be overwhelmed by the emotional symptoms.
INTRODUCTION
In Intelligence, Learning, and Action, Skemp (1979) describes a thought
experiment in which we are to imagine two events. Firstly, we strike a billiard
ball causing it to move across the table into a pocket. Secondly, we are in a
room with a child who, upon our command, moves across the room to sit in a
chair. Superficially, these are two similar events: we have ‘caused’ the child to
cross the room and we have ‘caused’ the billiard ball to roll into the pocket.
This is basic stimulus and response in which an object remains in a state of rest,
or uniform motion in a straight line, unless acted upon by an external force.
Now imagine inserting an obstacle into the pathways of both the ball and the
child, what a strange billiard ball it would be if it could detour around the
obstacle and continue its path. However, a child will do this with no change in
stimulus — perhaps by going around the obstacle, hopping over it, or even
moving it. Skemp suggests that, unlike those of a billiard ball, the child’s
actions are goal-directed, and necessary to reach her goal state (sit in the chair).
Recognizing that many human activities are goal-directed is essential if we want
to understand their actions. In other words, we need to attend to their goals with
the same importance as we do their outwardly observable actions. Skemp offers
the example of someone crawling around on their hands and knees on the office
floor. There is no point in asking them what they are doing — we can see that
for ourselves. A better question might be “Why are you doing that?”, which
might elicit a reasonable answer such as “I’m looking for the cap of my pen”.
Let us try another thought experiment. Imagine observing a secondary
mathematics teacher in her classroom. The teacher is standing by an overhead
projector demonstrating how to solve a problem while the students sit quietly at
their desks and take notes. Another adult sits with a notepad at the back of the
room. Students who talk are met with a polite reminder to raise their hand if
509
2020. Inprasitha, M., Changsri, N. & Boonsena, N. (Eds). Proceedings of the 44th Conference of the International Group for
the Psychology of Mathematics Education, Interim Vol, pp. 509-517. Khon Kaen, Thailand: PME.

they wish to speak. What might the actions of the teacher suggest? An
immediate response might be the teacher is teaching, albeit in a somewhat
traditional manner. Now imagine talking with the teacher after the lesson as she
describes her frustration with having to conform with school norms regarding
effective teaching of mathematics to successfully pass a probationary
evaluation. To observe that the teacher was teaching traditionally is accurate,
but incomplete. To make sense of her actions also requires consideration of her
goal — she was teaching traditionally to achieve her goal of maintaining
employment.
The aim of this study is to make sense of teachers’ actions through
consideration of their goals. As the pursuit of a goal is an emotive experience
(Skemp, 1979), I begin the next section by describing some of the literature
regarding emotions in teaching. To connect emotions with goals, I then outline
Skemp’s theory of goal-directed learning.
EMOTIONS, ACTIONS, AND GOALS
Liljedahl (2015) describes emotion as the “unstable cousin” of beliefs yet there
is much to be learned from their study; it is the erratic cousin at the family
dinner who is most likely to blurt out uncomfortable truths. Fortunately, while
pursuit of these uncomfortable truths was once the least researched aspect of
teaching practice over the past two decades. There has been an increased focus
on what emotion reveals to us about teaching and its implications for teacher
change (Zembylas, 2005). As Kletcherman, Ballet, and Piot (2009) suggest, “A
careful analysis of emotions constitutes a powerful vehicle to understand
teachers’ experience of changes in their work lives” (p. 216). The unstable
cousin is being heard.
Prior to this, teacher cognition had been the primary focus of research on
teachers (e.g., Richardson, 1996) and its underlying assumption was that teacher
actions and behavior were strongly influenced by cognition. More recently has
come the recognition that emotion and cognition are inseparable and that
emotions may provide insight into the relationship between a teacher and the
socio-cultural forces that surround her (Van Veen & Sleegers, 2009). According
to Hannula (2006), emotions (along with attitudes and values) encode important
information about needs and may even be considered representations of them.
While cognition is related to information, Hannula understands emotions as
affecting motivation and therefore as directing behavior by affecting both a
person’s goals and choices. Emotions constitute a feedback system for goaldirected behavior, and thus shape a person’s choices. Hence, emotions,
cognitions, and actions turn out to be strongly intertwined and inseparable; it is
necessary to consider these factors and their relationship to understand teachers’
actions.
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Skemp’s (1979) theory of goal-directed learning considers these connections
between emotions and actions. His framework was built on fundamental ideas
in psychology and links emotions to goals which a learner may wish to achieve,
and to anti-goals which a learner wishes to avoid. Goals can be short-term, such
as the desire to learn a procedure for solving a routine problem or long-term, as
in the desire to be successful in mathematics. A short-term anti-goal may be to
avoid failing a test, while a long-term anti-goal may be to avoid future
mathematics studies altogether. Skemp emphasizes that goals and anti-goals are
not simply opposite states, rather, a goal is something that increases the
likelihood of success, while an anti-goal is something to be avoided along the
way.
For Skemp, emotions come into play as they provide information about progress
towards either goal state in two distinct ways (see Figure 1). First are the
emotions experienced as one moves towards, or away from, a goal or anti-goal
(pleasure, unpleasure; fear, relief). For example, moving towards a goal brings
pleasure, while moving towards an anti-goal result in unpleasure. Although the
four emotions bear similarities, there are subtle differences. Consider relief and
pleasure; the relief one feels upon not failing a test is a different feeling from
the pleasure one experiences upon learning the correct procedure for a problem.
The second aspect of emotions concerns one’s sense of being able to achieve a
goal or, conversely, avoid an anti-goal (confidence, frustration; security,
anxiety). For example, believing one can achieve a goal is accompanied by
confidence while believing that one is unable to move away from an anti-goal
state induces anxiety.

Figure 1. Emotions associated with goal states (adapted from Skemp, 1979)
Although initially designed to examine goals related to the learning of
mathematics, in this study, researcher uses the Skemp’s theory to examine goals
related to the teaching of mathematics, particularly those of teachers who are
trying to change elements of their practice. In doing so, researcher follows
Jenkins (2003) who suggests that change is not just to make different, but, like
learning, it is also to continually improve in skill or knowledge. Specifically,
researcher uses Skemp’s notion of goals and anti-goals to better understand the
actions of teachers involved in changing their mathematics practice.
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METHODOLOGY
McLeod (1992) suggests that detailed, qualitative studies of a small number of
subjects allow for an awareness of the relationship between emotions,
cognitions, and actions that large-scale studies of affective factors overlook.
Accordingly, in this study, researcher adopt an exploratory and qualitative
approach that focuses on documenting that relationship. Data for analysis was
taken from a larger study involving 15 teachers whose teaching experience
ranged from 1 to 16 years. The data was created during semi-structured
interviews that ranged from 40 to 60 minutes. The interviews were audiorecorded and then fully transcribed. The structure of the interview aimed at
letting emotions emerge organically through a narrative rather than by direct
questioning. For example, the teachers were asked to describe the changes they
had implemented in their mathematics practice without explicitly asking them to
describe the emotions they felt. This allows for richer descriptive data of
personal experiences that leading questions may inhibit. With DeBellis and
Goldin (2006), researcher aware that emotional meanings are often unconscious
and difficult to verbalize but, with Evans, Morgan, and Tsatsaroni (2006),
researcher believes that textual analysis of teachers’ narratives allows the
identification of emotional expressions that function in teachers’ positioning. As
such, the transcripts were scrutinized for utterances with emotional components
such as “I was worried…” and then re-examined for their potential connections
to goals. Due to space limitations, researcher reported only on those findings
related to anti-goals.
THE DEVELOPMENT OF AN ANTI-GOAL
For the teachers in this study, the decision to implement change in their
mathematics classrooms stemmed from dissatisfaction with their current
practice. Most had learned mathematics as learners in traditional mathematics
classrooms and had simply gone on to replicate that for their own students. As
Kelly recalled, “There was nothing during my journey to becoming a
mathematics teacher that made me think of another way to teach math.” Their
collective desire to move away from the notion of teaching as telling and
learning as listening (and remembering) so permeated their interviews that I
originally coded these excerpts as ‘That Teacher’. However, it was this tension
between who they were and who they wanted to be that led to change in their
mathematics practice, as who they wanted to be as a teacher became their goal,
while who they had been, or wanted to avoid becoming, became an anti-goal.
Many of the teachers described similar situations where tension with their
teaching practice drove them to seek out professional development. For
example, the development of Amy’s anti-goal began with the feeling that “I
was boring, like they just weren’t getting from me what they needed.” It
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coalesced into an anti-goal as she realized her practice was harming, rather than
helping, her students:
“My practices resulted in increased anxiety and frustration amongst my
students; damaged their mathematical conﬁdence; removed their desire to
think deeper and search for understanding; as well as robbed my students of
conceptual experiences. Valuing speed and accuracy comes at a great cost for
students and gives them little mathematical beneﬁt.”

To alleviate the anxiety that caused her, Amy sought out professional
development “for some new ideas”. Instead she experienced a student-centred
teaching style that “completely transformed my pedagogy.” No longer content
with her product-oriented mathematics classroom where students worked
individually to develop fluency with procedural skills, she turned to a processoriented model that valued conceptual understanding and collaboration. In
searching for relief from her anti-goal, Amy found security in the new practices
she implemented.
For other teachers, it was attending professional development that caused the
development of an anti-goal. Kelly described the same sort of experiential
learning from professional development as Amy but added, “I never questioned
it [her practice] until my eyes were opened — when I saw another way. Since
then, I have felt my teaching pedagogy do a complete 180° shift.” Although she
had willingly attended the professional development session, it was not due to
tension with her own practice; it was more a matter of convenience and
opportunity: “It was our district Professional Development and it was a
mathematics topic. I was there because I was a mathematics teacher.”
Describing herself as a typical, traditional mathematics teacher, the experience
provoked a desire to implement changes in her teaching as she noted:
“It was confounding to learn that something I was doing in my class was taking
away from students’ learning. It really makes you think about and reﬂect on
what you are doing as a teacher.”

Like Amy, the traditional teacher she once was became her anti-goal as she
emphasized, “I knew I never wanted to be that teacher.”
For both Amy and Kelly, their use of figurative language like “transformed”
and “eyes opened” suggests the core of who they were as a teacher had been
unexpectedly altered and the result was the development of an anti-goal. They
may have set out to change some things about their practice but ended up
changing themselves. For other teachers, this alteration appeared to be a more
purposeful decision. Sam spoke of being at a “crossroads” where anxiety with
his teaching style caused him to ponder two choices: seek out professional
development or quit teaching. In the end he chose the former as he explained,
“I'm going to try out for one more year and I'm going to become better.” No
mention of transformational experiences, this was a deliberate response to
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relieve the pressure of an anti-goal: he was not happy with who he was as a
teacher and he set out to change that. This sense of deliberation appears again in
David, a new teacher assigned to teach mathematics. Having never planned to
be a mathematics teacher, he first turned to colleagues for advice on what to do:
“I asked them, how do you teach mathematics? How can I make this fun?
And they are...like, I hate to say it, but they are older teachers, and they
have very traditional views on mathematics, and the kind of do it like how
I was taught in mathematics. They just work on the problem on the board,
show them how it is done, and get them to practice, practice, practice
until they get it. And I knew that is not how I want to do it. That is not
who I want to be.”
Although David had not yet developed a mathematics pedagogy, he knew who
he did not want to be as a teacher. This anxiety led him to sign up for a series of
professional development sessions that focused on progressive teaching
practices in mathematics. Over time he implemented the strategies he learned in
his classroom. Again, there is less a sense of an unexpected transformation and
more of a determined decision to avoid an anti-goal.
Like the others, Corey had implemented new practices in her classroom that
required changes not only in the physical movements of her students but for
herself as well. She mentioned, “Physically the vertical learning can be
challenging for me. I struggle to stand for the whole day, so I have to make sure
I am doing a mix of things throughout the day.” During the interview, she let
this thought be and then came back to it unexpectedly about 10 minutes later as
she further explained, “I just don’t want to be that teacher.” When asked to
clarify, she added:
“Because I struggle to stand. I do not ever want to be that teacher that sits at
the desk all day, because that's not eﬀective at all. I think if it is this bad, I am
43, what am I going to do ﬁve years from now? Six years from now? How is it
going to look? That is something that keeps me up at night. How am I going to
best serve these kids when I cannot move around the room? So, yeah, it is a
concern. That is one of the reasons I might not always be a classroom teacher;
it might not be an option for me physically, to do a really good job of it.”

There are two things to note here. Like Kelly and David, Corey’s use of the
adjective/noun combination ‘that teacher’ suggests she has developed a schema
of what a teacher is and is not. This sets up an anti-goal as she knows what kind
of teacher she does not want to be, and despite the tension that results from
worries over her physical limitations, she does not veer from that. Second, it is
interesting that while Corey does later mention solutions such as a “motorized
scooter” or “mixing things up”, moving away from the new practices that are
taxing her physically is not mentioned. Like Sam, it seems she would rather
leave the profession than move towards her anti-goal state.
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RECONNECTING WITH AN ANTI-GOAL
Traditional mathematics practices comprise universally accepted norms such as
teacher-led examples, individual seat work, and silent practice that are
especially difficult to displace. Such a strictly controlled environment offers the
illusory appeal that serious learning is taking place. This notion is embedded in
the mathematical backgrounds of the teachers in my study for whom the pull of
traditional practices lingered. This created anxiety and fear for those attempting
to suppress these desires and for those who succumbed. Lily recalled that in her
early teaching career she believed that “The quieter the class the more I thought
learning was happening.” She had come to recognize that this is not the case,
yet acknowledged:
“I do on occasion go back to this method because of a bad day or I am not
prepared. When I do go back to this traditional method, I am aware that it was
not a good teaching day for me or the students.”

This created anxiety as she realized that her decision, while satisfying her
immediate needs, had unintended consequences for both her and her students.
Interestingly, this notion of being unprepared appeared to be the impetus for
several others who also return to traditional practices to satisfy their own needs.
As Kelly recounted:
“So today I sort of reverted. I have not been feeling great and I needed
something quick and easy to put together for a lesson. I started the class with a
review/notes of all the topics we have been doing. We did some examples
together on the board then I gave them a worksheet. This class has rarely come
into the room to see desks and chairs set out that are available to sit in. But
today I caved. I was hoping for some quiet time while they worked.”

This backfired for Kelly as she later admitted, “For the most part I spent the
rest of class going from one student to another with hands up helping them with
problems.” Like Lily, her anxiety lay in knowing that her decision to ‘revert’
had had unintended consequences for both herself and her students. It appears
that the challenge of implementing change can occasionally nudge teachers
towards which was once familiar and therefore seen as easier. Hoping for a
respite, they instead experience the emotion that accompanies a move towards
an anti-goal.
This return to the familiar also occurred for several teachers not because it was
easier but rather, they missed the reassurance of traditional teaching. This
created anxiety for them as they struggled to suppress this need. Linda
mentioned wanting to be sure she was covering the content since she
implemented the changes in her classroom:
“I still occasionally like to start by demonstrating something new and then
having students do similar problems or problems connected to what was
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demonstrated. This comforts the ‘conventional’ teacher in me, but I do feel like
it is cheating or missing the point.”

This need for reassurance is also apparent in Diane who mentioned occasionally
returning to her previous teaching practices:
“I really want to make sure that everybody's learning. When they are quiet, and
they are all looking at me I know I have their attention. I am not sure if
everybody is paying 100% attention when they are working in the problemsolving groups.”

When speaking later of year-end assessments she added, “I know I do not need
to do it [teach traditionally]. I know I should not. They all did so well that it
solidified for me that the way I was doing it was already working.” This
suggests that anti-goals serve another purpose. Teachers, like Diane, might
purposefully move towards an anti-goal to experience the relief it brings when
they move away. They are reconnecting with their anti-goal in order to affirm
the changes they are making in their mathematics practice.
CONCLUSION
Anti-goals develop during teacher change as teachers come to recognize and
articulate who, and how, they do not want to be in the mathematics classroom.
For some, this process occurs during change, for others this recognition propels
them to seek out ways to change. In either instance, researcher suggests antigoals are useful in three ways. Firstly, having teachers reflect on the emotions
they feel may be useful in reasoning why they felt this way and how they might
use this knowledge to their advantage. Doing so allows teachers to focus on the
cognitive source of their difficulties rather than being overwhelmed by the
emotional symptoms. For example, a teacher who can connect the anxiety she
experiences to the action she is undertaking, can take steps to alter the action.
Secondly, I suggest that recognizing what one does not want to be brings into
sharp relief what one does want. Having that clarity might enable teachers to
seek out the actions and changes that will help them reach that goal. For
example, a teacher who realizes she does not want to be that teacher who only
uses unit tests for assessment may look for learning opportunities that broaden
her assessment practice. Finally, anti-goals also prove useful in keeping change
alive. Teachers who find themselves pulling back from the changes they have
implemented, find in the emotional reconnection with their anti-goal
encouragement or reinforcement needed to continue with the change. As
Zembylas (2005) suggests, “Teaching practice is necessarily affective and
involves an incredible amount of emotional labor” (p. 14). Harnessing that
emotion during teacher change may prove valuable for teacher educators.
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Identifying student strategies is an important endeavor in mathematics
education research. Eye tracking (ET) has proven to be valuable for this
purpose: E.g., analysis of ET videos allows for identification of student
strategies, particularly in quantity recognition activities. Yet, “manual”,
qualitative analysis of student strategies from ET videos is laborious—which
calls for more efficient methods of analysis. Our methodological paper
investigates opportunities and challenges of using unsupervised machine
learning (USL) in combination with ET data: Based on empirical ET data of N
= 164 students and heat maps of their gaze distributions on the task, we used a
clustering algorithm to identify student strategies from ET data and investigate
whether the clusters are consistent regarding student strategies.
INTRODUCTION
For researchers and practitioners (e.g., teachers) in mathematics education, it is
important to not only evaluate student achievements, their results and products,
but also to analyze students’ thought processes and individual strategies leading
to such products. In recent years, eye tracking (ET)—the recording of eye
movements—has gained increasing importance in mathematics education
research (Lilienthal & Schindler, 2019). Among others, it has proven to be
valuable to analyze student strategies in different mathematical areas (e.g.,
Bruckmeier et al., 2019; Obersteiner & Tumpek, 2016), including quantity
recognition in whole number representations (Lindmeier & Heinze, 2016;
Schindler & Lilienthal, 2018). For example, Schindler et al. (2019a) analyzed
student strategies in determining quantities in the 100-dot field and 100-abacus
based on ET data: They used gaze-overlaid videos (videos of the scene with the
eye gaze visualized as dot wandering around) to infer student strategies.
However, such qualitative analysis of ET data is laborious: Analyzing ET data,
which are rich by nature, is time-consuming and demanding (Klein & Ettinger,
2019). This calls for more efficient methods of analysis when bigger numbers of
students are studied, and student strategies are to be inferred (Klein & Ettinger,
2019).
Our methodological paper explores the possibility to identify student strategies
in whole number representations using ET data combined with unsupervised
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machine learning (USL). Based on data from N = 164 fifth grade students, we
use a clustering algorithm (a specific instance of USL), to investigate the
possibility to identify student quantity recognition strategies from so-called gaze
heat maps (see Fig. 2). Broadly, we investigate what opportunities and
challenges USL offers for identifying quantity recognition strategies. In
particular, we ask the question: Does the USL provide consistent clusters with
respect to student strategies?
Our paper illustrates with examples how a clustering algorithm, applied to heat
maps, can be used to identify student strategies (“proof of concept”). We
investigate the consistency of the clusters provided by the USL through
qualitative interpretation using qualitative previous findings and elaborate on
opportunities and challenges of USL.
EYE TRACKING IN MATHEMATICS EDUCATION RESEARCH
Eye tracking allows for a recording of spatio-temporal sequences of gaze points
that indicate visual attention. The connection between gaze and visual attention
exists due to an economic feature of the human eye, which concentrates a
substantial fraction of the receptors on the retina in the small area of the fovea.
Thus, in order to pay attention in detail, humans need to move their eyes
constantly so that the area of interest is in line with the fovea, a process that can
be tracked with ET devices unobtrusively by visually observing the pupils. ET
is of interest for mathematics education research since the recorded sequences
of gaze points do allow inferences about mental processes, though interpretation
of gaze movements is not straightforward and bijective (Schindler & Lilienthal,
2019). ET is of growing interest since ET devices became increasingly
affordable, advanced, and accurate (Lilienthal & Schindler, 2019); due to
theoretical advances in interpretation (Schindler & Lilienthal, 2019); and since
the required computational resources for partially automated analysis are
available at low cost, which makes ET applications using (partially) automated
analysis available for research and, in the future, also for mathematics education
practitioners (e.g., teachers).
MACHINE LEARNING
The term Machine Learning (ML) refers to a set of methods for automated
analysis of data, specifically “methods that can automatically detect patterns in
data, and then use the uncovered patterns to predict future data, or to perform
other kinds of decision making under uncertainty” (Murphy, 2012, p. 1). There
are two major types of ML: Supervised learning (SL) algorithms learn a
mapping between training samples and respective output. This means that each
sample in the training set must be labelled. The learned mapping can then be
used to make categorical or nominal predictions (Murphy, 2012). SL is thus also
called predictive learning. SL is used, for example, in Schindler et al.’s (2019b)
study, where the training samples are (as in this paper) ET sequences
519

represented in the form of heat maps, with labels that specify each heat map to
belong to a student with or without mathematical difficulties. After training, the
SL algorithm can be used to classify previously unseen heat maps and predict
whether the corresponding student has mathematical difficulties or not.
The second major type of ML is unsupervised learning (USL) where only
training samples but no labels are given. The computer is then tasked to “find
‘interesting patterns’ in the data” (Murphy, 2012, p. 2). This is also called
knowledge discovery. As Murphy (2012) notes, USL is a much less welldefined problem than SL. In this paper, we use clustering, a form of USL in
which the set of samples (here: gaze heat maps) is divided (“clustered”) into a
number of groups. A clustering algorithm tries to find a meaningful division of
the input data, but how a good division may look like and the “correct” number
of clusters is not known a priori. To the best of our knowledge, USL has not
been used on ET data in mathematics education research so far.
QUANTITY RECOGNITION IN WHOLE NUMBER
REPRESENTATIONS
Whole number representations such as the 100 dot field or the 100 abacus (also
called “100-frame”), which visualize substructures of 100 (50, 10s, 5s), are
often used for students to learn the number range up to 100 (Gaidoschik, 2015).
Previous research has shown that students, when perceiving quantities in such
representations, make use of structures such as 10s (rows) and 5s (Obersteiner
et al., 2014). While the analysis of student strategies in such representations is
challenging (Obersteiner et al., 2014), recent studies have indicated that ET is a
useful tool to identify strategies, e.g., from ET videos (Schindler & Lilienthal,
2018) or scan-paths, which indicate where the students looked at (Lindmeier &
Heinze, 2016). Whereas such studies using ET to identify strategies are
promising, the qualitative analysis of gaze patterns is demanding and timeconsuming—especially for empirical studies with larger numbers of
participants. Therefore, we investigate the opportunities that USL may offer to
help identify student strategies based on their spatial gaze distributions on the
task.
THIS STUDY
Participants. We use data from a study with 164 fifth-grade students (92 boys,
72 girls) in a German comprehensive school. The mean age was 10;9 (SD =
0;7). The study took place in the first weeks of fifth grade. Using a standardized
arithmetic paper-pencil test, we identified 59 children as typically developing in
mathematics, 69 children to encounter mathematical difficulties, and 36 to be
“at risk” to have mathematical difficulties (see Schindler et al., 2019a;b for a
detailed description of the test).
Tasks, procedure, and eye tracker. We used a digital version of the 100-dot
field. We used the same numbers as in Schindler et al. (2019a), where student
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strategies were inferred from ET videos qualitatively (7, 15, 20, 31, 43, 54, 68,
76, 89, 92, and 100; in randomized order). The students were tested
individually. We used Tobii x3-120, a remote eye tracker at a sampling rate of
120 Hz, which was mounted at the bottom edge of the 24’’ full HD computer
monitor. It was calibrated through a nine-point calibration. Before the students
worked on the tasks, they saw a picture of the dot field and were to describe it.
The students got two practice tasks (with numbers not used in further tasks).
They were instructed to always name the number of dots as fast and correctly as
possible. Before each task, the students were asked to fixate a star in the middle
of the screen. The students did not receive a response on the correctness of their
answers. We made audio recordings of verbal answers.
Heat maps. ET provides rich information and a large amount of data, reflecting
that gaze patterns can differ in multiple ways. To find groups of strategies
(“clusters”), we chose a representation of the recorded gazes to facilitate the
subsequent analysis. This representation needed to reduce the amount of data
the clustering algorithm has to handle while preserving the relevant features of
the gaze patterns. Based on previous research that indicated a variety of student
gaze distributions on the task sheets in quantity recognition tasks (Schindler et
al., 2019a), we decided to use heat maps that show the spatial distribution of
gazes over the presented digital task sheets integrated over the whole duration
of a task. We used the Tobii Pro Lab Software to produce individual student
heat maps. For clustering, we included only heat maps of correctly or inversely
solved (common mistake in German, e.g., for 89: “ninety-eight”) tasks to assure
that the students actually perceived the given information rather than guessed.
In case of 89 on the dot field (focus of the Results Section), 90 heat maps were
included.
Clustering. To automatically determine groups of similar heat maps, a definition
for the (dis-)similarity between two heat maps is required. We use the Euclidean
distance between the images: The sum of the squared pixel differences between
two heat maps measures dissimilarity (Goshtasby, 2012). Calculating the
Euclidean distance is a standard approach to determine similarity between
images in digital image processing.
A second important choice concerns the clustering algorithm that assigns
groups based on the similarity of heat maps. We use self-organizing maps
(SOMs) (Kohonen, 2001), which are suited for explorative data analysis (Kaski,
1997). SOMs do not automatically determine the number of groups present in
the data (which is a very hard problem) but require the number as input
parameter. Since previous empirical work hinted at a set of five different kinds
of strategies for quantity recognition in whole number representations
(Schindler et al., 2019a), we use a structure with nine clusters, arranged in a 3x3
grid. Using nine clusters allows for the possibility that the algorithm would
identify more strategies than previously found—or to differentiate them further.
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SOMs have the rather unusual feature that they assume an a priori topology
over the relationship between the different groups. While this does not
necessarily guarantee for optimal clustering results, the topology, usually a 2D
grid (Fig. 1), provides an additional tool to interpret the clustering results:
neighborhood indicates similarity. This study utilizes the SOM algorithm
implemented in the Matlab Deep Learning Toolbox with a hexagonally
connected 3x3 grid and default parameters. In the clustering process, each of the
student heat maps is assigned to one of the nine clusters. These assignments are
iteratively optimized until all similar heat maps are assigned to the same cluster,
while highly dissimilar heat maps are assigned to different clusters on opposite
ends of the 3x3 grid. As a result, each heat map is assigned to a group that
contains its most similar peers. The implicit assumption here is that due to the
similarity of the heatmaps in each group these groups represent particular
quantity recognition strategies. For each cluster, we calculate a cluster prototype
as the average of all heat maps assigned to that cluster (Fig. 1). These average
heat maps help to draw conclusions about the quantity recognition strategy that
every cluster may represent.
Analyzing the clusters. To answer the question if USL provides consistent
clusters with respect to student strategies, for every task we regard each cluster
of the SOM and qualitatively assign a tentative strategy based on the average
heat map. We then analyze all single heat maps in each cluster: In particular, we
qualitatively assign a strategy to each heat map, based on the set of strategies
found through qualitative analyses by Schindler et al. (2019a): (1) counting all,
where the students counted all dots shown, (2) counting fives, where the
students counted groups of fives, (3) counting rows, where students counted all
rows displayed, (4) using 50 as unit, e.g., when determining 76, they perceived
50 in one glance and counted only the further rows, and (5) subtraction/last
row, where the students, e.g., in 89 looked at the missing 90st dot, or only on
the last row of displayed dots. Note that in Schindler et al.’s (2019a) study, the
design was alike to ours: This applies to the (identical) tasks, the procedure, ET,
etc. The participants were at the same age and also at the beginning of fifth
grade. The main difference is that Schindler et al. investigated only 20 students
(whereof 10 were found to have MD). Because of the larger number of 164
students in our study, we assume that our data set may include all strategies
found by Schindler et al. (2019a).
RESULTS
In the following, we will pursue the question: Does the USL provide consistent
clusters with respect to student strategies? We do so by using one task as an
example: 89 on the dot field. We use this particular task, since it affords a
variety of strategies (Schindler et al., 2019a) and, thus, is an interesting case for
the clustering.
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For the task 89, the USL found four substantial clusters (Fig. 1), whereas five
clusters remained effectively empty with only one member heat map that can be
considered an outlier. Regarding the average heat maps of the clusters (Fig. 1,
right), we tentatively assigned strategies to these four clusters: (7) Counting
Rows on the Right, (9) Counting Rows in the Middle, (1) Last Row/Subtraction,
and (3) Counting Rows on the Left.

Figure 1: SOM for task 89 dot field (left) and all substantial clusters (with n>1)
visualized through their average heat map prototype (right).
Cluster 7: “Counting Rows on the Right” (n=21). Of the 21 heat maps in this
cluster, we identified 19 heat maps to indicate the strategy counting rows, which
is consistent with the impression from the average heat map: The gazes are in
every row, and the pattern indicates a counting process (Fig. 2). The heat maps
indicate that these 19 students counted at the right edge of the rows. The
remaining two heat maps in this cluster correspond to the strategy using 50:
Here, there are no/few gazes on the upper half of the dot field, and the gaze
patterns indicate that the students counted rows 6 to 9 at the right edge of the
respective rows (Fig. 2). The similarity in appearance with a concentration at
the right edge of the rows in the lower half of the dot field is likely the
explanation why the USL put the two using 50-heat maps together with the 19
heat maps that indicate counting (all) rows. The clustering result is reasonable
since in any instance there was presumably (at least some) counting of rows on
the right side.
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Figure 2: Examples of individual heat maps
Cluster 9: “Counting Rows in the Middle” (n=12). Of the 12 heat maps in
this cluster, we found 7 heat maps to reflect the strategy counting rows,
consistent with the assignment to the cluster prototype. The counting pattern is
situated in the middle of the dot field, indicating that the students counted rows
in the middle (Fig. 2). For the other 5 heat maps in this cluster, we are unable to
identify a clear strategy. They were marked as “unclear” (Fig. 2): The gazes are
spread over the task sheet, possibly reflecting a multitude of strategies. An
indication that this cluster may contain a variety of different strategies is the
rather noisy appearance of the cluster prototype.
Cluster 3: “Counting Rows on the Left” (n=13). 8 heat maps in this cluster
indicate the strategy counting rows, with the gazes at the left edge of the rows
(see Fig. 2). The other 5 heat maps indicate use of 50, since there are hardly any
gazes on the upper 50 dots, but gazes that indicate that the students counted the
rows from the 6th row onwards at the left edge. Similar to Cluster 7, this
explains why these two kinds of heat maps were both included in the same
cluster: The patterns were similar in a way that the gaze density at the left edge
is high.
Cluster 1: “Last Row/Subtraction” (n=34). For this cluster, we found three
different kinds of strategies: 7 of the heat maps indicated that the students
counted rows (see Fig. 2). In 11 cases, we identified using 50: The students’
gazes indicated that the students counted rows 6 to 9 (Fig. 2). Finally, 15 heat
maps indicated that the students focused only on the last row displayed (Fig. 2)
or that they focused only on the missing 90st point, indicating a subtraction
strategy. We assume that this relates to the distance metric used, which regards
the intensity of the gaze distribution: Since the areas of the dot field that are
different between these strategies have a relatively low intensity (light green),
but all heat maps in this cluster have a common feature, the “blob” in the right

524

corner of the last row, which is intense (warm colors), this “blob” may be
decisive here.
Answering the research question if the USL provides consistent clusters with
respect to student strategies, we can say that the clusters found were—in the
used example of 89 on the dot field—consistent in a certain way, but different
from our previous qualitative analyses. For example, for the USL, heat maps
reflecting counting rows on the right and using 50 are similar and belong to one
cluster if students when using 50 count the rows 6 to 9 on the right side. On the
other hand, counting rows on the right and counting rows on the left belong to
two different clusters. The clustering algorithm operates on visual similarity of
heatmaps and inherently cannot cluster strategies together that manifest
themselves very differently in the gaze distribution. A second important
observation is that in cases where a student strategy involves different processes
(e.g., grasping 50 in a glance and counting rows 6 to 9), clustering cannot
evaluate what process is decisive for the strategy—as it was done in our
previous study (Schindler et al., 2019a). Yet, given that the clusters found in our
approach seldom involved more than two strategies, we find that they are—to a
certain extent—consistent with respect to student strategies. So, if a student heat
map belongs to one cluster, one can say that the student most likely had one or
another strategy.
DISCUSSION
In this paper, we explore the possibility to identify student strategies in whole
number representations using ET combined with USL. Based on ET data from
N = 164 fifth grade students, we use the SOM algorithm for clustering and ask
whether this automated analysis provides consistent clusters with respect to
student strategies. Our question relates to a fundamental issue of USL:
Compared to SL, where it is possible to quantify the performance of the trained
algorithm for classification, there is no obvious error metric for USL (Murphy,
2012). As error metric from the application domain of mathematics education,
we tested whether clustering identifies consistent groups regarding the strategies
they represent. We found that this is true only to some extent. This is
understandable: Our clustering of heat maps compares solely the visual
appearance of the quantity recognition process as a whole and thus inherently
cannot decompose strategies or give higher weight to certain features (e.g., the
absence of gazes on the upper half). One would rather expect to find more
clusters than possible strategies, since different combinations of strategies could
result in additional, likely more consistent clusters. We did not observe such an
“over-clustering” tendency and it will be subject of future work to evaluate
whether other clustering algorithms and the use of other distance metrics result
in a higher number and more consistent clusters.
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We would like to stress that this paper gives an example of an empirical study
in which Artificial Intelligence (AI) is used to support human researchers. Here,
essentially, the AI component provides an independent view on a data set and
makes suggestions about meaningful partitioning of the data. Human
researchers interpret and verify these suggestions based on pre-studies with
smaller numbers of participants and a principle understanding of the applied
ML algorithms. Indeed, the clusters identified in this paper have predominantly
a clear interpretation, which may be meaningful in some contexts and clearly
provided an independent view from a different angle.
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MELTING CULTURAL ARTIFACTS BACK TO PERSONAL
ACTIONS: EMBODIED DESIGN FOR A SINE GRAPH
Anna Shvarts, Rosa Alberto
Utrecht University
The reification of the externally performed actions into internal schemes and
representations is often considered as a key process of concepts mastering. In
this paper, we present a radical embodied account of the process-object
dialectics of mathematical concepts. Our empirical tryout of the elaborated
embodied action-based design for trigonometry demonstrates how personal
actions provide an opportunity to recognize new qualities of the cultural
artifacts in the context of the enactment. From the radical embodied approach,
the process of reification is related to reconsidering and creating cultural
artifacts. The students do not interiorize external actions; instead, they learn to
anticipate action possibilities as afforded by the artifacts.
INTRODUCTION
For several decades, mathematics education research on conceptual
understanding has been stressing process-object dialectics—namely the idea
that concepts emerge in an operational form and are later reified in a stable
artifact—behind mathematical concepts (Sfard, 1991). The introduction of the
object-process dialectics for mathematical concepts was initially meant to build
on both Piaget’s view on the development of cognitive structures, and on
Vygotsky’s perspective on the role of cultural signs (Sierpinska, 1994). Later,
the incompatibility of these two approaches led to two theoretical tracks that
appropriated the idea of object-process dialectics in different ways. The
constructivist perspective would talk about automatization and condensation of
processes and further encapsulation and reification of them in cognitive
schemes of objects (Dubinsky, 2002; Sfard, 1991). The socio-cultural
perspective, on the other hand, would stress a seemingly other process-object
transition, namely crystallization (Radford, 2003) or reification (Wenger, 1998)
of social practice in material products, such as symbols, definitions, and visual
models in the development of mathematics as a cultural practice. In this paper,
we propose that the radical embodied cognitive science allows reconsideration
of cognitive processes in such a way that the two seemingly independent
processes—the reification of actions in mental constructions and in material
artifacts—become two sides of the same coin.
In this paper, we contribute to reconsidering the process-object transition in the
conceptual development from the radical embodied perspective to cognition. In
design research, we developed a sequence of tasks that lead to a conceptual
understanding of sine function through the reification of embodied action in a
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material artifact of the sine graph. Our research questions concern (1) how we
can understand the process-object dialectics from a radical embodied
perspective and (2) how can embodied design help in the inclusion of
mathematical artifacts into conceptual understanding of trigonometry.
THEORETICAL FRAMEWORK
Embodied approach to learning is a quickly developing approach in
mathematics education and in cognitive science during the last two decades. A
variety of researchers in both disciplines has been showing “how human
thinking involves various parts of the body rather than just the Cartesian
‘mind’” (de Freitas & Sinclair, 2013, p. 454). Here we propose an account of
learning from radical embodied cognitive science perspective that joins enactive
and ecological approaches. The detailed analysis of the advantages of this
perspective in comparison with other embodied frameworks goes beyond the
scope of this paper, as here we focus on what it can offer to theoretical
reconsideration of process-object dialectics.
From a radical embodied perspective, cognition is not encapsulated in
somebody’s mind, instead it is deeply rooted in the material culture and
therefore thinking is indispensable from enacting with things (Malafouris,
2018). Instead of operating with representations and internally reified objects, a
person acts in the rich landscape of affordances that material culture provides,
enabling a nested system of actions. The subject anticipates each action in the
form of action readiness and persistently receives the feedback from the world
(Kiverstein & Rietveld, 2018). A better grip—a better ability to act—is
iteratively established in perception-action loops as a person comes to couple
with the environment in fulfilling system of skilful and enactive intentionality.
In actual doing these anticipations are involved in sustaining successful
coordinated behavior in an ever-changing world. In the case of imagining (or
thinking) the doing in the world is only pretended, while action readiness
remains to coordinate multiple affordances without encountering feedback from
external reality (Kiverstein & Rietveld, 2018).
Following this perspective, we propose that the process of conceptual learning
lies in learning to recognize new affordances for the actions that resulting from
the developing readiness to act with the material artifacts. This view on learning
is very distinct from internalization of the external actions with artifacts.
Instead, the artifacts themselves change how they look for the learner. While
learning, reification appears to be a stabilization of actions by perceiving new
affordances of the already provided cultural artifacts. While developing culture,
reification appears to be a stabilization of actions by creation of new artifacts.
In the empirical part of the research we have used embodied action-based
design genre as an analytical lens to elucidate theoretical proposal. At the same
time, our theoretical ideas informed the design of the learning sequence.
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EMPIRICAL RESEARCH
Design Research and Embodied Action-based Design
As our research aims to advance the theory of radical embodiment and create an
effective learning environment following this theory, we conducted a design
research that consisting of multiple cycles of theoretical considerations, design,
and empirical tryouts of various sizes (Bakker, 2018). As a background design
approach, we use embodied action-based design that was introduced for
interactive teaching and learning of proportionality (Abrahamson, Trninic,
Gutiérrez, Huth, & Lee, 2011). The main idea of this design genre lies in
exposing mathematical concepts in the form of spatially articulated motor
problems. The students receive continuous green-to-red feedback in response to
their actions within the technological environment. As students aim for green
feedback, they learn to perform the motor actions and further reflect on their
performance in collaboration with an interviewer.
Our project aims to expand the embodied action-based design to the topic of
trigonometry teaching and learning. In this paper, we provide a laboratory
analysis of the next version within design research cycles of embodied design
for trigonometry, which builds on the design reported at CERME conference
(Alberto et al., in press). We conducted a micro-ethnographical analysis
(Streeck & Mehus, 2005) on the videography and eye-tracking data from a
clinical interview with a student working on the designed activities.
Embodied Design for Trigonometry
Unlike in the case of proportionality, where the embodied design was called to
supplement the lack of visual imagination (Abrahamson et al., 2011), in
teaching trigonometry, educators widely use a variety of mathematical artifacts
such as a unit circle and graphs of trigonometric functions. In this paper, we
focus on an embodied design for connecting the sine graph and the unit circle
models of the sine function. The main mathematical artifact that students learn
in this embodied design is a sine graph. However, the sine graph is not given to
students in a ready-made form, but instead, it ought to emerge as the result of
their actions. The design consists of three main phases each targeting a specific
correspondence between the two models: (i) the students coordinate the x-value
of the graph's points with the arc's length on the unit circle; (ii) the students
coordinate the y-value of the graph's points with the sine value of the point on
the unit circle; (iii) the students coordinate two previously established
coordination as they disclose sine graph trajectory as joining x-value equal to
arc's length and y-value equal to sine value. In each phase, immediate color
feedback supports student's actions, thereby enabling new sensory-motor
coordination. After reaching motor fluency, students are asked to describe to an
interviewer their embodied experience. Here we focus on the selected episodes
from phase 2 of the sequence. In phase 1, a student coordinated the x-value and
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the arc's length. In phase 2, this relation was now outsourced to the system that
automatically generated the x-value of the point on the Cartesian plane in
correspondence to the unit circle's point position. The students are tasked
simultaneously to manipulate the point on the unit circle and to adjust the
vertical position of the point on the Cartesian plane aiming to green feedback.
Green feedback indicated that the y-value of the point on the Cartesian plane
corresponded to the vertical positions of the point on the unit circle. The
students, however, are required to discover the target relation effecting green
feedback from their own activity.
Data Analysis and Discussion
We report here on the findings from one of the empirical tryouts of the multiple
design cycles. A student (Dmitry, second year of multidisciplinary bachelor
program of the Utrecht University Colleague) studied trigonometry at school
approximately three years ago. This student’s previous experience allows us to
trace the advantages of embodied design for any student and reflect on the
interlacing of embodied experiences with student’s inevitably prior knowledge.
Episode 1. In trying to keep the feedback frame green, Dmitry is mostly
looking at the frame with some brief glances to one or another hand. His hands
are first moving up and then down in symmetry, which at first approximately
matches the relation between unit circle and the sine graph, so the frame is
green an essential amount of time. He continues to move his right hand further
along the imagery sine graph as it corresponds to his prior knowledge. Already
after 55 seconds from the start of the task Dmitry finds himself confused as he
arrives to the minimum point of 3π/2:
S:

I:
S:

I am just confused… because… it does not change color here at all [indeed,
the green feedback has some threshold of sensitivity to micro movements].
Because…because it should go further [down]. If I am moving this one [he
iteratively moves the point on unit circle forward and backward Figure 1a]…
Should it go further?
There should be the minimum point, and it should be here [he iteratively
draws a pit down from the point, below the level of unit circle, Figure 1b,
1c]

Figure 1. The student expects the sine graph to go below the magnitude –1.
Here and further white line is overlaid to show the dynamics of the gesture
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Dmitry might expect the existence of the minimum point on the graph, as it
corresponds to both his previous experience with a reified sine graph and the
movement of his left hand on the unit circle. His explanations confirm that his
actions are determined by the anticipation of “wave, wavy function.” However,
an exact vertical position of the point on the enacted sine curve is not monitored
or described. The sine graph does not seem to be connected to the unit circle as
Dmitry expresses that he finds position of right hand “through guessing.” He
easily suggests the graph going below –1 magnitude of sine value, as the
amplitude of the sine graph does not exist for him as an object or property for
consideration.
Episode 2. As the student could not grasp the target relation between two
points, a dashed segment connecting the two manipulated points was added to
facilitate coordination and reflection. In about 10 seconds of enactment with the
auxiliary segment, Dmitry for the first time makes two back-forward horizontal
saccades between the point on the unit circle and the point on Cartesian plane.
The next round of reflections brings forth the connection between the two sine
function models.
I:
S:
I:
S:

S:

So, you say this line…
It has to be straight. If it is straight it is green. So…If…
[in low voice] it has to be straight [revoicing the student].
[moves the points to the initial position and finds green position near zero
angle] This has to be horizontal [horizontal gesture]. And if it is horizontal,
it is green [a gesture around the circle]. That because…yea, because the
point is aligned here, it has the same value. Yea…and this makes sense
because… [the student moves the point along the circle looking predicting
the position of another point, and then he manipulates the point on the
Cartesian plane, as if enacting entire performance once again].
If I would be about to draw the function, only using this…It will…, It will
[he enacts the motor action once again with two hands up and down]. As,
as, as this has, has to be, has to be horizontal. And…if you actually draw a
line, you would see…how [the student performs a sine-graph gesture with
two hands, Figure 2]…this nice movement [the student again manipulates
the point on the circle back and forward a few times].

Figure 2. The student gestures the sine graph as it emerges from his enactment
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The target position of the segment was expressed at first as “straight”, then as
“horizontal” and then supported by a horizontal gesture. The motor action is
now based not on the anticipated wavy function, but on maintaining the
segment from the unit circle to the sine graph horizontal. The reified form of the
sine graph as a ‘wavy function’ is now replaced by the description of a personal
action “If I would be about to draw the function” and then by the description of
this experience from second person perspective: “if you actually draw a line,
you would see…” These references to personal experiences are supported by
enactment and by the iconic gesture that tightly aligned with the possible
enactment. The student now recognizes the sine graph as emerging from the
movement on the unit circle. The discourse moves from first person perspective
to the second person perspective, and the enactment is now changed to iconic
gestures. These transformations are first steps in a new re-reification of the sine
graph, which continues in Episode 3. The readiness for action, which at first
maintained coordinated behavior with immediate color feedback, now serves as
anticipation of the form of the sine graph.
Episode 3. After this reflection, the interviewer returns to Dmitry’s idea that the
sine graph needs to have maximum laying above the one-unit magnitude.
I:

S:

Could it go a bit higher? [the interviewer tries to raise the point on the
Cartesian plane above on the top position, just as the student gestured in
Episode 1].
It cannot go higher than this point [the student sets the point on the circle on
the top position and gestures from it to the point on the plane, Figure 3a]. It
that’s what I am…So…so this horizontal line [the student two times gestures
along this line with two index fingers together, Figure 3b], this is the
maximum. So, it’s all, it stays in the amplitude [the student shows the
amplitude as if gesturing a corridor from the maximum and minimum values
on the unit circle, Figure 3c]. That is given. With the circle [gesture along
the y-axis of the circle].

Figure 3. The student explains how unit circle determine the amplitude of sine
graph
The personal language (“It that’s what I am”) abruptly emerges as the student
searches for an explanation of his immediate perception that the graph cannot
go higher than the unit circle. Later, the student refers to the graph as separate
from the enactment thing that “stays in the amplitude” and identifies the
maximum point with the horizontal segment. The experience of maintaining the
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horizontal connection between the point on the unit circle and the point on sine
graph opens a new affordance of the unit circle, namely determining of the sine
graph’s amplitude, maximum, and minimum points. The amplitude of the sine
graph, which was missed at the beginning (Episode 1), is referred to as a
separate reified object in the speech and tightly grounded in the visual material
by corridor-like gestures (Figure 3c).
Episode 4. Further analysis shows that, contrary to our expectations, the student
does not infer the correspondence between the sine values in two models from
the horizontal connection of two points by an auxiliary segment:
I:
S:

Where is sine? It is a sine graph…Where is sine?
[…] If it is a sine x function, then sine x…Well, sine x equals…So the thing
that equals is to be found here [the student repeatedly moves the point along
the circle, but does not clarify how to find sine value]. And the sine function
should be here again [he moves the point on the Cartesian plane to reach
horizontal alignment].

The correspondence between the unit circle and the sine graph is now grounded
in a horizontal alignment of two points: horizontality, which is visually easily
assessed and maintained, helps to keep the green feedback. However, this
special quality of the segment was never questioned further, hindering
conceptualizations important for grasping the sine function. The vertical
correspondence of sine values in two models was instead reified in the salient
horizontal property of the auxiliary line, but never reflected by the student and
thus alienated and forgotten (Wenger, 1998).
CONCLUSIONS
To conclude, we come back to our second research question and show how
embodied design helps to include the artifacts in conceptual understanding of
trigonometry, and also address the limitations that the current design version
related to the ready-made auxiliary segment. Further, we return to the
theoretical research question explain how empirical analysis corroborates our
theoretical proposal of learning from the radical embodied perspective and how
it influences the idea of process-object dialectics.
The example of the sine graph and unit circle, as the cultural artifacts,
exemplify that embodied design provides an opportunity to re-enact these
artifacts, which re-emerge for the student because of particular actions. This reemerging sine graph now stands for the student as affording new action, namely
the horizontal alignment with the unit circle. Simultaneously, the student comes
to recognize a new affordance of the unit circle, as it is now capable of
determining the sine graph’s amplitude. Later, the affordances of the artifacts
ground verbal description of their properties: the student describes the
amplitude of the sine graph as given by the unit circle.
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Adding a cultural artifact as ready-made (such as an auxiliary segment)
substantially shifts students’ sensory-motor coordination and conceptualization
(as described by Abrahamson et al., 2011). However, there is always a risk of
the artifact’s alienation from its mathematical function: The horizontal segment
connects two equal values; and, on the one hand, it pragmatically releases the
performance, but on the other hand hides the core relations by outsourcing
them. The embodied design allows us to “melt” the cultural artifacts and to
provide students with an opportunity of reifying embodied actions in
mathematical properties of re-emerging artifacts.
The empirical data corroborate our theoretical proposal that learning is
progressing from direct enactment to the recognition of action affordances of
the artifacts. As these affordances are expressed within multimodal discourse,
they might be recognized as properties of the artifacts and as new objects. The
amplitude of the sine graph is noticed because of moving the point along the
unit circle, and a unit circle comes to be recognized as determining the sine
graph’s amplitude. The reified objects are not parts of the mental constructions,
but systems of affordances, which are deeply and inherently grounded in the
materiality of the artifacts. The process of reification, as a transition from
enactment to stable objects, leads to a reconsideration of previous objects (such
as a unit circle and a sine graph) and to the creation of new multimodal entities
(such as the amplitude), which become new objects. The process-object
dialectics from a radical embodied perspective is seen now as dialectics
between direct enactment and further recognition of the artifact’s affordance in
the form of objective property.
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A COMPARATIVE ANALYSIS OF EYE TRACKING AND
THINKING ALOUD IN NUMBER LINE ESTIMATION
TASKS: A STUDY ON STUDENTS WITH AND WITHOUT
MATHEMATICAL DIFFICULTIES
Anna Lisa Simon, Maike Schindler
University of Cologne
For researchers and educators in mathematics education, it is of interest to
gain insights into how students solve mathematical tasks. This holds also for
students with mathematical difficulties (MD), whose strategies may be diverse.
Eye tracking (ET) is a promising tool for analyzing student strategies, but its
opportunities and limitations have only been explored for selected mathematical
subdomains. This paper presents a comparative analysis of the opportunities
that ET and thinking aloud (TA) may hold for analyzing student strategies in
number line estimation tasks. The findings indicate that ET may offer more
detailed insights than TA, especially for students with MD. However, a
relatively high number of contradictions between the information obtained by
ET and TA also indicates limitations of ET—and the need for further research.
INTRODUCTION
For mathematics education research, it is critical to not only look at student
results, at product and outcomes, but also at the processes that lead there, and at
their individual strategies when working on mathematical problems. Previous
research has indicated that ET offers potential advantages for the analysis of
strategies (e.g., quantity recognition, see Schindler & Lilienthal, 2018). The
“inside view” provided by ET offers an alternative to the insights into thought
processes gained by verbal survey methods—such as TA. Especially for
children with MD, but also with difficulties in language acquisition, who may
find it difficult to describe their strategies, ET seems to offer a greater
informative content than TA (Schindler & Lilienthal, 2018). By informative
content, we mean the strategy-related information provided through the analysis
of the respective method. Yet, for other mathematical subdomains, such as
number line tasks, it is not yet clear what potential ET may offer for gaining
insights into student strategies. The number line is one of the essential
representations in mathematics teaching and learning at primary level (e.g.,
Ernest, 1985) and students’ number line estimation performance is of predictive
nature for the general mathematical development (Booth & Siegler, 2008).
Thus, it appears to be crucial to inquire into student strategies positioning
numbers on the number line—and to evaluate what ET can offer to analyze the
latter.
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In this study, we compare the informative content of ET and TA for analyzing
student strategies in number line estimation tasks and ask the research question
(1) To what extent does the informative content of ET and TA in the analysis of
number line estimation strategies differ? Due to the potential benefit of ET to
gain insights into the strategy use especially of students with MD, we further
ask (2) Are there differences in this respect between children with and without
MD?
EYE TRACKING
ET is understood as technique to record a person’s eye movements (see
Holmqvist et al., 2011). Video-based ET has gained increasing significance in
mathematics education research in recent years (Lilienthal & Schindler, 2019).
Its potential was shown in several studies in mathematics education in different
subdomains (e.g., geometry and arithmetic). Especially in controlled settings,
such as visually presented cognitive tasks, and through domain-specific
interpretations, powerful conclusions about mental processes are possible
(Schindler & Lilienthal, 2019). ET research mostly draws on the so-called eyemind hypothesis (EMH) (Just & Carpenter, 1976), which assumes that the eyes’
fixations and the processing of information in the brain are closely related
(Holmqvist et al., 2011). However, this hypothesis was developed in reading
research and should not simply be transferred to the mathematical field without
further reflection. Interpretation of eye movements is not trivial because ET data
can be ambiguous (Schindler & Lilienthal, 2019) and the EMH does not always
hold (Holmqvist et al., 2011). Another issue relates to peripheral vision: In the
human eye, sharp vision is possible through the anatomy of the fovea (a small
pit on the retina): The eyes need to move so that the objects of attention are
perceived by foveal vision. ET makes use of this anatomical feature and
measures these movements. However, also peripheral vision—which takes
place in extrafoveal areas—can be involved in the processing of information,
which is not captured by ET (Klein & Ettinger, 2019).
THINKING ALOUD
TA (see Ericsson & Simon, 1980) constitutes a well-established method in
mathematics education research to explore individual thought processes from
the students’ perspective. According to Konrad (2010), the following forms of
TA can be distinguished: (1) introspection, i.e. concurrent verbalization, (2)
immediate retrospection, which follows directly after the work on the task, and
(3) delayed retrospection, which takes place after all tasks have been solved or
even days later. In contrast to introspective TA, where students verbalize their
thoughts while performing a task and where the additional cognitive effort can
be considerable (Ericsson & Simon, 1980), retrospective TA has the advantage
of not interfering with the thought processes during the work on the task.
However, difficulties can also occur with retrospective TA—for example in
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meta-cognition or in the verbalization of thought processes—and potentially
limit the validity (Schindler & Lilienthal, 2018).
NUMBER LINE AND MATHEMATICAL DIFFICULTIES
The number line is one of the essential representations in mathematics teaching
and learning at primary level (e.g., Ernest, 1985). On the number line, numbers
are represented by their position in relation to other numbers. The ability to
place numbers on the number line in accordance with their relative size is
necessary to estimate the correct position of numbers (Sullivan et al., 2011).
Research on number line estimation shows differences between children with
and without MD. For example, the estimations of children with MD are often
less accurate than those of children without MD (Landerl et al., 2017). By using
the expression students with MD, we mean students who encounter difficulties
both on a conceptual and procedural level: This includes, for example, basic
arithmetic such as counting (e.g., counting by groups), (de-) grouping, the base10 system, understanding place values, and basic arithmetic operations (see
Moser Opitz et al., 2017).
When evaluating students’ work on the number line, product-related results,
such as the accuracy of the estimation, can be easily determined. However, so
far there is only little known about the underlying processes and students’
strategies in number line estimation tasks. First studies have used ET to
investigate student strategies on the number line (e.g., Van Viersen et al., 2013;
Van’t Noordende et al., 2015) and hint at the potential that ET holds. Yet, there
is no systematical analysis yet of the informative content that ET may provide
as compared to TA. The above studies have illustrated that ET may be valuable
to analyze number line estimation strategies especially of students with MD.
However, previous research on number line estimation has not yet
systematically compared the potential of ET and TA for students with MD.
METHOD
Students. 22 fifth-grade students (mean age: 11.5 years old; 11 girls) in a
German comprehensive school participated in this explorative study. The study
took place in the last weeks of fifth grade. Eleven children were found to have
MD by the means of a standardized arithmetic paper-pencil speed test and
qualitative diagnostics before the study took place. Five of the 11 students with
MD also had special educational needs (in learning, social and emotional
development, and physical development).
Eye tracker. The students’ eye movements were recorded with the ET glasses
Tobii Pro Glasses 2 (50 Hz). They have low weight (45 grams) and are
relatively unobtrusive. Additionally, they recorded gestures, e.g., pointing, and
verbal utterances, and synchronized these data with the eye movements. Stimuli
were presented on a 24’’ Full HD computer screen. The distance of the students
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from the screen was about 0.5 m. The students were tested in individual
sessions in a quiet room within their school.
Tasks. The students worked on tasks, in which they were asked to estimate the
position of a number on a number line with no markers except the endpoints
zero and 100. This representation was chosen because on number lines with
equidistant markers, students tend to use counting strategies, whereas on an
empty number line their strategies are less pre-determined (Kaufmann &
Wessolowski, 2006). Prior to the tasks, the number line was presented and
introduced to the students. The students were asked to estimate the positions of
the numbers on the number line in every task as fast and correctly as possible.
The selected numbers were 40, 75, 90, 25, 10 and 50 (in that order). Stimuli in
every task were presented as follows (Fig. 1): (1) The number appeared in the
upper left corner. The students were asked to read the number aloud to ensure
they had perceived it correctly. (2) The number line was presented, while the
number remained visible. The students estimated the position of the number by
pointing to it with the tip of a pencil. (3) A fixation star appeared, before (4) the
students were asked to verbalize their thought processes retrospectively. This
study covered 132 tasks (22 students x 6 tasks). Nine tasks were excluded due
to data loss so that 123 tasks were analyzed.

Figure 1: Series of stimuli during one task (40)
Data analysis. We analyzed gaze-overlaid videos (videos of the ET glasses,
where the student gazes were augmented through a dot wandering around)
through inductive category development based on Mayring’s (2014) qualitative
content analysis: The eye movements were first described. Afterwards they
were interpreted/paraphrased. In a subsequent category development process,
strategies with according descriptions were assigned. The categorization of all
data was followed by a category revision step, which involved a partial
recategorization. For analyzing TA, we transcribed the students’ utterances and
gestures (e.g., pointing). Afterwards, the same steps as in the ET data analysis
were followed with the transcripts: interpretation/paraphrasing and assignment
of categories. Category assignment was conducted by two raters independently
and resulted in an interrater reliability of 0.94, which can be considered very
high. Finally, the informative content was compared as follows: For every task
for every student, we regarded if the strategies assigned through ET and TA
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were the same. In case they were, we noted the “match”. We then analyzed the
paraphrases (both in the ET and in the TA analysis) for the detailed information
they provided on the student strategy—and then decided whether ET or TA
provided more detailed information on the student strategy, or if their
informative content on the strategy was equal. On the other hand, if the
categories assigned based on ET and TA did not match, we marked the
respective task as contradictory case (see Results Section for examples).
RESULTS
In the following, we answer the research questions (1) To what extent does the
informative content of ET and TA in the analysis of number line estimation
strategies differ? and (2) Are there differences in this respect between children
with and without MD? together (see Fig. 6 for an overview). For visualizing
gaze patterns in this paper we use gaze plots, although we used gaze-overlaid
videos for analysis of gaze patterns.
In our study, ET and TA were equally informative in 51.22% of the cases (MD:
36.67%; TD: 65.08%): The students’ verbal descriptions corresponded with
their eye movements. Figure 2 shows an example where the student’s eye
movements and utterance are similar regarding the information contained. The
gazes indicate that the student looked into the middle of the number line, looked
again at the number 75, looked again at the middle, then looked two “steps” to
the right, and then a small step back to 75. The utterance also reflects the two
steps. (Note: All verbal data presented in this paper (in the Figures) is translated
from German.)

Figure 2: Example of ET and TA being equally informative
In 19.51% of the cases (MD: 30.00%; TD: 9.52%) ET was more informative
than TA: The information provided by the two methods was consistent with
each other and the ET contained more detailed or more extensive information.
Figure 3 shows an example. The student’s utterance provides two different
strategies. Because of her difficulties in describing her strategy, it could be
assumed that she used the first mentioned reference point (100) to estimate the
number. However, this cannot be determined clearly. Her eye movements
showed an orientation of 100 backwards. Thus, ET offers a closer insight into
the strategy that the student had initially.

541

Figure 3: Example of ET being more informative than TA
In 7.32% of the cases (MD: 10.00%; TD: 4.76%), TA was more informative:
The information provided by the two methods was consistent and TA contained
more detailed or more extensive information. An example can be seen in Figure
4. The student’s gazes show movements around 10, which cannot be assigned a
clear strategy, whereas the student’s utterance suggests an orientation from the
beginning of the number line step-by-step forward. Thus, TA offers a closer
insight into the strategy.

Figure 4: Example of TA being more informative than ET
However, the information obtained from TA and ET was contradictory in
21.95% of the cases (MD: 23.33%; TD: 20.64%). Figure 5 shows an example
where the student’s eye movements indicate a forward counting from the
beginning of the number line to 50, whereas TA suggests that the student
immediately estimated the position of the number on the number line.

Figure 5: Example of ET and TA being contradictory
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Figure 6: Comparison of the informative content of ET vs. TA
for students with MD and TD students; relative frequencies
For the statistical analysis, the program SPSS 26 was used. To investigate the
differences between the informative content of the two methods with regard to
the two groups (research question 2), the Freeman-Halton test was used. This is
the extension of Fisher’s exact test, which is “a way of computing the exact
probability of the chi-square statistics” (Field, 2013, p. 724) and suitable for
small sample sizes. As extension of Fisher’s exact test, it involves contingency
tables larger than 2x2—e.g., for two samples regarding a k-stepped (here: triplestepped) characteristic. Since the informative content of each method was under
investigation (ET vs. TA), the contradictory cases, where ET and TA did not
match and no overall strategy could be determined, were not included. The null
hypothesis for this test was that the informative content provided by the
respective method is the same for the students with MD and the TD. The
analysis revealed that the null hypothesis was rejected (p < .01). Accordingly,
the informative content of the methods was different for the two groups.
To investigate group differences for every condition (ET and TA equally
informative, ET more informative, TA more informative) in detail, we
calculated effect sizes using Cramérs V (Tab. 1). Differences with Cramérs V >
.30 (medium effect) revealed that ET and TA tended to be equally informative
more often for TD students (than for MD students) (.36) and that ET tended to
be more informative more often for students with MD (than for TD students)
(.31).
ET and TA
equally informative

ET more
informative

TA more
informative

MD

47.83

39.13

13.04

TD

82.00

12.00

6.00

.36

.31

.12

Cramérs V

Table 1: Percentage of cases of informative contents of ET and TA
and Cramérs V for the comparison of MD and TD
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Summarizing, regarding the first research question, it can be said that the
informative content was equal for ET and TA in about half of the cases. In
about a fifth of the cases, ET was more informative. TA was in very few cases
more informative. Regarding the second research question, ET appeared to be
more informative for students with MD. ET and TA tend to be equally
informative more often for TD students.
DISCUSSION
Our findings indicate that ET may offer more detailed insights than TA,
especially for students with MD. This result points to a potential added value of
ET as research method. However, the rather high number of contradictions
between the information we gathered through using ET und TA raises
questions. On the ET side, peripheral vision probably plays a role. Since ET
captures foveal data, perception by means of peripheral vision (e.g., orientation
at known beginning- and endpoints) may not be represented in the ET (Klein &
Ettinger, 2019). With the number line used in this study (no changes during task
processing), the students were able to use peripheral vision for orientation on
the number line—so, not all mental processes were reflected in the ET, which
only captures foveal vision. Furthermore, the question arises as of when and
how the EMH applies in number line estimation activities. Studies that have
shown that the analysis of eye movements provides reliable information about
student strategies predominantly use mathematical tasks, which require to a
high degree a perception of information displayed in the task (e.g., numbers of
dots that need to be perceived). Yet, number line estimation tasks also require
the retrieval of mental representations of numbers and numerical relationships
for the students to find the right position of numbers on the number line
(Sullivan et al., 2011). Further research should explore the contradictions
between ET and TA in more detail and pursue the question how eye movements
and mental processes are linked in number line estimation tasks. Using
stimulated recall interviews may shed light on how the displayed stimuli and the
recalled information play together (see Schindler & Lilienthal, 2019).
Prospectively, it would be valuable to investigate how ET data can be
interpreted in this kind of tasks, even without TA.
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DECISIONS TOWARDS TRANSLATION EQUIVALENCE:
THE CASE OF JAPANESE ELEMENTARY SCHOOL
TEXTBOOKS
Diego Solis Worsfold, Masami Isoda
Center for Research on International Cooperation on Educational Development
University of Tsukuba
In this paper, the research question “Is it possible to classify the decisions taken
by translators in their effort to equivalently translate a mathematical
textbook?” is examined by using the Model for Translation Equivalence. The
Model is based on the four requirements of a translation by Nida (1964), the
levels of didactic codetermination by Chevallard (2002), and the extension and
integration principle for task sequence. The examination shows that the
parameters on the Model allow the codification of the translator’s decision to
attempt the equivalent translation of Japanese elementary school mathematics
textbooks.
INTRODUCTION
Starting on April 2020, new mathematics curriculum standards will be
implemented in elementary schools in Japan. As part on the implementation
process, textbook companies prepared textbooks that were certified by the
Ministry of Education (MEXT) and selected by every school district in 2019.
The certified textbooks are distributed by the government for free according to
the selection made by each district. On private schools that teach in English, the
English edition of those certified textbooks is used. Three textbook companies,
Gakko Tosho, Keirinkan and Tokyo Shoseki, have published translations of
their products until today. Gakko Tosho has translated every revision since 2005
because its editions were chosen by various countries such as Chile, Indonesia,
Marshall Islands, Mexico, Papua New Guinea, and Thailand through bilateral
research collaboration.
Gakko Tosho’s consistent translation activities have resulted in the
accumulation of rich experiences with its international editorial board. This
experiences generated the research questions of this report: Is it possible to
classify the decisions taken by translators in their effort to equivalently
translate a mathematical textbook? For this effort, what should be considered?
In this research report, the Model for Translation Equivalence is proposed to
examine the above questions. This model was designed using the four basic
requirements for a translation (Nida, 1964), the levels of didactic
codetermination (Chevallard, 2002), and the extension and integration principle
for task sequence. The objective of this model is to provide parameters to codify
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a translator’s decision to attempt the equivalent translation of Japanese
elementary school mathematics textbooks.
THEORETICAL BACKGROUND
Four Requirements for a Translation.
The translation practice requires consistency from the translator. This is based
on the premise that a translation is a “creative process, not just a mechanical
one, and as an expressive activity, requires choosing words and creating a
voice” (Halfon, Dillman, Hahn, & Patt, 2019, p.455). Consequently, this
creates difficulties for the translation of mathematical textbooks because
“although it may not be deliberate, translation reduces communication by giving
more emphasis to language than to mathematics” (Planas, 2014, p.63).
The proposal made by Nida (1964) gives insight into the importance of leaving
behind the idea that words have a fixed meaning and advance towards a
functional definition of meaning. In this approach, “a word acquires meaning
through its context and produces varying responses according to the culture”
(Munday, 2001, p.38). Therefore, Nida’s (1964) classification of equivalences
in translations as formal equivalence and dynamic equivalence became a
significant contribution. Summarized by Munday (2001), the first one is
referred to accuracy and correctness based on the structure of the source text,
while the second one is based on the principle of equivalent effect. Through this
principle, the “relationship between the receptor and message should be the
same as the one that existed between the original receptors and message” (Nida,
1964, p.159). As a result, it is possible to make adjustments in grammar and
cultural references as a tool to achieve the “closest natural equivalent to the
source language message” (Nida, 1964, p.166).
Under Nida’s (1964) classification of equivalences, the four basic requirements
for a translation are: “(1) making sense, (2) conveying the spirit and manner of
the original, (3) having a natural and easy form of expression, and (4) producing
a similar response” (p.164). In this framework, the numbers (1) to (4) do not
have a hierarchical meaning.
Levels of Didactic Codetermination.
The levels of didactic codetermination (LDC) is a framework that describes the
broad context in which didactical and mathematical organizations occur. This
theory proposed by Chevallard (2002) shows the mutual interaction of ordered
institutional levels that successively condition one another. Described by
Artigue & Winslow (2010), the LDC identifies as higher levels the discipline,
pedagogy, school, society and civilization by which teaching is conditioned.
These teaching conditions are generally not changed by an individual teacher,
but “may be further modified by others, such as school principals, curriculum
developers, or politicians” (Artigue & Winslow, 2010, p.5). The lower or sub
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disciplinary levels are the domain, sector, theme, and subject. These levels are
linked to the components of the praxeologies (Task, Technique, Technology,
and Theory) they determine.
All the different levels that affect the process of studying and teaching are
exterior to the teaching practice. Therefore, the construction of knowledge in
teaching situations “may vary between students and also may be different from
what was intended by the teacher, school, society, and so on” (Artigue &
Winslow, 2010, p.6).
Even though the LDC describes the context by which teaching situations are
conditioned, the authors adapted this theory to the analysis of textbooks because
it provided a broad range of interpretations for translations.
Extension and Integration Principle for Task Sequence.
Japanese mathematics educators and teachers have developed theories for
curriculum and teaching as a result of hundreds of years of lesson study.
Explained by Isoda (2012), one of these theories is the problem solving
approach, which is a shared theory of teaching for developing children who
learn mathematics by and for themselves.
The Japanese elementary school textbook are designed for the problem solving
approach and employ the extension and integration principle as a curriculum
principle to develop mathematical thinking. As described by Isoda & Olfos (in
printing), this principle is embedded into the textbook as a task sequence based
on what the children have learned before. This allows the interpretation of
mathematical Japanese textbooks based on existed tasks at previous pages and
grades.
MODEL FOR TRANSLATION EQUIVALENCE
The Model for Translation Equivalence is a proposal that brings together
Translation Studies and Mathematics Education. This model describes and
codifies the decisions taken by translators in their attempt to elaborate the
closest natural equivalent (Nida, 1964) of a Japanese mathematics textbook.
The description is done through the following three parameters: (A) What is the
location of the task related to tasks in previous pages or grades? (B) By which
level of didactic codetermination (Chevallard, 2002) is the text conditioned? (C)
Given B, which of the four basic requirements for a translation (Nida, 1964) is
considered for deciding the equivalent translation of the text? Note that, under
parameter B, multiple levels can be chosen. Several combinations between B
and C are possible.
The codification is done by assigning a code to parameters B and C. Shown in
Table 1, the model’s coding matrix is a 4 by 9 matrix. The columns of the
matrix contain the levels of didactic codetermination (Chevallard, 2002) namely
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Civilization (Ci), Society (So), School (Sc), Pedagogy (Pe), Discipline (Di),
Domain (Do), Sector (Se), Theme (Th), and Subject (Su). The rows of the
matrix contain the four basic requirements of a translation (Nida, 1964) namely
making sense (1), conveying the spirit and manner of the original (2), having a
natural and easy form of expression (3), and producing a similar response (4).
Parameter A is not codified because it is fixed in the case: The principle of
extension and integration for task sequence provides the context for the
interpretation of Japanese elementary school textbooks.
(Ci)

(So)

(Sc)

(Pe)

(Di)

(Do)

(Se)

(Th)

(Su)

(1)

Ci1

So1

Sc1

Pe1

Di1

Do1

Se1

Th1

Su1

(2)

Ci2

So2

Sc2

Pe2

Di2

Do2

Se2

Th2

Su2

(3)

Ci3

So3

Sc3

Pe3

Di3

Do3

Se3

Th3

Su3

(4)

Ci4

So4

Sc4

Pe4

Di4

Do4

Se4

Th4

Su4

Table 1: Coding matrix for parameters B and C
METHOD TO ILLUSTRATE THE MODEL
Based on the above mention of the way to describe and code, we examined the
changes of translation from Study with Your Friends: Mathematics for
Elementary School, 10 vol. (2015) to Study with Your Friends: Mathematics for
Elementary School, 12 vol. (2020) published by Gakko Tosho in Japanese and
English. In total, more than 61 examples were considered in which the
translation changed from the 2015 edition to the 2020 edition. After the
consideration of various possibilities to change the translation, the description
and codification was given. There were various possibilities for coding but the
codes were sieved by understandable codes for others.
In the following subtitles of figures, the description Jap15 means Japanese
edition (2015) and Eng20 means English edition (2020).
EXAMINATION OF CASES
To illustrate the way of description and coding using the Model for Translation
Equivalence three cases were chosen. The first case shows a Japanese word
which has various translations in English, the second case shows the simplified
Japanese ideograms, and the third case shows the grammatical difference
between Japanese and English.
Angles with a Size Larger than 180 Degrees
The extracts shown on Figure 1 illustrate a Task in which the angle 210° must
be drawn. The Technique for the Task is interpreted through the word “くふう
して” (kufuushite). As shown in the corresponding translation, the translator on
the 2015 edition interpreted “くふうして” as “in various ways”.
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Different from the interpretation shown above, on Figure 2, the word “くふう
して” was translated in the 2020 edition as “using learned ideas”. The Model
for Translation Equivalence describes and codifies the decision taken by this
translator as follows:

Figure 1: Extracts from Jap15 and Eng15.
A) Location of the Task: This Task is located after the introduction of the size
of an angle in 4th grade. As part of this introduction, students learn how to
measure angles that are less than 180° by using the protractor. The
measurement of angles larger than 180° is achieved by identifying how many
degrees more than 180° (addition) or how many degrees less than
360°(subtracting). The next task sequence is to extend from the drawing of
angles that are less than 180° towards more than 180°.The Technique for the
Task in Figure 2 is based on the addition and subtraction of angles and the
measurement of angles larger than 180°.
B) Levels of didactic codetermination: “くふうして” is a word that has been
part of the Japanese language for hundreds of years and makes reference to the
ability to find/create/consider a new or improved idea. This word cannot be
translated into English in a single way, since the word has a cultural attachment
(Civilization). Originally, this word was only used by non-scholars since the
word “かんがえて” (kangaete) was reserved for intellectuals who had the
responsibility to think/meditate/generate a solution or method as a profession.
Therefore, this is a word that is usually used with children to reconsider what
has been learned before with previous tasks (Subject).
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Figure 2: Extracts from Jap20 and Eng20
C) Basic requirements for a translation: Even though the task written in both
Japanese editions is the same, the latest English version was modified to get
closer to the original intention (2). With the words “learned ideas”, the student
is expected to associate his/her response (4) to the measurement of angles larger
than 180° and the addition and subtraction of angles.
Codification: Cultural/original intention (Ci2) and previous task/response
(Su4).
Division Algorithm by Vertical Form.
The extracts shown on Figure 3 illustrate the description of a Technique for a
Task that is explained by numbers. The text is a step by step process to
characterize the division algorithm by vertical form. On step number two, the
expression “九五４５” (ku[9]go[5] 45) is used to represent the number that is
closest (without going over) to 48 in the multiplication table of nine. As shown
in the corresponding translation, the translator on the 2015 edition interpreted “
九五４５” as “9 multiplied by 5 equals 45”.
Different from the interpretation shown above, on Figure 4, the expression “九
五４５” was translated in the 2020 edition as “9 and 5 is 45”. The Model for
Translation Equivalence describes and codifies the decision taken by this
translator as follows:
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Figure 3: Extracts from Jap15 and Eng15
A) Location of the task: This 4th grade Task is located after Japanese students
learned the meaning of division in 3rd grade. Initially, students learned how to
divide objects given three terms: total amount, how many equal parts, and
amount for every part. These terms are learned by using the associated terms in
multiplication. Then, students are able to use multiplication tables for division
problems. Still on 3rd grade, the remainder is introduced. In 4th grade, the
division of 2-digit numbers by 1-digit numbers is manipulated through blocks.
This Task is located previous to Figure 3 and uses the Technique of separation
by “sets of 10” and “sets of 1”. This is how Figure 3 becomes the summary of
this previous Technique.
B) Levels of didactic codetermination: The expression “九五４５” is exclusive
in Japanese and Chinese mathematics classrooms, since ideograms make
possible the memorization of multiplication tables without using the symbol
“×” (Pedagogy). The word “かける” (multiply) is the way of reading the
operation “×”. This compressed reading is learned in 2nd grade, therefore this 4th
grade textbook uses the same manner in which multiplication tables were
learned in the past. This representation is a useful tool for efficiency and
memorization, therefore is integrated in the solution of tasks (Subject).
C) Basic requirements for a translation: Even though the description of the
technique written in both Japanese editions is the same, the latest English
edition was modified to keep the summarized notation (3) that is benefited from
the use of ideograms. Without translating it with “multiplied by”, the expression
still makes sense (1).
Codification: Exclusive use/summarized expression (Pe3) and useful tool/sense
(Su1).
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Figure 4: Extracts from Jap20 and Eng20
Changes on the Translation Depending on Users: The Case of
Multiplication.
This example illustrates the difficulty of translation based on the grammatical
difference between Japanese and English. The description cannot follow the
previous format because the task sequence is beyond several grades and became
too long to adapt the same format.
Figure 5 is an example of 2 × 5 = 10 in Japanese grammar. This means 5 times
2 (2 + 2 + 2 + 2 + 2): 5 is the multiplier. However in English grammar, the
same expression means 5 + 5: 2 is the multiplier (Isoda & Olfos, in printing).
This grammatical difference has an influence (A) to division, some tables and
proportional number lines in upper grade textbooks, such as 4 th grade. For
example, on real situations 𝑎𝑥 = 𝑦, a Japanese textbook from 3rd to 6th grade
usually draws a table with 𝑥 in the bottom row and 𝑦 in the upper row until
proportion is defined.
There are two ways for challenging the translation equivalence. The first way is
keeping the Japanese grammar for English School users in Japan (Ci4). The
English users in foreign countries feel the grammatical contradiction but
understand that the English edition is written with the original spirit of Japanese
grammar (Ci2). The second way is changing it under English grammar. This
adaptation includes changing situations and diagrams. When a translator makes
the effort to adapt the Japanese textbook into other country’s curriculum, it
loses the original spirit, but the adaptation makes sense under the new
curriculum (Pe1).

Figure 5: 2 × 5 = 10 in 2nd grade (Eng15)
553

CONCLUSION
This report illustrated the Model for Translation Equivalence. The examination
showed that the parameters A, B, and C allow the codification of the translator’s
attempt an equivalent translation of Japanese elementary school mathematics
textbooks.
Although the case studied is a translation from Japanese to English, the model
could be applied in other languages. The pre-requisite is to incorporate the
curricular principles that set the design of the source textbook. This offers the
opportunity to unpack the hidden efforts on the source text based on prerequested principles, such as the original spirit. This interpretation for
unpacking reaffirms that languages include “linguistic features of benefit for the
acquisition of mathematical concepts that can be used for mathematical teaching
and learning” (Phakeng, 2016, p.14).
Also, the authors are conscious about the criticism around Nida’s (1964) work,
especially to those that suggest that an equivalent translation can be a purpose,
but is not easy to achieve. That is the justification for choosing the words effort
and attempt.
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When implementing argumentation and proof in classrooms, selecting specific
proofs for a claim is an important teacher activity. Although mathematicsrelated beliefs are discussed as shaping the selection process, there is so far
only limited quantitative data for these claims. The present research thus
examined how teacher students’ endorsement of six mathematics-related beliefs
influenced their selection of experimental, operative, and formal-deductive
proofs. Data from N = 183 participants suggest that their endorsement of
mathematics-related beliefs only partially impacts the selection of different
types of proof. Moreover, after controlling for proof construction skills, only
effects related to mathematics as a process of inquiry were significant. Effects
of beliefs thus appear to be less profound then indicated by prior qualitative
studies.
INTRODUCTION
Argumentation and proof are fundamental for mathematics as a science and thus
part of secondary school classrooms worldwide (e.g., KMK, 2003; NCTM,
2000). However, curricula only set the framing conditions for argumentation
and proof in classrooms. The actual implementation of proving in class is
influenced by various aspects, relating to i) characteristics of the task and proof,
ii) characteristics of the class, iii) characteristics of the teaching and learning
situation, and, of course, to iv) characteristics of the teacher. Still, there is
currently little knowledge about factors determining teachers’ selection of
proofs for class. Firstly, evidence is mostly from qualitative or descriptive
studies (e.g., Brunner & Reusser, 2019; Furinghetti & Morselli, 2011) and
results are often hard to interpret and compare as contexts and classrooms
within these studies vary naturally. To address this research gap and better
understand factors that play a role in the selection of proofs, the BABS I project
used an experimental design based on questionnaires, which systematically
controlled and varied these factors, and examined teacher students’ selection of
proofs for class.
One of the teacher characteristics discussed as important for lesson planning
and teaching, both generally and in the context of proof, are mathematicsrelated beliefs (Furinghetti & Morselli, 2011; Philipp, 2007). This paper thus
focuses on prospective teachers’ mathematics-related beliefs and evaluates their
impact on the selection of different types of proof for classroom instruction,
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also behind the background of other, possibly confounding variables such as
their mathematical proof construction skills.
THEORETICAL BACKGROUND
Mathematical Proof in Secondary Education
Although there are no generally accepted definitions for argumentation and
proof (Reid & Knipping, 2010), mathematical proofs are commonly interpreted
as mathematical argumentations that additionally satisfy certain sociomathematical norms (Yackel & Cobb, 1996). These may, for example, relate to
the permitted types of inferences within proofs, the completeness of the
argumentative chain within a proof, or other aspects of proofs (see further
Sommerhoff & Ufer, 2019). However, there is no generally accepted list of
criteria for the acceptability of proofs in mathematical practice and those for
formal mathematical proofs or derivations are rarely satisfied in everyday
mathematics and in school mathematics. To address this issue, alternative
definitions for proof in school contexts have been formulated (e.g., Stylianides,
2007) and multiple ‘didactical types of proof’ have been introduced. These
types of proof (see e.g., Healy & Hoyles, 2000; Wittmann & Müller, 1988)
often distinguish experimental proofs consisting of multiple examples,
operative proofs that use a concrete operation, manipulation, or visual
representation to show the validity of a claim, and formal-deductive proofs,
which are embedded in a strictly deductive theory to allow more general
conclusions. Although especially experimental and operative proofs may not be
able to guarantee absolute validity that a certain claim holds, they are still seen
as useful in mathematics classrooms (e.g., Hanna & Jahnke, 1996), in particular
as i) easier to understand precursors of formal-deductive proofs and as ii) ways
to focus on other functions of proof than verification (de Villiers, 1990). A
common distinction, which is made in this context, are proofs that prove and
proofs that explain. When preparing their mathematics classes, teachers should
thus ideally consider these different types of proof, weigh up their advantages
and disadvantages, and select one or multiple proofs for class. This process can
be shaped by multiple factors, for example by mathematics-related beliefs,
appears plausible.
Selection of Proofs for Classroom Instruction
Currently, it is mostly unclear, what teachers’ selection of proofs for class is
based upon. As teachers’ selection of proofs be decision-making processes,
related frameworks (e.g., Blömeke, Gustafsson, & Shavelson, 2015;
Schoenfeld, 2010) have been used to outline and structure different factors that
may influence teachers’ selection of proofs. Prior research has related the
selection of proofs to teachers’ prior content and pedagogical content
knowledge, to their proof skills, and to their (leading) beliefs (e.g., Brunner &
Reusser, 2019; Furinghetti & Morselli, 2011).
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Beliefs
Goldin (2002, p.59) regards beliefs as “multiply-encoded, cognitive/affective
configurations, to which the holder attributes some kind of truth value”. They
are neither purely cognitive nor completely affective and can be compared to
lenses that shape how we see the world (Philipp, 2007). Beliefs, belief systems
as organized clusters of beliefs, as well as so-called leading beliefs are assumed
to guide an individual’s actions also teachers’ actions in classroom. They are
thus considered in many current theoretical conceptions, such as the framework
by Blömeke et al. (2015) or the concept of competence (Weinert, 2001). In the
context of proof, Furinghetti and Morselli (2011) investigated how teachers
treat proof in their classrooms and how this is shaped by their beliefs. Based on
interviews with 10 highly experienced teachers, they identified “main poles
around which the instructional practice of proof revolves” (p. 597) and
identified teachers’ leading beliefs as “definitely” shaping teaching practices
related to proof.
Based on theoretical conceptions by Ernest (1989) and by Grigutsch, Raatz, and
Toerner (1998), beliefs can be distinguished into several aspects, relating for
example to conceptions of the nature of mathematics or the process of learning
mathematics. A large-scale study, which picked up these different facets of
mathematics-related beliefs was the Teacher Education and Development Study
in Mathematics (TEDS-M) (see further Tatto et al., 2012). Based on the
theoretical conceptions by Ernest (1989) and Grigutsch et al. (1998) as well as
existing instruments to measure beliefs, TEDS-M included scales on beliefs
about the nature of mathematics, about learning of mathematics, as well as
about mathematics achievement (Tatto, Rodríguez, Reckase, Rowley, & Lu,
2013). Beliefs about the nature of mathematics included scales on mathematics
as rules and procedures (i.e., mathematics is a set of procedures and strict rules,
which have to be learned and applied) and mathematics as a process of inquiry
(i.e., mathematics is a tool for inquiry and discovery). Beliefs about the learning
of mathematics included subscales on teacher direction (i.e., learning of
mathematics should be teacher centered and students follow instructions) and
active learning (i.e., students must do mathematics on their own to learn
effectively). Finally, beliefs about mathematics achievement included a scale on
fixed ability (i.e., school mathematics is accessible only to those students with
according ability and mostly inaccessible to others). Results of TEDS-M
showed that future teachers in their last year of training from most countries (in
particular from Germany) mostly endorsed mathematics as a process of inquiry
and learning of mathematics through active learning, did less agree with
mathematics as a set of rules and procedures, and did not endorse learning of
mathematics by following teacher direction and mathematics as a fixed ability.
Moreover, Tatto et al. (2012) report a general tendency for positive correlations
between mathematics as a process of inquiry and learning of mathematics as
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active learning with future teachers’ content and pedagogical content
knowledge as well as negative correlations between mathematics as a set of
rules and procedures, learning as teacher direction, and mathematics as a fixed
ability and future teachers’ content and pedagogical content knowledge.
Research Questions
Prior research ascribes an important role to teachers’ beliefs when planning
their classes. Firstly, qualitative studies also report that they shape teaching
practices related to proof, thus they can be expected to shape the selection of
different types of proof for classroom instruction. Teachers endorsing
mathematics as a process of inquiry and learning through active learning might
choose experimental or operative proofs more frequently. However, prior
studies did not systematically control participants’ further characteristics, for
example their proof construction skills, which might be confounding variables
as data from TEDS-M suggests.
The present research thus addresses the following research questions: (RQ1)
How do teacher students’ beliefs about the nature of mathematics, about
learning of mathematics, and about mathematics achievement relate to their
proof construction skills and their higher education entry qualification? (RQ2)
How are teacher students’ beliefs related to their selection of different types of
proof for classroom instruction, especially when controlling for their
mathematical proof skills?
METHOD
Data to answer the research questions was gathered at a large German
university. A total of 183 students (78 m, 104 f, 1 NA) from a teacher training
program for secondary school participated in the research. Each participant had
attended lectures in mathematics, mathematics education, education, and
psychology. Participants received a questionnaire with six sections. The first
section contained two claims from elementary number theory suitable for 8 th
grade teaching. Participants were asked to prove both claims. Each of their
proofs was scored on a scale from 0 to 4. Results were aggregated to a proof
construction score (scale 0-1). In Section 2 and Section 3, students received
multiple didactical proofs for these claims based on different types of proof
(Healy & Hoyles, 2000; Wittmann & Müller, 1988), systematically varying
factor i) proof characteristics that may influence the selection probability of a
proof for class. Students were then asked to select one or multiple proofs for
their teaching in an 8th grade classroom. For this, participants were given a
detailed description of the class and classroom setting, thus setting, and
controlling factors ii) characteristics of class and iv) characteristics of teaching
and learning situation. Section 4 then assessed students’ appraisals for the
presented proofs (Sommerhoff, Brunner, & Ufer, 2019), followed by Section 5,
which assessed students’ mathematics-related beliefs (Likert-type items; scale
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1-6) about the nature of mathematics (12 items; subscales: rules and procedures,
process of inquiry), about learning of mathematics (14 items; subscales: teacher
direction, active learning) as well as about mathematics achievement as a fixed
ability in general (8 items) and in the context in proof (2 items). All belief scales
were taken from TEDS-M (Tatto et al., 2013), only the scale for beliefs about
mathematics achievement in the context of mathematical proof was selfconstructed (“Students are not able to construct proofs themselves.”, “Students
are not able to understand and validate proofs themselves”). Reliabilities were
acceptable (Mean = .63). Finally, Section 6 gathered demographic data,
including students’ higher education entry qualification.
Before addressing the research questions, descriptive statistics for students’
beliefs and their proof construction skills and higher education entry
qualification were calculated. To answer RQ1, correlations between
participants’ endorsement of the six mathematics-related beliefs, their proof
construction skills, and their higher education entry qualification were
calculated to estimate their relationship. To address RQ2, generalized linear
mixed models with a logit link function were calculated using the selection of a
proof as dichotomous dependent variable and participants’ endorsement of the
belief scales and the type of proof as independent variables (direct and
interaction effects). Moreover, participants’ proof construction skills were
introduced as an additional independent variable. Finally, dependencies between
answers of the same person were considered by including a random intercept.
To analyze interaction effects, that is to evaluate i) if students’ selection of a
specific type of proof was influenced by their endorsement of the beliefs and ii)
if the magnitude of this influence significantly varied between the types of
proof, we calculated planned contrasts for each belief.
RESULTS
University Students’ Beliefs
Descriptive results for students’ beliefs underline that participants endorsed the
nature of mathematics as a process of inquiry (MNoM_pi = 4.63, SDNoM_pi = 0.62),
whereas they agreed less to mathematics as rules and procedures
(MNoM_rp = 3.76, SDNoM_rp = 0.59). Still, they appeared to rather accept both
aspects of the nature of mathematics. Further, participants strongly endorsed
learning of mathematics as active learning (MLoM_al = 5.10, SDLoM_al = 0.46),
whereas they clearly did not see learning of mathematics as teacher directed
(MLoM_td = 2.48, SDLoM_td = 0.48). Moreover, participants did neither endorse
mathematics achievement as fixed ability in general (MMA_fa = 2.63,
SDMA_fa = 0.67) nor in the context of proof (MMA_fap = 2.61, SDMA_fap = 0.94).
Finally, differences between both scales for mathematics achievement as a fixed
ability were non-significant (t(164) = 0.08, p = 0.935), suggesting that beliefs
about achievement in the context of proof do not differ from beliefs about
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achievement in mathematics in general. Overall, descriptive results are in line
with those from TEDS-M.
Finally, descriptive analyses of students’ proof construction revealed average
values M = 0.53 (SD = 0.37; scale 0-1) and their average higher education entry
qualification was M = 2.08 (SD = 0.54; scale 1-6, 1 = best).
Relation to Proof Construction and Higher Education Entry Qualification
Correlational analysis (Table 1) showed weak but significant negative
correlations between students’ proof construction skills and their endorsement
of mathematics as rules and procedures, learning of mathematics as teacher
direction, and mathematics achievement as a fixed ability in the context of
proof.

Proof construction

r
p

HE entry
qualification

r
p

Nature of
Mathematics
NoM_rp
NoM_pi
-0.16*
0.08*
.039*
.289*
0.04*
.628*

0.04*
.622*

Learning of
Mathematics
LoM_td
LoM_al
-0.19*
0.16*
.014*
.035*
0.03*
.682*

-0.14*
.062*

Mathematics
Achievement
MA_fa
MA_fap
-0.02*
-0.20*
.842*
.015*
0.01*
.930*

0.05*
.534*

Table 1: Correlations between participants’ beliefs and their proof construction
skills and higher education entry qualification (significant results highlighted)
In contrast, beliefs about learning of mathematics as active learning correlated
weak and significantly, but positively with students’ proof construction skills,
whereas the correlation with mathematics as a process of inquiry and
mathematics as a fixed ability in general did not reach significance. None of the
belief scales correlated significantly with students’ higher education entry
qualification.
Influence of Beliefs on the Selection of Different Types of Proof
The generalized linear mixed models, calculated to evaluate if students’
endorsement of the beliefs influenced their selection of proofs, showed a
significant direct effect only for learning of mathematics as active learning
(B = 0.38, p = .033). That is, a higher endorsement of this belief led to the
selection of more proofs for class. Including interaction effects for different
types of proof and evaluating them using planned contrasts revealed that this
direct effect was mainly based on a significant impact of students’ endorsement
of learning of mathematics as active learning on the selection of experimental
proofs (Bexp = 0.38, p = .033), whereas the effects on both other types of proof
were positive, but insignificant (Bfd = 0.29, p = .099; Bop = 0.01, p = .970).
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Further, detailed analysis of the interactions between type of proof and beliefs
revealed a significant impact of the endorsement of the nature of mathematics as
a process of inquiry on the selection of formal-deductive proofs (Bfd = 0.28,
p = .033), whereas the effects on both other types of proof were insignificant
(Bexp = 0.11, p = .388; Bop = -0.16, p = .220). Furthermore, comparing the
influences of the beliefs for each type of proof showed that selecting a formaldeductive proof (Bfd_op = .44, p = .042) was related to the nature of
mathematics as a process of inquiry in a significantly stronger way than for
operative proofs.
Finally, including proof construction skills in the models weakened the effects
observed for learning of mathematics as active learning (B = 0.33, p = .069;
Bexp = 0.33, p = .069), however the observed indirect effects of the nature of
mathematics as a process of inquiry remained significant (Bfd = 0.29, p = .034;
Bfd_op = .44, p = .045). Across the various models, participants’ proof
construction skills generally showed higher effects on the selection of different
types of proof than the various beliefs.
DISCUSSION
Parallel to prior qualitative research (e.g., Furinghetti & Morselli, 2011) our
data mirror the importance of mathematical beliefs, as the selection of different
types of proof appears to depend on the degree of students’ endorsement of the
beliefs analyzed in this research. In particular, data supports a significant
influence of mathematics as active learning (direct & interaction effects, before
controlling for proof construction skills) and for the nature of mathematics as a
process of inquiry (interaction effects, even when controlling for proof
construction skills) on teacher students’ selection of proofs for classroom
instruction. However, the according effects do not appear as pronounced as
expected by qualitative research and only isolated effects reach significance.
As these results appear to question prior research regarding the magnitude of the
impact of beliefs, their interpretation must be done carefully. A key difference
between prior research and this research is the sample. Whereas prior research
on the impact of beliefs on teaching proof in classroom has mostly focused on
in-service teachers with multiple years of experience, this research focused on
mathematics teacher students. Given, that the beliefs of pre-service teachers and
teacher educators in TEDS-M did not differ greatly (Tatto et al., 2012, p.160)
and our descriptive results are generally in line with those of TEDS-M, it
appears at least surprising that the impact of beliefs should change so
profoundly between university and school. Moreover, a systematic review of
empirical research on teachers’ decision making by Stahnke, Schueler, and
Roesken-Winter (2016) mirrors our data, reporting weak correlations between
beliefs and decision making as well as regression coefficients for beliefs of
r = .3. Moreover, the minor influence of beliefs in our data and in the review by
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Stahnke et al. (2016) is also consistent with weak to insignificant correlations
between beliefs and participants’ content and pedagogical content knowledge in
TEDS-M (Tatto et al., 2012, chapter 5) as well as to their proof construction
skills in our research. It thus appears feasible that there is an influence of beliefs
on the selection of proofs, but that the influence is rather weak and likely falls
behind the influence of other, cognitive variables. This also fits to conceptions
by Blömeke et al. (2015) or Weinert (2001), which see affective-motivational
aspects and beliefs as one variable among many others that drive (teachers’)
behavior.
Overall, the BABS I project aimed at examining the impact of multiple factors
on the selection of proofs for secondary school classrooms. The analysis above
suggest that beliefs do play a role in this process, but that the impact of the
considered beliefs is rather small. Thus, to better understand the selection of
proofs for class, other aspects such as cognitive characteristics of the teacher or
characteristics of the class should be examined more closely. Moreover, to get
even more conclusive data, future studies should evaluate the impact of beliefs
on teachers’ behavior while systematically controlling for as many variables
suggested by Blömeke et al. (2015) or Weinert (2001) as possible, in order to
determine the impact of beliefs even more accurately.
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AESTHETICS IN EARLY GEOMETRY
Hadar Spiegel & David Ginat
Tel-Aviv University
Aesthetic mathematical solutions involve clarity, simplicity, conciseness, an
element of surprise, and more. Although the elaboration of aesthetics may
develop mathematical thinking, the amount of studies of aesthetics in ordinary
teaching is limited. Perhaps this is due to a conception that aesthetics is only
for experts and the gifted. This paper presents a different view. The paper
displays 7th graders’ solutions of geometrical area calculations and students’
comments on their solutions. The solutions involve auxiliary constructions and
structure decompositions. Both cumbersome and aesthetic solutions are
displayed. Some of the cumbersome solutions were erroneous. Aesthetic
solutions were simple, very concise, and somewhat surprising. Students who
offered different solutions expressed appreciation of the appealing
characteristics of aesthetics.
INTRODUCTION
Mathematics is a science of patterns (Schoenfeld, 1992). The discovery of
illuminating patterns yields an emotional excitement of the beauty of
mathematics. Poincaré said: “The mathematician does not study pure
mathematics because it is useful; he studies it because he delights in it, and he
delights in it because it is beautiful” (in Huntley, 1970, p. I). Beauty is
correlated with aesthetics, which according to Webster (1973) is “a branch of
philosophy dealing with the nature of the beautiful”. What is mathematical
aesthetics? Can non-mathematicians be delighted as well? Can it be advocated?
Before addressing these questions, we begin with a short illustration.
Given the following parallelogram and the values of the areas a, b, c, and d, can
you tell the area of e? (There are no special assumptions on angles or lines.)

The problem involves basic geometry. We posed it to mathematics teachers,
who found it challenging and engaging. (The reader is welcome to try it before
turning the page.) Some teachers noticed that the area of half of the
parallelogram may be specified in two ‘vertical’ ways (each with two triangles)
and in two ‘horizontal’ ways. They named the unnamed areas and developed
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two equations – one with equality between the two ‘vertical halves’ and one
with equality between the two ‘horizontal halves’. At this point, some felt at
loss, but a few reached an illuminating pattern.
If you equate the two ‘vertical’ triangles that include the areas c and d and the
two ‘horizontal’ triangles that include a, b, and e, the two sides of the equation
‘intersect’ at the grey areas below, which may therefore be discarded. You get:
c+d = a+b+e.

The key is the recognition of the illuminating intersection. Some may argue that
this is straightforward. In our experience, this recognition is not immediate, and
sometimes not reached. Many of the teachers expressed surprise from the
illuminating observation. Its clarity and brevity were appealing.
Clarity, brevity and surprise are regarded as (some) aesthetic values. Poincaré
(1956) indicated that a sudden illumination may surface during problem
solving, from the unconscious to the conscious, and underlie the aesthetics of a
solution process. Such a phenomenon may profoundly affect one’s emotional
sensibility.
Hofstadter (1979) believed that as engaging as it is, aesthetics of a mathematical
argument cannot be defined in an inclusive or exclusive way. Papert (1980)
argues that aesthetics plays the most central role in mathematical thinking; yet
he did not offer a clear definition of aesthetics and did not draw a clear line
between aesthetic and logical. Birkhoff (1956), on the other hand, offered to
measure aesthetics with a formula, which relates order and complexity (in
opposite ratios).
Halmos (1981) recognized clarity and structural brevity as primary values of the
elegance of thought. Dienes (1964) underlined the power of a single,
illuminating argument, or step; and Hardy (1940, in Johnson & Steinberger,
2019) offered the aesthetic values of: seriousness, generality, depth,
unexpectedness, inevitability, and economy (related to brevity).
Dreyfus and Eisenberg (1986) related to these values, and added a few more.
They suggested the chain of: clarity → simplicity → brevity → conciseness →
structure → power → cleverness → surprise. They underlined the relevance of
as little prerequisite knowledge as possible, a notion that is tied to clarity and
simplicity.

567

Poincaré and Hardy discussed aesthetics for mathematicians, who are
acquainted with mathematical beauty and its elicited emotional sensibilities.
Polya, Gardner and others exemplified to laymen mathematical beauty and its
appealing solutions.
Should aesthetics be shown and advocated to mathematics novices? Papert
argued four decades ago that this should indeed be the case. He expressed his
frustration from its absence. Dreyfus and Eisenberg strongly argued for its
relevance, and indicated that its appreciation is “… yet to be achieved in the
mathematics classroom”. They offered several suggestions for its embedment,
including comparisons between cumbersome and elegant solutions, which they
demonstrated in their work.
Bishop (1991) claimed that mathematics education should include the teaching
of values of the discipline, including aesthetics. Sinclair (2009) underlined
mathematical enculturation, and argued that “… aesthetic values should be
explained and shared in the classroom level”. She added that although aesthetics
is most commonly viewed while applied to finished products, it can also arise
during exploration and inquiry. This approach was also advocated by Dreyfus
and Eisenberg.
Sinclair (2001) conducted some initial work in this direction, with middle
school students, who used a colour calculator in exploring patterns of fractions
and decimals. She observed that students turned to aesthetic values in activities
of choosing problems, generating conjectures, and evaluating their solutions.
The students related to values such as fruitfulness, visual appeal, and surprise
(Sinclair, 2009). De Freitas and Sinclair (2014) indicated in a later work that
aesthetics is often associated with mathematicians and gifted students, despite
efforts to ‘democratize’ its access and experience.
Johnson and Steinberger (2019) examined laypeople’s ratings of landscape
paintings, music pieces, and mathematical arguments. They observed that “even
laypeople share an intuitive sense of mathematical aesthetics” and that “this
sense sharpens with mathematics training”. The rating tasks they posed
involved impressions and judgements, but not problem solving.
In this paper we examine students’ aesthetics illuminations in common middle
school problem solving. We relate to accepted aesthetic values offered by
earlier studies. In the next two sections we display our study’s methodology and
findings. We then discuss the findings and advocate the relevant role of
aesthetics teaching in an ordinary mathematics class.
Our objective is two-fold: 1. to show that students may reach aesthetic solutions
even at the very basic level of geometry; and 2. to show that students may
appreciate aesthetic solutions and become aware of their appealing
characteristics. Such appreciation may encourage teachers to underline aesthetic
values in their teaching.
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METHODOLOGY
The study presented here involves an examination of students’ area calculations
of elementary geometrical structures. Our primary intention was to examine
facets of utilization of the heuristic of decomposition. The problems posed to
the students were very basic, and we did not originally expect unique,
stimulating solutions. However, in an earlier pilot study we were surprised to
see some stimulating, unanticipated solutions. Following this phenomenon, we
decided to widen the perspective of our examination of decompositions
solutions, and add a component that focuses on aesthetics. The results presented
below reveal findings of this component.
Sample
The study’s sample included 68 7th grade students, from four junior-high
schools. The 7th graders were all acquainted with the fundamental geometrical
structures of triangle, rectangle and square, and the terms circumference, area,
diagonal, and angle. During their studies they have seen diverse structure
decompositions and auxiliary constructions.
Tools
The study's questionnaire included 11 problems of geometrical area calculation.
The problems involved geometrical structures constructed from compositions of
the generic structures of triangle, rectangle and square. The table below displays
three of the 11 questionnaire tasks, for which we display aesthetic solutions.

The compositions in the questionnaire problems involved: concatenation of
generic structures (i.e., ‘glued’ structures), inclusion (such as the trapezoid
inside a triangle in Figure 2), and interleaving (such as the intersected squares in
Figure 3).
Process
The students were given 90 minutes to solve the whole questionnaire. Following
their written answers, about 20% of the students were interviewed about their
solutions. We focus here on solutions to the three problems above, for which we
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received aesthetic solutions. We examined solutions using aesthetic values
offered in previous studies, particularly those indicated by Dreyfus and
Eisenberg (1986). This includes: clarity, simplicity, conciseness, brevity, and
surprise. In addition, Dreyfus and Eisenberg indicated the relevance of
observing differences between less (or non-) aesthetic solutions and aesthetic
ones. We relate to this as well.
FINDINGS
The different solutions to the three problems are displayed with short statistics
and student sayings. We begin with the problem in Figure 2 above.
The students were not acquainted with the trapezoid area formula. About half of
them (52%) calculated the difference between the two triangles in the given
figure displayed on the left below. A fifth of them erred in their calculations,
mostly with subtraction operations. Interviewed students indicated that this
solution was immediate for them. About a quarter (26%) of the students
decomposed the trapezoid into a rectangle and a triangle. Other students offered
direct trapezoid area calculations. More than half of them were erroneous. One
student was very creative and offered the solution on the right below. Notice
that this very simple and elegant solution does not use all the given data. It
involves no triangle calculations and no subtractions; only a single rectangle
calculation.

We regard this solution as aesthetic. It adheres to aesthetic values described
earlier. It is clear, simple, concise, and somewhat surprising. Its auxiliary
‘doubling’ construction is powerful, and encapsulates a glimpse of brevity. It
involves symmetry, a notion tied to aesthetics (Sinclair, 2004). And it is less
error-prone.
This solution was shown to several students who offered the common solution.
They found it appealing. One said: “This is beautiful … nicer than mine … it
involves a kind of complete structure”. Another indicated: “This is surprising. I
have not seen such a solution before … we did not learn in this way; we learned
to decompose into parts”. A third noted: “This is interesting. I thought there is
only one solution. I see that there are other ways … next time I will also seek
ways to which I am not used …”.
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The solutions of the problem in Figure 1 were similar in nature to those of
Figure 2. This time the common solution involved an implicit inner construction
and decomposition into a rectangle and a triangle. The given structure is on the
left below, the common solution is in the middle, and the aesthetic solution is on
the right.

The problem in Figure 3 involved several aesthetic solutions. It was challenging
to the students. About one third (30%) of the students did not solve the problem.
About a sixth (15%) attempted inclusion and exclusion calculations. Only two
of them provided the correct answer. One third (34%) of the students turned to
cumbersome decompositions into many sub-structures. Below is the original
structure of the posed problem (on the left), and two (out of several)
decompositions into many fragments.

Only one quarter of the students who offered these decompositions provided
correct calculations, as careful subtractions/additions are needed. Students said
that the problem was difficult. In follow-up interviews they said: "... it seemed
hard by looking at the figure ..."; "... the fact that the total area is divided into
many parts is confusing ... "; "... too many parts and calculations; I calculated
twice, to be sure ...".
It seemed that a primary reason for these feeling was the difficulty to identify
suitable ‘non-atomic’ sub-structures, which include inner lines that should be
ignored.
About one fifth (18%) of the students capitalized on ‘non-atomic’ sub-structures
and offered the two solutions on the left below, which decompose the original
structure into only 3 concatenated parts. Their calculations were correct.
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These solutions express clarity, simplicity, conciseness and brevity. They
involve an element of abstraction, as ‘noisy’, unnecessary lines are ‘masked’.
We regard these solutions aesthetic. The middle one involves only lines of the
original structure, and requires only two subtractions. The left one involves an
additional inner construction.
Interviewed students, who offered other solutions and saw these, expressed
surprise. One said: “Wow, I do not believe that I made it so complicated … I
did not see that”. Another indicated: “I realize that I could decompose the area
into much fewer parts”.
A student who offered one of these aesthetic solutions mentioned a sudden
change of point of view (as subconsciously occurs with aesthetics (Poincaré
(1956)): "... at first I was focusing on subtracting intersected areas … suddenly I
saw this solution …”. Another followed a different course: “I tried to separate
parts with my eyes … and gradually got there”. It seems that he was aware of
his problem solving process, and sought a simple and elegant solution.
Three students (5%) provided the creative, outer auxiliary construction on the
right above. This solution embeds a clever, elegant utilization of the notion of
complement. Complement encapsulates an element of surprise. One student
who offered it indicated that she was seeking a simple, illuminating solution.
Her awareness of simplicity and illumination express a tendency to aesthetics.
DISCUSSION
We believe that mathematical aesthetics should be a relevant notion for
students. Aesthetics does not require extra knowledge and resources. Its beauty
may stem from its simplicity. It may be embedded in school learning materials;
and when it comes to geometry, it is relevant with calculations (in addition to
proofs).
Our findings reveal three observations: 1. aesthetics is relevant in problem
solving of common middle school problems; 2. young students are capable of
reaching aesthetic solutions; and 3. both students who reach, and students who
do not reach elegant solutions appreciate aesthetic values and can become aware
of them.
One theme of aesthetic solutions indicated by Dreyfus and Eisenberg (1986) is
that of little (or no) pre-requisite knowledge. This was apparent in our initial
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illustration, as well as in the aesthetic solutions in the finding. Such a theme
facilitates the exposure of aesthetics to everyone. Clarity, simplicity,
conciseness and brevity are compelling when comparing aesthetic solutions to
cumbersome ones, as was apparent here.
Many of the cumbersome solutions evolved from the first ideas that came to
mind. Those who went for the first idea indicated in interviews that they could
have done better had they been more aware, explored alternatives, and
progressed more carefully.
The students who offered aesthetic solutions demonstrated three essential
geometry problem solving elements – competence in turning to concise and
relevant ‘non-atomic’ sub-structures; outer auxiliary constructions; and
capitalization on the notions of complement and symmetry.
Students who offered cumbersome solutions often overlooked relevant ‘nonatomic’ sub-structures, and mentioned “too many lines”, that led to a “blurred”
picture. Many turned to inner constructions, and did not attempt outer ones. Yet
upon seeing the aesthetic solutions, they appreciated their appealing
characteristics. They indicated that in the future they will seek an additional,
illuminating perspective. Awareness of alternative solutions is advocated in
problem solving, and elaborates creativity (e.g., Levav-Waynberg & Leikin,
2012). The findings here show that awareness and competence may not be
expected only from gifted students, but also from students of ordinary classes.
The findings correlate with finding of Johnson and Steinberger (2019) of
recognition of aesthetic values by non-experts. Johnson and Steinberger
suggested to elaborate aesthetic awareness with geometry proofs. We displayed
it here with geometry calculations. Teachers should be encouraged to underline
aesthetic values through appealing, and possibly surprising solutions such as
those presented here.
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WORKING ON GRAPHS IN ELEMENTARY SCHOOL –
A PATHWAY TO THE GENERALIZATION OF PATTERNS
Helén Sterner
Linnaeus University, Sweden and Dalarna University, Sweden, Faculty of
Mathematics Education
Pattern generalization is a key element of early algebra. However, it is also an
area that causes significant problems for students as well as teachers, as it has
proved challenging for elementary school students to understand the meaning of
generalization. To address these problems, an intervention was done to
introduce the graph and functions in relation to pattern generalizations in
Grades 1 and 6. Working on graphs was new for these teachers because, in
Sweden, graphs are normally not introduced in school until Grade 7. The
results show that the introduction of graphs became a tool to understand and
talking about a pattern generalization. As a result, their teaching on linear
functions and patterns changed, and the implications of the results on
mathematics education in elementary school are discussed in this paper.
INTRODUCTION
Algebra learning includes the ability to express and generalize relationships
among quantitates. One way of introducing young students to generalizing and
functional relationships is through pattern generalizations (e.g., Blanton et al.,
2019; Radford, 2010; Wilkie, 2019). The main problem with generalizing in
early grades is that the meaning and activity of generalizing in mathematics has
proved challenging to understand (Stylianides & Silver 2009). Therefore,
generalizing in early grades warrants further investigation. This paper presents
results from a Swedish educational design research study on linear functions
and the generalization of patterns in elementary school. The intervention was
conducted in close collaboration between three teachers and one researcher (the
author). This paper focuses on the three teachers’ learning during the nine
months of the intervention. More explicitly, the focus is on how these teachers
come to implement graphs in their teaching of generalization of patterns and
how they reflected upon their changed teaching when using graphs. In the
intervention, the teachers initially expressed that they lacked the words to
describe and teach the generalization of patterns, and they found it hard to
discern when the generalization had been realized (Sterner 2019). This is in line
with Blanton’s et al. (2019) and Wilkie’s (2019) statement that teachers lack
awareness about functional thinking, and the authors point to the graph’s
contributing to functional thinking and pattern generalization.
In this paper, I will present how the introduction of graphs made the teachers
aware of the generalization of patterns, and how, as a result of this awareness,
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their teaching of functions and patterns changed. More explicitly, the following
research question will be in focus: How does the introduction of the graph
representation make it possible for elementary teachers to discern and teach the
generalization of patterns?
LITERATURE REVIEW AND CONCEPTUAL FRAMEWORK
One main concept of algebra involves generalization. Early algebra can be seen
as a way to address traditional transition problems from elementary to
secondary school. One key aspect of this is working with functions rather than
equations, which means addressing the relationship between quantitates and
letters as variables rather than unknowns. This invites the possibilities to work
with patterns of various sorts, including figural patterns and pattern
generalizations.
Dörfler (1991) makes a distinction between theoretical and empirical
generalization, where the empirical generalization can be seen as a
generalization from one situation to another, while theoretical generalization is
including some form of abstraction. Elements from Dörfler’s interpretation of
generalization can be found in Radford’s concept algebraic generality, which is
the main theoretical perspective in this paper. Radford (2010) explains algebraic
generality in different layers: factual-, contextual-, and symbolic generality.
Factual generality could be described as generality articulated on, for example,
numbers, words, and gestures related to the task, for example, when a student
talks about a pattern and says, “increases by 3”. The layers of contextual and
symbolic generality are interpreted as; generality expressed in some
linguistically way, for example, through symbols or language. In this study, the
difference between the layers of contextual and symbolic generality is
interpreted in the following way. In the symbolic generality, the generalization
is expressed in variable notation. In contrast, the contextual generality creates
opportunities to use language and actions to create meaning of the variable
notations, to create what Radford calls knowledge objectification (Radford,
2003; 2010). Working with the algebraic generality in different layers, Radford
(2010) points to the process of noticing something general and making sense of
the general. Radford calls this process of sense-making ‘knowledge
objectification’. However, from a teacher’s perspective, questions arise about
how generalization can benefit students’ learning in early grades and what
generalization is in elementary school. Carraher, Martinez, and Schliemann
(2008) and Wilkie (2019) emphasize the importance of both the representation
and the reasoning behind the conventional notation when teaching
generalization in early grades.
Research, as well as the summary of PME contributions of topics of functions
and calculus, indicate the importance of algebraic thinking and using a
functional approach in early grades (e.g., Blanton et al., 2015; Hitt & González-
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Martín, 2016). Working with pattern generalizations is one tool to stimulate
algebraic thinking and the idea of generalizations in early grades (Blanton et al.,
2015; Wilkie, 2019). The graph representation, along with figural pattern
generalizations, could be a pathway to functional thinking and algebraic
generalization. Researchers point to the importance of reasoning about the
relationship between two (or more) varying quantities when teaching functional
thinking (e.g., Radford, 2010; Wilkie, 2019). However, research indicates that
students have difficulties identifying covariational relationships, which involves
describing how two quantities vary in relation to each other (Wilkie 2019).
Similar ideas emerge in (Blanton et al., 2019), where the authors point out
teachers’ lack of awareness about the functional thinking and how to use the
graph representation to visualize covariational relationship and proportionality.
Blanton et al. (2019) and Wilkie (2019) stress the importance of further research
on how to support elementary teachers in functional thinking in early algebra.
Research shows how difficulties in proportional reasoning emerge in the early
grades, indicating that students do not use the zero point on the x-axis when
working with graph representations (Wilkie, 2019). With the above literature
review as background, two general goals for teaching were formulated for a
long-term intervention study (see Sterner 2019). In this paper, there is a
particular focus on the second theme:
1:

The students should be given opportunities to identify a pattern, structure
the pattern, and generalize the pattern.

2:

The students should be given opportunities to work with algebraic
reasoning, including functional thinking and proportional relationship,
and determining relations between two or more varying quantities.

METHOD
The intervention in this study is designed as an educational design research, and
a continuation of a project, including mathematics teachers from grades 1-6
(Sterner 2015). The author and three mathematics teachers collaborated (one
from Grade 1 and two from Grade 6) in three recurring design cycles. The
selection of the teachers’ teaching groups was done naturally since it was in
grades 1 and 6 the teachers’ work when the intervention took place. The two
goals for teaching, the themes, are seen as Design Principles (DPs) (McKenney
& Reeves, 2012) and are used as a theoretical guide for the intervention.
Hereafter, these themes are referred to as DP1 and DP2. The background and
the content of the DPs are described in more detail in Sterner (2019).
The Swedish Context
There are goals for algebra in the Swedish curriculum materials (National
Agency of Education, 2017) for Grades 3–6, but functions and functional
thinking are not introduced until Grade 7. However, most teachers, including
the participants in the current project, have little experience with functional
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thinking because of the lack of emphasis on functions in the elementary school.
Three mathematics teachers (Clara, Irma, and Jonna) from different schools in
Sweden have all of them more than twenty years of experience from teaching in
Grades 1–6. Two of the teachers are semi-specialized mathematics teachers and
teach in three subjects, mathematics, science, art, or music in Grades 1–6. The
third teacher is a general subjects teacher in Grades 1–3.
Empirical Materials in This Paper
The intervention took place over a period of nine months, in the meetings, the
teachers and the researcher planned and evaluated the teaching. Excerpts from
lessons in Grade 6 are also used to illustrate the challenges that occurred in the
teachers’ discussions. The teachers’ individual reflections about these lessons
are also included in the analysis. The empirical data analyzed in this paper
included 15 hours of video recordings from the meetings mentioned above
where the teachers and the researcher planned and evaluated the teaching, 21
hours of lessons, and 5.5 hours of teachers’ individual reflections with the
researcher directly after teaching.
Knowledge Objectification and Algebraic Generality as an Analytical
Frame
In this study, Radford’s knowledge objectification with focus on algebra
generality (2003; 2010) is used as a conceptual frame in relation to the
empirical data. The algebraic generality (factual-, contextual-, and symbolic
generality) is used to explore and exemplify how the graph representation
makes it possible for elementary teachers to discern and teach the generalization
of patterns. The frame is also used to exemplify how the teachers move within
and between the different layers of algebraic generality when using the graph in
pattern generalizations. The algebra generality is used as a theoretical frame for
the analyses, while the DPs, are seen as a theoretical frame for the intervention
and goals for teaching. Through the analysis, the teachers’ reflections upon their
changed teaching when using graphs were analyzed, i.e., their knowledge
objectification.
RESULTS
In the results, transcripts and figures are used to visualize the teachers’ process
of knowledge objectification of pattern generalizations, and the selection of
transcripts will show crucial moments in this process.
The Graph Opened Up for Different Representations
The introduction of the graph revealed that the general formula needs to be
visualized in different representations. In the initial process of the intervention,
the teachers strongly opposed using the graph as a representation for pattern
generalizations. As mentioned, working with graphs as a representation of
pattern generalizations was a new challenge for these teachers (Sterner 2019).
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However, the complexity of understanding, expressing, and making
justifications of a general formula becomes visible in the teaching when the
teachers challenge their students to explain what the variable notation
symbolizes in an equation for example 𝑦 = 3𝑥 + 5. This equation represents a
pattern generalization that the teachers called the canoes (see Fig. 1).
c. 1
c. 2
c. 3

Figure 1: Image of a pattern called ‘the canoes.’
This task was a crucial task in the intervention to explore the slope – the change
in input and the corresponding change in output. In discussions with each other,
the teachers became aware that the general formula itself, do not explains
neither the teachers’ nor the students’ understanding of generalizations. The
teachers realized that they had neither the language nor tools to talk about the
structure of a general formula. Therefore, I introduced the graph representation
as a tool to make a justification for pattern generalizations, in line with Wilkie
(2019).
The Graph Visualized the Structure in the General Formula
By introducing the graph, the importance of visualizing the structure in a
general formula emerge. The teachers used various examples in their teaching,
illustrating linear functions and pattern generalizations. One task exemplifying
pattern generalization was ‘the canoes’ (Fig. 1). Another task illustrating direct
proportionality was a pattern concerning a number of dogs and their
corresponding number of tails, ears, and legs. The graph made it possible to
visualize the slope (m), and the y-intercept (c), ( 𝑦 = 𝑚𝑥 + 𝑐). The teachers talk
about the ‘start-value’ when c has the value of zero. The teacher asked the
students to work with the figural patterns in various representations, for
example, using matches and tables, using the coordinates from the table to make
a graph representation, and finding a general formula (see Fig. 2).
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Figure 2: A student’s solution of the pattern of ‘the canoes.’
The following transcript illustrates a conversation in the whole class discussion
when the teacher (Irma) asked two of the students to describe what they had
realized when using the graph and the equation to represent the pattern
generalization. This conversation illustrates how Irma, in the meeting with her
students, comes to realize the potential of using the graph. The transcript
indicates that the students (Anna and Kim) used the graph to understand the rate
of change and used the graph to understand what happens when the independent
value is 0.
Irma:

Kim and Anna, can you tell us what you found when you compared
the pattern of matches with the table, the graph, and the general
formula?

Kim

Yes…we tried to draw a straight line through the origin, but it didn’t
work…It didn’t end up as a straight line…That made us understand
the meaning of the number of 5 in the general formula (𝑦 = 3𝑥 +
5).

Irma:

Alright, go on.

Anna:

We just realized the meaning of figure 0 in the table. We hadn’t
thought about it earlier, but now, when we look at the graph, and we
didn’t manage to get a straight line through the origin…we
realized…and saw the 1 step in the right (x-axis) and 3 steps up (yaxis).

Irma:

Yes, the graph visualized the start-value in the coordinates (0,5)
(Fig. 2) and indicates how we can explain the general formula using
the values in the table and the graph for the pattern generalization.
[When Irma speaks, she makes it as clear as possible by using
various representations]. We have the start-value (0,5) by
subtracting the rate of change, 3, from the first entry, 8, in the
coordinate (1, 8).

In the whole-class discussion, they talked about what several students have
comprehended during the lesson. The teacher then returned to the discussions
from the previous day, which is about linear functions and direct proportionality
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representing dogs and their corresponding tails, ears, and legs. The conversation
goes on in the whole-class discussion, and they talk about the relationship
between quantitates (x and y). The students talk about what happened when
they have “one more seat” in the canoes, and other students talk about what
happened when they increase one figure, and a third student looked at the graph
and said: “every time we go 1 step on the x-axis, we go 3 steps on the y-axis.”
The graph helped the teachers to talk about the independent and the dependent
value. The graph becomes a representation to go from a specific situation to the
general. In the reflection after teaching and in the refining phase, the teachers
talked about how they now have realized the importance of understanding the
relationship between quantities. The graph was an excellent way to visualize
this relation.
Jonna:

I’ve always had difficulties explaining the relationship between x
and y, and I didn’t know what words I could use to explaining the
relationship correctly and simply for the students.

Clara:

The graph became a tool that I often came back to, making it
possible to visualize the values in the table and visualize and talk
about the general formula’s content…The graph helped me to talk
about what I did not have words for – the relationship between x and
y.

The quotation below shows how the teachers use the graph representation as an
input to talk about a generalization, through other already known
representations.
Clara:

Can you believe, I’ve never connected the graph with the table or
the pattern of matches before…I never realized the importance of
the relationship between x and y. I don’t think I’ve fully understood
what proportional relationship is – sometimes, I feel like the text of
the (Swedish) curriculum materials is a bit abstract. I would love for
all teachers to be part of something like this.

The teachers described how the graph had been an asset for both their own and
the students’ understanding of pattern generalization. In the discussion, the
teachers stated that they had not previously understood the value of paying
attention to what they called ‘new small details’, for example, what they called
the starting-value or the relationship between quantitates in a generalized
formula or a pattern generalization. The results indicate that the graph
representation helped the teacher to talk about the functional relationship as
well as the proportional relationship of pattern generalizations.
CONCLUSION AND IMPLICATIONS
The results show that the graph representation became a way of understanding
and talking about the structure of a general formula in a pattern generalization.
However, the graph representation is not enough. The teachers’ discussions
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show that they had to elaborate at multiple representations, to justify and
understand what the teachers called ‘new small details’. The small details
include, for example, the relationship between quantitates and the slope.
The teachers’ discussions changed from interpreting a pattern generalization
equal with a general formula – that, and nothing else. The teachers’ initial
interpreting of generalization would be described by Radford (2010) as
symbolic generalization. At the end of the intervention process, the teachers
interpret and justify the pattern generalization in multiple representations. The
graph provided an entrance to justify the pattern generalization. The graph was
also used as a tool to understand the structure of a generalization. This is what
Radford (2003; 2010) called using different layers of generality to understand
the algebraic generality. The contextual generalization (Radford, 2010) became
visible when the teachers used the graph with already known representations to
find the words and the language to talk about the relationships between
variables and the slope. That falls in line with what Blanton et al. (2019) and
Carraher et al. (2008) indicate from their study, including students and their use
of different representations to support the understanding of variable notations.
The graph thus becomes a tool to express the symbolic generality in natural
language and creates opportunities to make knowledge objectification for
pattern generalization. Working with the graph helped the teachers to
understand and talk about proportional relationships and functional thinking,
which in line with (Blanton et al., 2015; Blanton et al., 2019; Wilkie, 2019). The
graph made it possible to visualize how the generalizations apply not only to a
specific situation but also to all cases. This demonstrates to the teachers the
importance of both empirical and theoretical generalization, which Dörfler
(1990) addresses.
In addition to the results answering the research questions of this study, it is
worth considering the methodology used. DPs are used as a theoretical frame
for the interventions’ content and as goals for the teaching. In design research,
the DPs are normally changed, and new conceptual ideas are developed during
the process (McKenny & Reeves, 2012). However, in this study, the content of
the DPs does not change. Instead, the teachers’ understanding of the DPs
changes, thanks to using the graphs and working with different layers of
algebraic generality.
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The study of teachers’ mathematical beliefs has received much attention in
recent years. Yet, the beliefs that teachers hold with respect to specific process
areas are limited, though these have been recognized to be central in
mathematics classrooms. In this paper, we report on a comparative study on
beliefs about teaching problem solving with inservice primary teachers from
Finland and Germany. While the results are consistent with the literature in
some respects, such as promoting reflection and using good problems
regardless of the country, limited teacher input and teaching problem-solving
strategies have been viewed differently by the teachers from both countries.
Similarities and differences between the two country teachers’ beliefs are
discussed with regard to their theoretical and practical implications.
INTRODUCTION
Teachers’ beliefs and knowledge about mathematics, learners and learning,
teaching, subjects or curriculum, interpretation of content, and about self are
considered to play a significant role in their teaching practices (e.g., Pajares,
1992). Pajares (1992) explained that “the beliefs teachers hold influence their
perceptions and judgments, which, in turn, affect their behavior in the
classroom” (p. 307). Research on teachers’ beliefs is tremendous ranging from
assessing prospective and practicing elementary and secondary teachers’ beliefs
about mathematics and teaching mathematics to changing beliefs and assessing
that change (e.g., Philipp, 2007). Nonetheless, there is little research that
focuses on teachers’ beliefs about process areas in mathematics.
During the last few decades, mathematics education researchers have called for
studies that focus on the teacher in problem-solving instruction (Donaldson,
2011). This is not surprising taken that problem solving has been recognized as
the central content in school mathematics (e.g., Reiss & Törner, 2007), and has,
therefore, been implemented in international curricula worldwide, such as
Finland and Germany. Despite this endorsement, the integration of problem
solving into mathematics classes is only present to a limited extent, if at all
(e.g., Pehkonen, 2017; Reiss & Törner, 2007). Here, both teachers’ beliefs about
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problem solving, and about teaching problem solving are central. Especially the
latter, may influence how problem solving is approached in mathematics
lessons, the mathematical opportunities teachers provide their students, and
their expectations for students’ problem-solving abilities. For instance, Cross
(2009) found that beliefs about the nature of mathematics, and beliefs about
teaching based on these beliefs are a rather reliable predictor of the instruction
in classrooms (Cross, 2009). Thus, understanding teachers’ beliefs about
teaching problem solving can shed light how the problem-solving standard is
implemented in school mathematics. With these assumptions in mind, in this
report we focus on Finnish and German elementary teachers’ beliefs about
teaching problem solving as well as on similarities and differences between the
two countries with respect to these.
THEORETICAL PERSPECTIVE
Beliefs refer to “psychologically held understandings, premises or propositions
about the world that are thought to be true (Philipp, 2007, p. 259). Unlike
knowledge, they are held with varying degrees of conviction and are not
consensual (Philipp, 2007). They can be thought of as dispositions toward an
action, such as teaching practices. For instance, Cross (2009) reported that
teachers’ beliefs affect their decisions in teaching problem-solving lessons.
Researchers (e.g., Donaldson, 2011; Heinrich, Bruder, & Bauer, 2015;
Kilpatrick, 1985) reported on different categories among the many perspectives
on how to teach problem solving, noting that teaching problem solving must
combine features of several categories. The categories include, but are not
limited to: (1) give lot of problems (i.e., initiate many problem-solving
activities), (2) give “good” problems (e.g., mathematically rich problems), (3)
teach specific or general heuristic strategies, (4) model problem solving, (5)
limit teacher input (e.g., by having students work individually or in small
groups), (6) reflection (e.g., by asking metacognitive questions), and (7) allow
and highlight multiple solutions.
Even though these aspects have been recognized, and advocated already for
decades, research shows that teachers hold views that are just partly in
accordance with these aspects. For instance, Pehkonen (2017) and Siswono et
al. (2019) reported that most primary teachers believed that problem solving is
learnt by solving problems. Here, the importance of both teaching materials
and tasks used was stressed (Pehkonen, 2017). Additionally, Näveri et al.
(2011) reported that, according to teachers, tasks should reflect everyday
situations as well as include word problems. Besides that, teaching problem
solving in mathematics refers to the use and study of different strategies,
which are needed in solving problems (Pehkonen, 2017; Siswono et al., 2019).
Here, the teachers emphasized that students need to be able to select and
combine proper strategies on the basis of their logical thinking. The studies on
teachers’ beliefs about their role when teaching problem solving are not
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conclusive. In Pehkonen’s study (2017) with the Finnish primary teachers, the
teachers viewed the teacher as a leader when teaching problem solving.
Concretely, the teacher should select problems to be dealt with, illustrate and
explain own thinking during the solution process to students as well as give
them information on different problem-solving strategies. However, in
Siswono’s et al. (2019) study with Indonesian primary teachers, the teachers
viewed the teacher as a facilitator in exploring students’ knowledge and skills.
Thus, the teacher should give only necessary help to students during problem
solving, allowing them to struggle with the problem, and construct some
strategies on their own. Lastly, Näveri et al. (2011) reported that the majority
of the Finnish primary teacher considered problem solving as teamwork.
RESEARCH PROCESS
For this study, a quantitative research design was chosen. The participants
were 345 inservice primary teachers (n1 = 159 from Finland, n2 = 187 from
Germany) who participated voluntarily in the study. The schools were selected
through existing contacts with the researchers’ universities and through random
enquiries. The questionnaires were returned anonymously to the respective
university. The main source of data was a questionnaire on teachers’ beliefs
about problem solving, that was based on an adaptation of the instrument from
the work of Pehkonen (1993), and Kuzle (2017). Additionally, new items were
developed on the basis of literature on problem solving, teaching problem
solving and factors influencing the implementation of problem solving in school
mathematics (e.g., Donaldson, 2011; Heinrich et al., 2015; Kilpatrick 1985).
The questionnaire consisted of four sections: beliefs (1) about the importance of
teaching problem solving, (2) problem solving teaching practices, (3) demands
on teaching problem solving, and (4) general conditions for implementation of
problem solving in school mathematics. In total 53 closed items were developed
that were rated on 5-point Likert scale (1 = strongly disagree, 5 = strongly
agree) (α = .86). In this paper, we focus on section (2) from the questionnaire.
This category was measured with 16 items (α = .71).
For the data analysis the percentage of agreement was calculated. For this
purpose, the original response scale (1–5) was reduced by combining the two
response values at the extreme ends of the scale to obtain a scale of: disagree (1
or 2) – neutral (3) – agree (4 or 5). The consensus level as a percentage was
defined as suggested by Kuzle (2017) (see Table 1).
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Consensus level
complete consensus
consensus
near consensus
lack of consensus
no consensus

Percentagea
at least 95%
85%–94%
75%–84%
60%–74%
less than 60%

Table 1: Consensus level as suggested by Kuzle (2017).
Note. aThe percentages show how many of the test subjects agree with the same
extreme end of the scale.

The percentage of consensus was chosen to describe the consensus level of the
test subjects’ beliefs about the statements, and with it, similarities and
differences between the both countries regarding the teachers’ beliefs how
problem solving should be taught. Additionally, the non-parametric MannWhitney test was used to determine whether the differences between countries
were significant. The results and effects are only given if they were significant.
FINDINGS
In this section, we present the results concerning the goal of the study, namely
Finnish and German elementary teachers’ beliefs about teaching problem
solving as well as on similarities and differences between the two country
teachers’ beliefs. The section is structured on the basis of different problem
solving-teaching practices which were outlined in the section on theoretical
perspective. The results from the questionnaire are presented in Table 2.
The first problem-solving teaching practice, namely “give lots of problems”
was measured with two items. Both Finnish and German teachers were critical
to students’ learning problem solving by solving problems only (item 2). While
there was no consensus among Finnish teachers (56% of consensus), there was
a lack of consensus among German teachers (71% of consensus). The
agreement of Finnish teachers (Mdn = 3.0) differs significantly from the
agreement of German teachers (Mdn = 3.0), U = 11513.00, z = - 2.55, p = .011,
r = .14. A significant difference was likewise measured on item 20. While
“having enough problems on hand” was important to Finnish teachers (87% of
consensus), this was the case with German teachers only to a limited extent
(75% of consensus) (U = 10924.00, z = - 3.33, p = .001, r = .18).
Three items dealt with the second teaching practice, namely “give ‘good’
problems”. With regard to item 7, teachers from both countries rated the
inclusion of real-life problems as particularly important (96% of consensus).
There was a lack of consensus on focusing on relevant mathematics problems
(item 1, Finland: 60%, Germany: 70%), and problem posing (item 6) with
Finland agreeing more strongly on the latter (72%) than Germany (51%). Both
differences were significant (item 1: U = 11180.00, z = - 2.42, p = .016, r = .13;
item 6: U = 10119.50, z = - 4.64, p < .001, r = .25).
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Three items felt under the scope of the third category, namely “teach specific or
general heuristic strategies”. With regard to the teaching of heurisms (item 13),
there was consensus in Finland and Germany that student representations should
be included into teaching of problem solving (Finland: 87%, Germany: 89%).
The view that teachers “should provide the students with clear and precise
strategies” (item 15) was not shared by teachers in either country (Finland:
59%, Germany: 57%). Regarding the teaching of heuristic strategies (item 5),
Finland agreed with 93% (high consensus), whereas German teachers agreed
only with 72% (near consensus). The agreement of the Finnish teachers (Mdn =
3.0) was significantly higher than the agreement of the German teachers (Mdn =
3.0), U = 8079.50, z = - 5.71, p < .001, r = .31.
The fourth category, namely “model problem solving” was evaluated with one
item only (item 18). There was no consensus on “students should also practice
problem solutions demonstrated by an expert” (item 18). Only 37% of Finnish,
and 50% of German teachers considered this problem-solving practice to be
important. Three items dealt with the fifth teaching practice, namely “limit
teacher input”, which can be done by implementing cooperation as well as
independent working phases.
Finlanda

Germanyb
I agree

N/A

1

2

3

4

5

I agree
N/A

1

2

3

4

5

Agreement
(%)
F

G

Problem solving should be taught by focusing on problems that occur in the teaching of
mathematics.

1.

12
2.

2

17

32

87

9

8

3

15

30

101

29

60

70

23

87

45

56

71

81

98

96

80

53

93

72

77

17

72

51

Problem solving can be learned only by solving problems.
5

5

39

21

52

37

8

1

22

The teaching of problem solving should allow students’ creative processes.

3.

0
5.

0

0

3

54

102

1

0

3

4

97

The teaching of problem solving should include problem solving strategies.
2

6.

0

1

8

43

105

31

0

2

20

Students should make up problems themselves, and then solve them.
4

0

14

26

85

30

6

5

40

41

During problem solving, familiar problems from the students’ environment should be used.

7.

2

0

0

5

75

77

2

0

1

5

98

80

96

96

73

35

51

7

34c

47c

70

98

It is sufficient that the students find one solution only.c

9.

9
11.
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43

28

60

8

6

14

The students should have the possibility to work independently on the problem.
4

12.

11
1

12

31

69

42

1

0

0

3

83

99

The students should have the possibility to exchange on their problem solving processes with their

Finlanda

Germanyb
I agree

N/A

I agree

Agreement
(%)

1

2

3

4

5

N/A

1

2

3

4

5

F

G

0

0

5

39

114

0

0

0

4

63

119

96

98

peers.
1
13.

The teaching of problem solving should include representations of the students (e.g., drawings,
tables, calculations).
5

15.

4

0

2

14

88

78

87

89

3

22

32

67

26

4

6

33

38

68

37

59

57

1

7

15

77

0

1

0

0

2

81

102

83

98

0

2

14

51

87

6

0

3

9

87

81

87

90

2

18

58

48

10

6

4

40

44

69

23

37

50

Reflecting different solutions can be an obstacle to students’ learning.c
15

20.

97

Students should also practice problem solutions demonstrated by an expert.
23

19.

41

After problem solving, the students should have time to reflect on their problem solving process.
0

18.

13

The teacher should motivate the students to solve problems independently.
4

17.

3

The teacher should provide the students with clear and precise strategies for working on problems.
9

16.

0

69

35

26

13

1

1

31

72

45

33

4

65c

55c

12

10

0

24

0

140

87

75

Enough problems should be on hand.
3

7

0

11

0

138

Table 2: Frequency of responses and level of consensus on the questionnaire
Note. The last column shows the percentage of responses that agreed (response 4 or
5). N/A= not available; 1 = I strongly disagree; 2 = I somewhat disagree; 3 = I neither
agree nor disagree; 4 = I somewhat agree; 5 = I strongly agree; F = Finland; G =
Germany.
Assignment of the items: give lots of problems: 2, 20; give “good” problems: 1, 6, 7;
teach specific or general heuristic strategies: 5, 13, 15; model problem solving: 18;
limit teacher input: 11, 12, 16; reflection: 17; allow and highlight multiple solutions:
3, 9, 19.
a
n = 159. bn = 187.
c
Inverted item, meaning that disagreement was calculated by summarizing response
values 1 and 2.

Item 12 measured the relevance of the teachers’ commitment during exchange
phases. In Finland as well as in Germany there was a complete consensus
(Finland: 96%, Germany: 98%). With regard to the role of independent problem
solving, the findings were ambivalent. Differences in the degree of agreement
were found with regard to giving students the possibility to work on the
problem independently (item 11), and that teacher should motivate the students
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to solve the problem independently (item 16). Whilst in Germany there was a
high consensus on both items (98% of consensus), the consensus in Finland was
only 70% (item 11) and 83% (item 16), which corresponds to a lack of
consensus or no consensus, respectively. In both cases, the agreement of
German teachers (Mdn = 3.0) was significantly higher than the agreement of
Finnish teachers (Mdn = 3.0), U = 8808.00, z = - 6.69, p < .001, r = .36 (item
11); U = 10657.50, z = - 4.56, p < .001, r = .25 (item 16).
In the sixth category, namely “reflection” there was a high consensus in both
Finland (87% of consensus) and Germany (90% of consensus) that “students
should have time to reflect on their problem solving process” (item 17).
In the seventh category, namely “allow and highlight multiple solutions”,
there was a consensus on item 3 that problem-solving teaching “should allow
students’ creative processes” (Finland: 98%, Germany: 96%). In contrast, only
55% of Finnish and 65% of German teachers rejected that reflecting different
solutions can be an obstacle to students’ learning (item 19). The teachers were
critical to having students find one solution only (item 9). There was no
consensus on this item (Finland: 34%, Germany: 47%). The difference was
significant (U = 9150.50, z = - 6.31, p < .001, r = .33).
DISCUSSION AND CONCLUSIONS
The results of the study showed both similarities and differences with respect to
Finnish and German teachers’ beliefs about teaching problem solving. In the
category “give lots of problems” no clear agreement was reached. This is in line
with Kilpatrick (1985) who argued that, even though solving many problems is
important, it is not a predictor of becoming a better problem solver. The results
in the category “‘good’ problems” showed both similarities and differences
between the two countries. Similar to Näveri et al. (2011), both Finnish and
German teachers agreed that the tasks should come from the students’
environment. However, focusing on relevant mathematics problems was not
considered to be as relevant. The often underestimated role of problem posing
(Siswono et al., 2019) also underpins the responses of teachers from both
countries.
The results in the category “teach specific or general heuristic strategies”
showed only partly similarities between both countries. Whilst the inclusion of
student representations was agreed upon teachers from both countries,
conveying problem- solving strategies by the teacher was not shared by either
country. That problem-solving teaching should include heuristic strategies was
considered important by Finnish teachers significantly more often than by
German teachers. This can be explained by unfamiliar wording. The term
“problem-solving strategies” was used in Finland and “heuristic strategies” in
Germany. The technical vocabulary “heuristic” may not have been familiar to
some teachers, which is suggested by 31 “N/A” responses on item 5.
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No consensus was reached by teachers of either countries in the category
“model problem solving”. Most teachers tended to focus on the middle of the
Likert scale. This could be caused by the ambiguous meaning of the word
“experts”. In future questionnaires it would be useful to clarify this and, for
example, to list good problem-solving students as experts, as well as to include
more items pertaining to this category.
The results with respect to the category “limit teacher input” reflected both
similarities and differences between the two countries, which also confirmed
non-conclusiveness in the literature. On the one side, Finnish teachers viewed
themselves as leaders in a problem-solving classroom. Here, student’s
individual work was significant given more relevance in Germany than in
Finland, which confirms the results of Pehkonen (2017). On the other hand,
German teachers viewed themselves as facilitators, confirming the results of
Siswono et al. (2019) with Indonesian teachers. This might be explained by
different cultural or educational system particularities, which could be further
investigated in future studies. Nevertheless, there was agreement in both
countries regarding the implementation of cooperative work phases, which
confirms the results of Näveri et al. (2011) on Finnish teachers’ beliefs about
teaching problem solving.
A high consensus was reached by teachers from both countries in the category
“reflection”, confirming the results from the literature (e.g., Donaldson, 2011;
Heinrich et al., 2015; Kilpatrick, 1985). Since this category was evaluated on
the basis of one item only, it should be taken with reservation. In our future
work, including more items with respect this category is of imperative.
The results in the last category do not clearly support the fact that multiple
solutions should be allowed and highlighted. Concretely, there was complete
consensus in both countries that mathematical problem solving is a creative
process, which is consistent with the literature (e.g., Donaldson, 2011). The
answers were broadly scattered when it comes to the fact that finding one
solution is sufficient and reflecting on several possible solutions hinders student
learning. This may be an indication that it is sufficient for primary school
teachers if the children find a solution. However, it cannot be excluded that
these items have been misunderstood due to the inverse formulation.
It should not be forgotten that the participating teachers only represent the two
countries to a limited extent. Also, due to a voluntary participation it may
assumed that the teachers were more motivated. Despite these drawbacks, the
results of the study not only gave first insights on the Finnish and German
inservice primary teachers’ beliefs about teaching problem solving, but also
shed light how problem solving is implemented in school mathematics.
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HIGH OR LOW SCAFFOLDING? UNDERSTANDING
TEACHERS SELECTION OF TOOL-BASED TASKS
Daniel Thurm
University of Duisburg-Essen
Appropriate tasks are regarded as an important factor for realizing the
potentials of teaching with technology but little is known about criteria that
teachers apply for task design and task selection. The present study investigated
pre-service teachers’ decision making when choosing from different versions of
a dynamic geometry task that differed with respect to the level of scaffolding.
N=29 pre-service teachers in Germany were asked to choose from three
versions of a dynamic geometry tasks which had different levels of coordination of mathematical depth and technological action. Analysing the
written justifications of the pre-service teachers for their task choice, we
observed that teachers varied considerably in how they justified their task
choice. In addition, we identified three categories that underly teachers’
selection of tool-based tasks and which provide a lens for possible tensions that
arise during selection and design of tool-based tasks.
INTRODUCTION
Research in the last decade has shown, that teaching with technology like
function plotters, geometry packages and computer algebra systems (so called
“Mathematics Analysis Software”) can support the learning of mathematics in
many different ways (e.g. Drijvers et al., 2016; Pierce & Stacey, 2010). For
example, technology can support the development of mathematical concepts by
allowing students to explore, discover, and develop mathematical concepts on
their own. However, simply adding technology to the classroom is not enough.
An important aspect of technology integration is the design and selection of
appropriate tasks which realize the potentials of technology. Even though there
is no overarching or unified theory for tool-based task design, many different
heuristics and frameworks have been proposed that can inform the design of
tool-based tasks (Leung & Bolite-Frant, 2015; Clark-Wilson & Timotheus,
2013; Leung, 2011; Trocki & Hollebrands, 2018). While these frameworks give
some normative guidelines, researchers have noted a great variability of
teachers’ task design and task selection and little is known about the criteria
underlying teachers decision making with respect to task design and selection
(Smith et al., 2017a). In this study we draw on the “Dynamic Geometry Task
Analysis Framework” by Trocki & Hollebrands (2018) and investigate the
reasons underlying pre-service teachers’ choices among different types of
dynamic geometry tasks, that varied with respect to the level of scaffolding
through prompts that co-ordinate mathematical depth and technological action.
594
2020. Inprasitha, M., Changsri, N. & Boonsena, N. (Eds). Proceedings of the 44th Conference of the International Group for
the Psychology of Mathematics Education, Interim Vol, pp. 594-602. Khon Kaen, Thailand: PME.

THEORETICAL BACKGROUND
Technology in the Mathematics Classroom
The use of digital technology in the mathematics classroom can comprise a
plethora of different technologies. These range from general technology that can
be used across different subjects (e.g. word processing software like MS-Word)
to subject-specific technology like digital learning environments, function
plotters, dynamic geometry systems (DGS) and computer algebra systems
(CAS) that are specifically used in mathematics education (Pierce & Stacey,
2010). Research shows, that these technologies can support student learning in
many different ways (Drijvers et al., 2016; Pierce & Stacey, 2010). For
example, dynamic geometry systems allow for an easy construction of
geometric objects and can facilitate constructivist teaching approaches by
giving pupils the opportunity to explore mathematical links on their own. In
particular, a DGS allows to dynamically interact with geometric objects.
Students can drag vertices or line segments of geometrical objects and can
observe how properties of the object change or remain invariant. In addition, a
DGS can also support students in testing and explaining mathematical
conjectures (Laborde, 2001; Mariotti, 2012; Azarello et al., 2002).
Tool-based Tasks for Teaching with Technology
However, the aforementioned potentials will not unfold on their own and the
challenge is “to design tasks that can make use of the technology so as to
improve mathematical learning” (Hitt & Kieran, 2009, p. 122). In this context
the notion of a tool-based task has emerged:
“A tool-based task is seen as a teacher/researcher design aiming to be a thing to do
or act on in order for students to activate an interactive tool-based environment
where teacher, students, and resources mutually enrich each other in producing
mathematical experiences. In this connection, this type of task design rests heavily
on a complex relationship between tool mediation, teaching and learning, and
mathematical knowledge.” (Leung & Bolite-Frant 2015, p. 192)

Researchers have described several frameworks and principles that can guide
the design of tool-based tasks (Leung & Bolite Frank, 2015; Leung &
Baccaglini-Frank, 2017; Leung, 2011; McLain, 2016). For example, Leung &
Bollite-Frant (2015) highlight that epistemological and mathematical
considerations, tool-representational considerations, pedagogical considerations
and discursive consideration are of major importance. Trocki and Hollebrands
(2018) proposed the “Dynamic Geometry Task Analysis Framework” that
specifically addresses dynamic geometry tools. The authors focus on how
prompts (defined as written question or direction related that requires a verbal
or written response) may enhance student’s mathematical activity and student
argumentation in order to achieve particular learning goals. They suggest that
tasks which contain a collection of prompts that co-ordinate technological
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actions with mathematical depth can increase student learning. Prompts that
allow for mathematical depth are prompts that require student to explain
mathematical concepts or that require students to make generalizations. Prompts
for technological actions are prompts that demand the construction, measuring,
dragging or manipulation within geometrical objects. Scaffolding student
learning by co-ordination of these prompts may assist in guiding students
through the tool-based task in order to develop mathematical knowledge.
However, these guidelines and design principles are normative principles
derived by researchers in order to analyse and construct suitable tasks. Little is
known about teacher’s decision-making when designing and selecting toolbased tasks (Smith et al., 2017a; 2017b) which holds particularly true with
respect to selection or design of different versions of the same task. Which
criteria do teachers apply for the design and selection of tool-based tasks for a
given learning goal? What are the underlying reasons for variations in teachers
design and selection of tool-based tasks for a given learning goal?
RESEARCH QUESTION AND METHODOLOGY
The present study investigated what criteria pre-service teachers apply when
choosing among tool-based tasks that had different levels of co-ordination of
mathematical depth and technological action. For this, pre-service teachers were
given three different tasks versions taken from the study of Trocki and
Hollebrands (2018) which all address the same two learning goals but varied
with respect to the co-ordination of mathematical depth and technological
action. The two learning goals were: 1) justify that opposite angles of
parallelograms are congruent, 2) justify that the diagonals of parallelograms
bisect each other. The three task versions are depicted in Figure 1. Task version
A has a low co-ordination of mathematical depth and technological action, task
version B has a medium co-ordination of mathematical depth and technological
action and task version C has a high co-ordination of mathematical depth and
technological action (see Trocki and Hollebrands (2018) for more details). Data
was gathered in 2019 from n=29 lower secondary school pre-service teachers.
Each pre-service teacher was asked to justify which of the three task versions
they think is most suited to accomplish the two learning goals (Figure 1). The
pre-service teachers were in their final year before entering in-service teacher
training and had worked with dynamic geometry programs throughout several
courses.
Data was analysed with respect to arguments that referred to prompts of
mathematical depth or technological action. In addition, the emergence of
categories was pursued that described how pre-service teachers argued with
respect to the implications of these prompts. The categories were derived out of
the data and were not decided upon prior to data analysis. However special
attention was given to known design elements of tasks that researchers have
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identified. This comprise for example context, language, structure, distribution
(openness) and levels of interaction between teacher and students (Barbosa &
de Oliveira, 2013).
Task for pre-service teachers:
In the following you find three task versions that all refer to the same DGS-Sketch. Each task version is
meant to pursue the following two learning goals: 1) justify that opposite angles of parallelograms are
congruent, 2) justify that the diagonals of parallelograms bisect each other.
Which task version (A, B, C) do you regard as most suited to achieve these learning goals? Give a ranking
from most suited to less suited: __________________(e.g. C,B,A would mean C is most suited to achieve the
learning goals)
Please justify your ranking and provide arguments why you regard your top choice as most suited to achieve
the learning goals. Why are the other task versions less suited?

A

D

C

B

Parallelogram Task A
1) Describe what a parallelogram looks like.
2) Can you determine a relationship among the angle measures? Measure each angle. What do you
notice about their angle measures?
3) Try dragging the vertices. Do your assumptions hold true?
4) Construct diagonals. Mark the point of intersection and label it E. Measure AE, BE, CE, and DE.
What do you notice?
5) What is the relationship between diagonals of a parallelogram?
Parallelogram Task B
1) Drag parallelogram ABCD’s vertices. Write a conjecture about the relationship between the
measures of opposite angles of this parallelogram.
2) Measure the four angles of parallelogram ABCD. Drag its vertices to make many different size
parallelograms. Is your conjecture from #1 true? Explain.
3) Construct diagonals. Mark the point of intersection and label it E. Write a conjecture about the
relationships among the line segments AE, BE, CE and DE for parallelograms.
4) Is your conjecture from #3 true? Explain?
5) Drag vertices of the parallelogram. Make a statement describing the relationship between diagonals
of parallelograms.
Parallelogram Task C
1) Drag parallelogram ABCD’s vertices. Write a conjecture about the relations between the measures
of opposite angles of this parallelogram.
2) Measure the four angles of parallelogram ABCD. Drag its vertices to make different size
parallelograms. Is your conjecture from #1 true? Explain.
3) Construct diagonals. Mark the point of intersection and label it E. Drag vertices parallelogram
ABCD. Write a conjecture about the relationships among the line segments AE, BE, CE, and DE for
parallelograms.
4) Measure line segments AE, BE, CE, and DE. Drag the vertices of parallelograms ABCD to make
any size parallelogram. Is your conjecture from #3 true? Explain.
5) Based on your work and conjectures in prompts #3 and #4, make a statement describing the
relationship between diagonals of parallelograms.

Figure 2: Task for pre-service teachers with the three parallelogram tasks taken
from Trocki & Hollebrands (2018).
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RESULTS
Out of the 29 pre-service teachers 11 teachers chose task version A (low coordination) as the most suited, 8 pre-service teachers chose parallelogram task
version B (medium co-ordination) and 9 pre-service teachers chose
parallelogram task C (high co-ordination). Hence the distribution among the
three task versions was almost balanced. This indicates that there was no
consensus among the pre-service teachers which task version is best suited to
achieve the two learning goals.
From the analysis of the written statements of the pre-service teachers three
central categories emerged:
Discovery learning: This category describes that the co-ordination of
mathematical and technological action will have an impact on student discovery
learning.
Affective states: This category describes that the co-ordination of mathematical
and technological action will have an impact on affective states like student
motivation or boredom.
Clarity: This category describes that the co-ordination of mathematical and
technological action will have an impact on clarity of the task.
In the following we will give a summary of the analysis of the pre-service
teacher arguments that choose task version A (low co-ordination) and task
version C (high co-ordination) and illustrate pre-service teachers arguments by
examples of excerpts from pre-service teachers’ writings.
Task A Preference Group
Pre-service teachers which chose task version A (low co-ordination) highlighted
that a high co-ordination of mathematical depth and technological action would
be detrimental for discovery learning, affective states and clarity.
Discovery learning: Pre-service teachers perceived a high co-ordination offered
by the prompts as too strong. They argued that a high co-ordination of
mathematical depth and technological action will reduce the openness of the
task and will not give students enough opportunity to make discoveries on their
own. “Task version A is best suited since students have much opportunities to
discovery the properties of the parallelogram on their own without following a
detailed prescribed instruction. Task version C is much to closed.”
Affective states: Pre-service teachers argued that a high level of co-ordination
of mathematical depth and technological action will decrease motivation and
increase boredom. “Task version A looks much more interesting and motivating.
There is so much text in task version C. This will be demotivating and students
will lose interest.”
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Clarity: Pre-service teachers argued that a high co-ordination of mathematical
depth and technological action decreases clarity of the task: “All these prompts
in task version C will confuse the students. Task version A is clear and precise
does only contain the necessary information.”
Task C Preference Group
Pre-service teachers that chose task version C (high co-ordination) highlighted
that the prompts would be beneficial for discovery learning, affective states and
clarity.
Discovery learning: Pre-service teachers perceived the high co-ordination of
mathematical depth and technological action is as a prerequisite that discovery
learning can take place. “The prompt to move the vertices of the parallelogram
will support discovery learning since students can explore the relationship of
the angles and can observe more than only one example of a parallelogram.”
Affective states: Pre-service teachers argued that the high co-ordination of
mathematical depth and technological action allows students to maintain or
develop positive affective states. “Students will be motivated by the explicit
prompts to alter the parallelogram. By moving the vertices, they can see that
something is happening and this will be much more interesting and less
boring.”
Clarity: Pre-service teachers argued that the high co-ordination of mathematical
depth and technological action increases clarity of the task since it is clear for
students what to do: “The request to drag the vertices and to explain the
findings makes clear what students are expected to do. Ambiguity is reduced
which is important for a task.”
SUMMARY & DISCUSSION
The study aimed to scrutinize how pre-service teachers choose among tasks
which have different levels of scaffolding through prompts that co-ordinate
technological action and mathematical depth. The results show that pre-service
teachers differed considerably in their task choices. One third of the pre-service
teachers chose the task version with high level of co-ordination of technological
action and mathematical depth and argued that this task version will support
discovery learning, affective states and task clarity. In contrast one third of the
pre-service teachers chose the task version with low level of co-ordination of
technological action and mathematical depth and argued that this task version
would enhance discovery learning, affective states and task clarity. Hence the
present study provides some explanation for the large variability in teachers
design and selection of tool-based tasks. Discovery learning, affective states and
clarity were important goals for all teachers in this study. However, teachers
differed largely in how they thought that co-ordination of mathematical depth
and technological action might support these goals. Hence variability in
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teachers task design and task selection is not necessarily grounded in limited
knowledge, different criteria or different goals but can be traced back to
different perceptions on how task characteristics support these goals. In
particular the analysis uncovers potential tensions that may be present when
teachers design and select tool-based tasks (Figure 2).

Figure 2: Tensions in the design of tool-based tasks
Therefore, simply providing teachers with research-based frameworks that
guide tool-based task design may not be enough. Rather the tensions identified
in this study can guide professional development efforts by providing a lens for
developing teachers’ ability to design and select appropriate tool-based tasks.
This is particularly important since professional development programs are
often lacking the desired outcomes (Thurm & Barzel, 2020). However, the
research described in this paper is still ongoing. More thorough analysis of
teachers’ tool-based task choices is needed for example by means of cognitive
interviews and for different tasks and mathematical topics.
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ARE SOME LANGUAGES MORE MATHEMATICALLY
PREFERRED FOR COUNTING PURPOSES?
Hartono Tjoe
The Pennsylvania State University
Language complexity and mathematics performance have been linked together
in earlier studies researching effective pedagogical practices for teaching early
number sense to young children. Though the choice of language is usually
dependent on that of a child’s parents or caregivers, little is known about
whether there might be any advantage when it comes to learning numbers and
numerals for those who are given a choice of language. This study examines the
presence of mathematical preferences of adults in their evaluation of invented
languages. The results reveal that languages with a simpler, predictable
numeral system structure are considered mathematically preferable to the
extent that each number word can be easily associated with a distinct symbol
and place value in the corresponding numeral system.
INTRODUCTION
Persistent challenges among students from certain countries to rise above their
longitudinally below-average standings in international mathematics
assessments such as the Trends in International Mathematics and Science Study
(TIMSS) have been well documented (Mullis et al., 2016). This has led
researchers to explore explanatory factors ranging from national curricula to
affective qualities (Kaiser, Luna, & Huntley, 1999; Leung, 2014; Schmidt et al.,
2001; Stigler & Hiebert, 2004).
In recent years, researchers have examined language differences to explain
variations in mathematics performance, albeit inconclusively (Miller et al.,
2005; Tjoe, 2017). Some advocate incorporating base-ten blocks into
introductory counting lessons for kindergarteners in order to account for the
base-ten structure transparency of East Asian languages which has been credited
for the consistently high performing mathematics achievement of those
countries (Miller et al., 1995).
Nevertheless, it was not clear from these studies whether learning any language
might be beneficial in acquiring elementary understanding of a numeral system,
especially if students have a choice (Civil & Planas, 2004). Instead of
measuring the effectiveness of language choice on mathematics competence in
young students, the present research aimed to evaluate such an effect on adults.
We approached our goal by analyzing subjects’ problem-solving ability in reconstructing a numeral system associated with a list of invented number words
simulating four language patterns. Researcher asked subjects about the extent to
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which one language might be considered more mathematically preferable than
others.
THEORETICAL FRAMEWORK
Students in East Asian countries have long been perceived to hold a natural
linguistic advantage over those in western countries as far as their performance
in international mathematics assessments (Geary et al., 1993; Stevenson et al.,
1990). Chinese-speaking countries (e.g., Hong Kong–CHN and Chinese Taipei–
CHN) specifically have for five consecutive quadrennial periods between 1995
and 2015 been steadily among the world’s top five in TIMSS Grades 4 and 8
mathematics (Mullis et al., 2016).
Compared with other languages, Chinese was to a certain extent viewed as
better communicating a one-to-one correspondence between Hindu-Arabic
numeral symbols and their corresponding number words, as well as a consistent
and transparent base-ten structure and positional place value (Miller & Paredes,
1996).
For instance, to master enumeration skills from 1 to 99, Chinese-speaking
students needed to learn only ten distinct number words for numerals 1 to 10,
because any number words for numerals 11 to 99 could be constructed by
combining the first ten distinct number words with a natural base-ten structure
and place value in mind (e.g., “yī,” “shí-yī,” “shí-jiǔ,” “èr-shí-yī,” and “jiǔ-shíyī” might be viewed as “1,” “10 + 1,” “10 + 9,” “2 × 10 + 1,” and “9 × 10 + 1”
for 1, 11, 19, 21, and 91, respectively) (Fuson, Richards, & Briars, 1982).
Although Korean-speaking students needed to learn nine additional number
words for multiples of ten in addition to ten distinct number words for numerals
1 to 10, a distinct rule was apparent in the separation of place values and their
positions (e.g., “hanna,” “yoll-hanna,” “yoll-ahop,” “sumul-hanna,” and “ahun
hanna” might be viewed as “1,” “10 + 1,” “10 + 9,” “20 + 1,” and “90 + 1” for
1, 11, 19, 21, and 91, respectively) (Miller & Paredes, 1996). English-speaking
students needed to learn more than ten distinct number words for numerals 1 to
99, with a potential misconstruction of number words given an occasionally
reversed place value structure (e.g., “one,” “eleven,” “nineteen,” “twenty-one,”
and “ninety-one” might be viewed as “1,” “11,” “9 + 10,” “2 × 10 + 1,” and “9
× 10 + 1” for 1, 11, 19, 21, and 91, respectively) (Ho & Fuson, 1998). Frenchspeaking students also needed to learn more than ten distinct number words for
numerals 1 to 99, as well as the idea of some number words being a compound
multiplicity where numbers could be viewed as a multiple of a multiple of ten
(e.g., “un,” “onze,” “dix-neuf,” “vingt-et-un,” and “quatre-vingt-onze” might be
viewed as “1,” “11,” “10 + 9,” “20 + 1,” and “4 × 20 + 11” for 1, 11, 19, 21, and
91, respectively) (Miller & Paredes, 1996).
Regard for the efficacy of Chinese prompted some researchers to adapt its
transparent base-ten structure to languages with less transparent base-ten
604

structures in the hope of facilitating stronger association between number words
and number concepts (Wynn, 1992). Beginners’ perspectives on language
choice in learning mathematics concepts as early as counting skills remain
unclear.
The research of choice in mathematics problem solving itself pointed to a
variety of motivations (Nesher et al., 2003; Presmeg, 1986; Silver et al., 1995;
Star & Rittle-Johnson, 2008). Expert mathematicians, for their part, reflected on
aesthetic values when choosing a preferred solution method among many
(Dreyfus & Eisenberg, 1986; Silver & Metzger, 1989; Tjoe, 2015). It was
because of the breadth and depth of their mathematical comprehensions that
these experts became more disposed toward—and thus appreciative of—the
assessment of mathematical beauty (Sinclair, 2001).
Earlier studies have suggested that—implicitly, in the absence of language
choice—the regurgitation, if not formulation, of number words influences
beginning counters’ ability to transfer their early study of numeral symbols into
later mathematics achievement (Miller et al., 2005). To put it differently, the
preferred language allows beginning counters to recognize the complete
harmony—as Sinclair (2004) highlighted in her analysis of mathematical
beauty—of the underlying correlation between linguistic and mathematical
structures. To this extent, using a different methodology, the present study
might be valuable in helping elementary classroom teachers further weigh the
pedagogical benefits of integrating a concrete base-ten structure in their early
number and operation instructions, as suggested by past studies (Miller et al.,
1995).
METHODOLOGY
A total of 120 undergraduate science and engineering students from a large
university in the Northeastern region of the United States volunteered for the
study, in which a proportionate stratified random sampling technique was used.
Most of them were international students. Of the 120 subjects, an equal number
of 30 spoke Chinese, Korean, English, and French as their first languages,
respectively. Each of the 30 subjects spoke English, but no other languages
besides their first language. Prior to participating in the research, subjects were
asked about their familiarity with non-decimal numeration systems. All subjects
reported that they had taken mathematics courses that surveyed non-decimal
numeration systems.
Four languages—namely, Chinese, Korean, English, and French—were selected
to reflect four major different levels of transparency of base-ten structure into
which most languages around the world are classified (Tjoe, 2017). From these
four languages, the authors derived four invented languages (ILs) simulating the
actual four languages but reflecting a base-five numeral system instead of the
standard base-ten numeral system.
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IL1, IL2, IL3, and IL4 were based on Chinese, Korean, English, and French,
respectively (see Table 1). For numerals 1 to 44 in base five, all 24 invented
number words (except their variations) were kept to single syllables to avoid
preferences for the least number of syllables involved in the number words.
(HinduArabic)
numeral
symbols
in base
five
1
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IL1
IL2
IL3
IL4
(Chinese-based) (Korean-based) (English-based) (French-based)

wie

oak

eor

sap

2

aur

baes

lang

tou

3

piir

ryuu

ngge

miin

4

soat

zar

uos

goo

10

yoap

vis

non

ber

11

yoap-wie

vis-oak

jaen

bappin

12

yoap-aur

vis-baes

samj

touin

13

yoap-piir

vis-ryuu

nggi-nunn

ber-miin

14

yoap-soat

vis-zar

uor-nunn

ber-goo

20

aur-yoap

boir

leng-nann

meng

21

aur-yoap-wie

boir-oak

leng-nann-eor

meng-sap

22

aur-yoap-aur

boir-baes

leng-nann-lang

meng-tou

23

aur-yoap-piir

boir-ryuu

leng-nann-ngge

meng-miin

24

aur-yoap-soat

boir-zar

leng-nann-uos

meng-goo

30

piir-yoap

hia

nggi-nann

meng

31

piir-yoap-wie

hia-oak

nggi-nann-eor

meng-bappin

32

piir-yoap-aur

hia-baes

nggi-nann-lang

meng-touin

33

piir-yoap-piir

hia-ryuu

nggi-nann-ngge meng-ber-miin

34

piir-yoap-soat

hia-zar

nggi-nann-uos

meng-ber-goo

40

soat-yoap

pott

uor-nann

tou-meng

(HinduArabic)
numeral
symbols
in base
five
41

IL1
IL2
IL3
IL4
(Chinese-based) (Korean-based) (English-based) (French-based)

soat-yoap-wie

pott-oak

uor-nann-eor

tou-meng-sap

42

soat-yoap-aur

pott-baes

uor-nann-lang

tou-meng-tou

43

soat-yoap-piir

pott-ryuu

uor-nann-ngge

tou-meng-miin

44

soat-yoap-soat

pott-zar

uor-nann-uos

tou-meng-goo

Table 1: Base-five numerals and number words in four ILs that simulated
Chinese, Korean, English, and French languages
All subjects met with the researcher in one classroom at the same time. They
were not informed that most subjects did not speak English as their first
language. They were provided with a printed set of four ILs comprised of only
ten consecutive number words for the numerals 1 to 20 in base five, but without
any information on the corresponding (Hindu-Arabic) numeral symbols.
Subjects were informed that the number words did not correspond to the baseten numeral system, but were not informed of the number base to which all
number words corresponded, or of whether the number base was the same
across the four ILs.
In addition to the printed set of the four ILs for numerals 1 to 20 in base five,
blank paper, a pencil, and at least 325 counters were provided to each subject.
Without time limit, subjects were asked to: (a) determine the next 14 number
words for the subsequent numerals in each of the four ILs; (b) determine the
number base to which all number words corresponded, and (c) visualize using
the counters provided the corresponding grouping and/or mathematical
equivalence of each number word. At the time of the study, subjects who asked
whether they needed to figure out corresponding (Hindu-Arabic) numeral
symbols for each number word were welcomed to do so.
After completing the three tasks earlier, subjects were immediately provided
with a complete list of number words and informed that the 24 number words
for the four ILs corresponded to a base-five numeral system. Subjects were
asked to: (a) determine with explanations one of the four ILs which they might
consider learning if they were to use it for counting objects in the corresponding
base system; (b) determine with explanations the rank order of the four ILs
beginning from the most to the least preferred languages; (c) determine to which
of the four ILs might their own first language be similar, and (d) again visualize
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using the counters provided the corresponding grouping and/or mathematical
equivalence of each number word.
ANALYSIS AND RESULTS
All subjects completed the first three tasks in less than one hour. Their written
responses revealed that they were able to complete the next 14 number words
for the subsequent numerals in IL1 with higher accuracy than for the other ILs.
(Many subjects left blank or answered incorrectly the next 14 number words for
IL2, IL3, and IL4.)
Of the 120 subjects, 103 were able to provide precise predictions of the next 14
or more number words for the subsequent numerals in IL1. They were also able
to figure out, in a relatively short amount of time, that number words in IL1
corresponded to a base-five numeral system. Of these 103 subjects, all were
able to successfully identify mathematical equivalences for the 24 number
words in IL1 either by drawing, by using counters, or by writing. Apparently, it
was these 103 subjects who took the time to figure out the correct
corresponding (Hindu-Arabic) numeral symbols for each number word. (During
the study, one subject asked out aloud whether he or she was required to figure
out the corresponding (Hindu-Arabic) numeral symbols for each number word.
After the researchers answered, “You may or may not choose to do so,” the
researchers announced this response to all 120 subjects to avoid partiality. It
was obvious that most subjects took this announcement as a pointer.)
In contrast, none of the 120 subjects were able to determine the next 14 number
words in IL2, IL3, or IL4. (A few were able to determine only the next 4
number words in IL2 and/or IL3 with multiple errors for the following 10
number words.) Consequently, IL2, IL3, and IL4 were the most challenging for
all subjects to determine to which number base their number words
corresponded as well as the visualization of these number words.
Upon the completion of the first three tasks, the subjects seemed curious about
the complete list of number words provided and about the base-five numeral
system to which these four ILs corresponded. (Some subjects studied them for
nearly 15 minutes before continuing to proceed with the last four tasks.) Most
subjects were surprised to learn that number words in IL3 and IL4 (but not IL1
and IL2) corresponded to a base-five numeral system.
All the 120 subjects reported that they preferred learning IL1, assuming they
were to count objects in a base-five numeral system. Their justifications
included: “the pattern [of number words] is predictable just like the matching
symbols;” “it seems short, simple, and clean unlike other languages;” “pretty
neat because the words coordinate well with the symbols;” “I don’t have to
second guess myself whether my answers (to the next 14 number words) are
correct or not;” and “I wish our (number words) were easy like this.”
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While all 120 subjects considered IL1 the most preferable, 105 considered IL2
the second most preferable. Subjects wrote: “[IL2] has a similar taste as [IL1]
… you just need to be careful not to get ahead of yourself after every 5 (number
words) spelled out;” “everything seems bundled up in [IL2];” and “seeing a new
(number word) is a good sign that we are going back into a new cycle.”
Of the 120 subjects, 96 and 101 considered IL3 and IL4 the third and fourth
most preferable, respectively. Subjects reported: “[IL3] is not the best but more
predictable than [IL4];” “[IL4] is like putting [IL2] and [IL3] together;” “you
need to think a lot for (number words in IL4) because it’s not a straightforward
translation (between number words and numeral symbols)”, and (number words
in IL4) were repeated in the pattern and even after knowing it is base five, I still
need to make sense why they got repeated before and after certain (number
words).”
DISCUSSION AND CONCLUSION
Previous studies indicated that no definite agreement exists among researchers
using international assessments in mathematics such as TIMSS regarding the
effect of languages with transparent base-ten structures (such as Chinese) on the
mathematics performance of students from countries speaking such languages.
When one had a choice to learn a language associated with a new, non-decimal
numeral system, the present research partially demonstrated the existence of a
preference for a language with a transparent numeral system. Despite their
predictive factor in mathematics achievements four or eight years subsequent,
languages more mathematically preferred for counting purposes might be best
suited for kindergarteners to learn the conceptualization of number sense, as
well as to appreciate the construction of our decimal numeral system.
While the present research did not attempt to predict which language might
produce more favorable mathematics achievement by its learners, it suggests, to
a certain degree, alternative empirical evidence that early number sense—
especially in counting and cardinality—might be comprehended more
effectively if the numeral system is chosen to discernibly coincide with numeral
symbols. That is, because our numeral symbols are based on the decimal
system, the task of transposing between these numeral symbols and the
language of the word names, if not the language itself, should also be based as
closely as possible on the decimal system. Regarding recognizing a certain
language as more mathematically beautiful than others, aesthetic considerations
in mathematics classroom learning might be attainable as early as kindergarten
(Tjoe, 2016). Further studies are needed to investigate links between language
preference and student success in arithmetic operations.
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Collaborative problem solving (CPS) has received much attention recently.
However, little is known about how people work in CPS and how to support
students working productively in the setting. CPS requires both social and
cognitive aspects. This paper focused on the social aspect to examine how
students act on their agency in CPS. Using data from a laboratory classroom
with a social setting, we analysed the positions that students take when solving
an open-ended mathematics problem and their illocutionary force. The results
show that students reveal dynamic positions with a combination of different
forces. Also, some interactions are more productive in CPS than others.
INTRODUCTION
Collaboration problem solving (CPS), a critical 21st-century skill, has received
much attention recently (Graesser et al., 2018). However, less is known about
how people work in CPS, especially how to support students to work well in the
setting. CPS requires both social and cognitive aspects (ibid.). Concerning the
social aspect, how students act on their agency when working with each other
needs attention. That is, further research is needed to clarify what position they
take and the illocutionary force they have when communicating with each other
to solve the problem. Research has indicated that one type of unsuccessful
group includes too many leaders (Miller et al., 2013). However, we need to
concern about different positions for productive CPS. A productive group needs
to utilise dynamic expertise in the group in forming a solution that leads to
agreement and makes every member feels inclusive. Drawing on a networking
theories approach, we, for an illustrative purpose, examine how the agency is
acted on during CPS. We address the research question: How do students act on
their agency when engaging in mathematics collaborative problem-solving? We
advance the literature by developing an analytical lens at a micro-level of talk
turns about the agency. In addition, we seek to highlight the association between
multiple social aspects, linking between positionings and dialogic talk.
LITERATURE REVIEW
To deepen our understanding of a social learning process, we draw on three
different components: interaction and learning, agency, and positioning.
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Interaction and Learning
Interaction is a cornerstone component of learning, yet not all are equally
productive for learning (Sfard & Kieran, 2001). Sfard and Kieran argue that
intention is inherent in the act of communication. We cannot fully understand
any act of communication without thinking about the intention of the
participants in that situation. “Intention is the property of utterance that allows it
to be followed by some kinds of responses, but not by others.” Hence, “…
communication is effective if it fulfils its communicative purpose, that is, the
different utterances of the interlocutors evoke responses that are in tune with the
speakers’ meta-discourse expectations.” (Sfard & Kieran, p. 49) Therefore, a
productive interaction should lead to long term impact on students’ future
participation in mathematical discourse.
Drawing on the dialogic learning theory of communicative speech acts, DíezPalomar and Cabré (2015) analysed illocutionary force of utterances used by
participants to to highlight students’ intention when communication. The
intention of someone participating in an episode of interaction might be (a)
reaching a consensus towards a particular concept, (b) imposing his/her point of
view on that matter, (c) adopting a neutral position, or (d) manifesting
expressiveness. Dialogic talk refers to the use of language to reach consensus.
Consensus arises when the participants agree on the explanations, arguments,
claims they use to justify their position. When participants use dialogic talk, it is
more likely for learning to happen, because participants engage in educationally
productive interactions (Díez-Palomar & Cabré, 2015). During a dialogic talk,
all of them can verify the truthfulness of those explanations, arguments or
claims by themselves, using validity claims. Communication becomes effective,
only when this process happens. Hence, educational productivity is subjected to
the use of validity claims rather than power claims.
Agency
Current research in education recommends promoting agency among students to
support their learning. There are different definitions for the agency (Chateris &
Smardon, 2018). Cognitivism theories claim that agency is intrinsic to
individuals. Authors embracing socio-cultural theories regard that agency
emerges in spaces where individuals interact with each other. It is a dynamic
process that resides in social situations. Other authors define agency as a
“quality of learner engagement with temporal-relational contexts-for-action.”
(ibid., p. 56) This is what Chateris and Smardon call “new material Theory
Assemblage theory” in which agency is defined flexiblely, involving both
human and non-human (objects), because sometimes even objects can “make
things happen.”
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Positioning
Positioning might help us understand how cognition evolves throughout the
process of interaction. Assuming that learning is a social process, based on the
interaction of participants, then a relevant question is to consider if the position
that they play within the group matters (or not) in terms of how they learn or
construct meanings associated to the mathematical objects being discussed.
In a conversation, not all the participants play the same “role” all the time.
Participants are acting as leaders, being the ones initiating the dialogues; others
prefer to act as followers, agreeing, rejecting or resisting the leader(s)’
propositions. Positioning has been defined as a dynamic concept (instead of
“role”), because the same person might take several positions during the same
episode of interaction, even contradictory ones (e.g., powerful or powerless,
dominant or submissive, authorised or unauthorised). van Langenhove and
Harré (1999) defined positioning as “the discursive construction of personal
stories that make a person’s actions intelligible and relatively determinate as
social acts and within which the members of the conversation have specific
locations.” (p. 16) Drawing on Austin (1962), we can use the illocutionary force
of a speech act in order to understand the position that s/he is taking within the
group. Illocutionary force is mediated by the speaker’s position within the
group. The meaning of their utterances is also mediated by the position they
occupy within the group. Therefore, positioning matters in order to interpret the
meaning of participants’ acts in a conversation. We draw on positioning and
illocutionary force to analyse how students act on their agency during CPS in
this study.
METHODOLOGY
Setting and Data
Part of the Social Unit of Learning project (Chan & Clarke, 2017) examined
individual, dyadic, small group and whole-class learning and problem-solving
in mathematics, the data for the study came from a Year 7 class accompanied by
their teacher in a laboratory classroom. The classroom resembled a natural
setting but was equipped with advanced video technology that permitted
recording of the dialogue and social interactions between students in small
groups. The project collected student-written products, video and audio
recording of each student and the teacher.
The data for the present study came from a group of four students Pandit, Anna,
Arman, and John solving an open-ended mathematics problem. The problem
was presented on a card to each group.
Fred’s apartment has five rooms. The total area is 60 square metres.
1. Draw a plan of Fred’s apartment.
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2. Label each room and show the dimensions (length and width) of all
rooms.
This task can be solved in several ways. It is typical of mathematics problems
that allow students multiple entry points and facilitate their interaction and
display of collaborative behaviours (Chan & Clarke, 2017).
The group was provided with writing materials that they used freely while
solving the problem. They were allocated 20 minutes. Their regular teacher
supervised the group and provided no direct instructions or feedback for task
completion.
Data Analysis
Transcripts were the primary data source and videos were referred to
occasionally when needed for clarification. First, we chose frameworks that
reflect the social aspects of collaboration that focus on interrelation agency.
When referring to an agency, we regarded the nature of talk (dialogic or not)
and positions unfold the relationships. In turn, it explains how knowledge was
co-constructed, taken and developed. The dialogic talk framework (GarciaCarrión & Díez-Palomar, 2015) was used to examine the quality of interaction.
We particularly coded for the illocutionary force (neutral, coercion,
expressiveness, or consensus). When coding for the position, we adopted
Barner’s (2004) 13 positions students have when engaging in CPS (Figure 1),
which were grouped into on-task and off-task positions. When coding, we found
some positions were not evident in the data and added a new position of
follower, who engages in the task by responding to or revoicing others without
adding extra information and ideas to the discussion. Figure 1 summarises the
coding framework developed.
Position:
· On task: Manager Helper Critic
Outside Expert Facilitator
·

Off task: Humourist

Entertainer

Illocutionary force: Expressive

In Need of Help
Audience

Neutral

*Follower

Expert

Networker Outsider

Consensus

Coercion

Figure 1: Coding framework
Agency was defined as a result of the position that the speaker plays within the
group, also considered the illocutionary force of the speech acts in which s/he
participates.
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PRELIMINARY RESULTS
We will use exemplars to illustrate the coordination between the positions the
students take and their related illocutionary force. We then describe some
interactions of positions as students work together on the task.
Coordination between the Position a Student Takes and Illocutionary
Force
Eight positions were coded. Except for the outsider position, the off-tasks
positions were not found. Also, we have not coded for any instance that a
student shows the position of an expert or outside expert. This might show the
collective expertise in this group.
In the following excerpt, Pandit (Lines 75, 77) showed the position of a
manager, who asked for the dimensions of the house with a consensus force.
Arman (Line 80) took the position of an outsider, who did not actively engage
in solving the task and gave no sign of seeking to participate in the solution. His
interlocutory force was neutral. Anna took the position as a helper (Line 78),
who carried out routine tasks when asked to do so by another group member or
acted in a subordinate position, under Pandit’s direction with the neutral force.
Pandit then played the position as a follower (Line 79), with the neutral force,
who revoiced Anna and kept the conversation going without adding more
information and ideas to the solution.
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75 Pandit:

Wait. It’s going to be like - wait …

76 Anna:

No, guys.

77 Pandit:

… how big do you want the house to be?

Manager Con

78 Anna:

It's 60 metres square.

Helper

79 Pandit:

Sixty square metres.

Follower N

80 Arman:

It’s… Measure your hand.

Outsider N

83 Pandit:

How big do you want? Like the length and width? Manager Con

84 Anna:

Okay. I'll decide.

Manager Coe

85 Pandit:

Guys, listen.

Facilitator N

88 Pandit:

My God, what are you doing?

Critic

89 Anna:

What?...

Follower E

90 Pandit:

Why are you changing it

Critic

Manager Con

N

Con / E

Con

91 Anna:

It's a square.

Manager Coe / N

92 John:

Pick a new one.

93 Arman:

Why, why, why?

Follower

94 Pandit:

Don't do square. Why make it a square house?

Critic

Con

When proposing a rectangle as a shape for the apartment, Pandit initiated work
and ideas and sought consensus about the dimensions of the rectangle (Line 83).
She asked her peers with the position of a manager who sought for consensus to
continue the solution. In this instance, her peer Anna also took a manager
position, but with a coercion force (Line 84). It seems that when Pandit felt to
be accountable for the group work, Anna was more for herself. Pandit then
(Line 88) took a critic position, who sought explanations, looked for alternative
methods, or disputed other people’s assertions. This happened when Anna tried
to change the scale without discussion and gave an explanation for her action.
Pandit’s force was consensus and expressive in the first instance (Line 88) and
then to coercion and consensus later (Line 94).
We also found that sometimes, a student played the position of facilitator, who
acted to keep the group functioning smoothly, gave social support, ensured that
nobody is ignored, tried to avoid or resolve conflict. Line 85 provided an
example of the position when Pandit tried to bring all the members together.
Her force was neutral.
The last position we found was in need of help, who either claimed not to
understand, and explicitly or implicitly asked for help, or accepted an offer of
help from another and attended to the explanation. John, a non-native English
speaker, sought help for ways to write a division symbol, as he attempted to find
out the area of each of the rooms in the apartment.
127 John: It’s huge. Where is… Division is like this or like this. Which In need of N
one is division? Which one is division?
help

Interaction among Positions by Students
Students engaging interaction episodes may navigate between different
positions. They alternate leading the action or following others in the group
when sharing thoughts in order to solve the task. We have identified four main
types of interaction in which participants play different positions: managerhelper, manage-manager, and manager-critic, and manager – follower.
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Lines 77-78 showed the interaction of a manager and a helper. When Pandit
gave direction, Anna followed the direction and pointed out the information
given in the task that was related to the direction Pandit asked for.
A few turns after that, in Lines 83 and 84, we found a certain degree of rivalry
among Pandit and Anna. We characterised the interaction among positions as
manager-manager. Pandit and Anna took positions of a manager next to each
other. Both of them tried to lead the interaction to find an answer to the task.
However, they came with different illocutionary forces: consensus for Pandit
and coercion for Anna. Whereas Pandit is asking the members of the group
about the size of Fred’s apartment, Anna just claimed that she “will decide”
(how big Fred’s apartment would be). This could yield conflict and create a
barrier for a collective solution. Next (Line 85), Pandit adopted a position as a
facilitator, when she asked the members of the group to listen (to Anna’s
words). That re-situated the attention back to the task, bringing people together
in seeking for a possible answer.
As the discussion was evolving, we identified other types of interaction among
positions by students. In some cases, a student gave a direction, who acted as a
manager. Another student has then criticised the direction, to seek an
explanation or dispute this direction. In different occasions, this led to another
direction of further explanation. Lines 114-116 exemplified this type of
interaction (manager-critic). Pandit played the critic position to question why
Anna changed the scale and choose the shape of the apartment. Anna then
reacted and clarified that she just doubles it.
114 Anna: Let's make two centimetre - guys, let's make the two
centimetre square one metre square in this, okay?

Manager Coe

115 Pandit: Don’t – don’t. It's so confusing.

Critic

116 Anna: Why not? How is it confusing? You just double it.

Manager Con

Coe

Later on, during that interactive episode, we found other situations in which a student
did not act according to the direction of the manager but responded to the manager
without adding more information to the conversation. The following except showed
this example. This illustrated the manager – follower interaction.
134 Anna:

Okay. Can I just leave this?

135 Pandit: Yes.

Manager Con
Follower Con

DISCUSSION
The preliminary results showed that the students took dynamic positions when
solving the problem collaboratively. However, not all dynamic is as good.
When a student always takes the position of a helper, in need of help, or
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follower, a teacher can question this dynamic interaction and has an action to
support this student. Also, when a student consistently takes one of the off-task
positions, the grouping might need consideration as the student does not
contribute nor benefit from solving the problem with the group. A facilitator
position is unique in bringing collective efforts, even though it is not necessary
to solve the task at hand. We argue that this position might be challenging for
young students.
We have not found all the positions suggested in the coding framework. This
might be due to the task itself did not offer such opportunities for the position to
be acted (e.g., expert, who needs to confirm the mathematical correctness).
Whereas, we supplemented with a new position of follower, who might not
actively add to the cognitive aspect of CPS, yet to the social aspect that keeps
the conversation going.
The coordination of position and force is helpful to clarify the interactions and
explain the mechanism for the effectiveness of collaboration. A manager
position with an illocutionary force of consensus or neutral may have a different
impact on CPS compared with that with coercion. Except for the manager who
is also an expert in the group, a coercion force might create tension in the group,
which in turn impacts the group cohesion. Future studies can examine the
impact of this in a combination of types of tasks. Likewise, a critic with a force
of consensus or neutral might be productive in helping others to revise their
ideas. In contrast, the coercion force might create hardship and prohibit
collaboration. Interestingly, we have not seen a manager with an expressive
force. Are these two mutually exclusive, which can be further explored?
Some interactions are more effective than others in collaboration (Sfard &
Kieran, 2001). At one instance, if one student takes a position of a manager and
others play a position as a helper to proceed with the direction or a follower to
give feedback to the manager without significant contribution, the group can
move on to a direction. In another case, after the manager initiates an idea,
another act as a critic to seek explanation or point out flaws, this is effective for
the group as a whole in both solving the task and group cohesion. In contrast,
when too many managers work at the same time without listening to others,
collaboration is not beneficial as it shows to be more individual instead of
collective thoughts. This confirms previous studies about the negativity when
there are many leaders in a group (cf. Miller et al., 2013). Another case is when
one acts like a manager or critic and others take more of off-task positions, this
can prohibit the collaboration. Lastly, when we have more than two people in a
group, a facilitator might be crucial to keep the conversation going. Also, it
might be helpful to see the relationship between positions of manager, critic and
expert and outside expert.
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The results were illustrative. We propose conditions for productive CPS and
more research is needed for statistical significance. However, the detailed
analysis conducted suggests interesting aspects characterising interaction, that
researchers would like to consider in further research. This paper contributes to
extending previous studies (Díez-Palomar & Cabré, 2015; Sfard & Kieran,
2001), in clarifying how students act on their agency when working in
mathematics CPS.
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THE PREDICTIVE ROLE OF DOMAIN-SPECIFIC
VOCABULARY IN EARLY PROPORTIONAL REASONING
Elien Vanluydt, Anne-Sophie Supply, Lieven Verschaffel, Wim Van Dooren
Centre for Instructional Psychology and Technology
University of Leuven, Belgium
Proportional reasoning is a pivotal concept in elementary mathematics. More
insight into early predictors of later proportional reasoning might be useful to
guide early interventions. Research indicates that language is of major
importance for mathematical thinking and learning. The present study
investigated the longitudinal association between vocabulary that is specific to
proportional situations and children’s ability to reason about proportional
situations. Results showed that each of the five concepts measured was indeed
significantly correlated with proportional reasoning ability, and this relation
persisted after controlling for children’s SES.
THEORETICAL AND EMPIRICAL BACKGROUND
The role of language in mathematics learning and teaching has been the object
of research for many years (e.g. Pimm, 1991; Lefevre et al., 2010, Staples &
Truxaw, 2012; Zhang et al., 2017). After all, children learn mathematics in a
language-based instructional setting. In this respect, Durkin (1991, p. 3) stated
that: “Mathematics education begins and proceeds in language, it advances and
stumbles because of language, and its outcomes are often assessed in language.”
For these reasons, it is not surprising that many empirical studies show that
language abilities predict math skills (e.g., Abedi & Lord, 2001; Kleemans et
al., 2011; LeFevre et al., 2010; McClelland et al., 2007; Purpura & Reid, 2016;
Seethaler et al., 2011; van der Walt, 2009; Zhang et al., 2017). For example,
LeFevre and colleagues (2010) found that a linguistic pathway, together with a
quantitative and spatial attention pathway, contributed independently to early
numeracy skills during preschool and kindergarten and was related
differentially to performance on a variety of mathematical outcomes two years
later.
In most research that focuses on the link between language and mathematics,
mathematical performance is considered either as a general ability, or the focus
is on the curricular subdomain of whole number and arithmetic. An important
question, however, is what role language plays in more advanced domains, such
as proportionality.
Proportional reasoning is an important ability for the further development of
mathematical understanding, yet it is not achieved easily. Traditionally,
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proportional reasoning ability is assumed to be acquired towards the end of
primary school, i.e. in the formal operational stage (Inhelder & Piaget, 1958)
(see for instance the abundance of studies showing that primary school children
make additive errors in proportional situations). Still, recent research suggests
that the development of proportional reasoning starts much earlier. Resnick and
Singer (1993), for instance, showed that 5- to 7-year olds give proportionally
larger amounts of food to larger fish. Vanluydt et al. (2019) also found that
often 5- and 6-year olds can already make sense of one-to-many
correspondences, and that some can already handle many-to-many
correspondences. Still, at this young age there are large interindividual
differences. Some children already demonstrate rather advanced forms of
reasoning, while others do not show any evidence of making sense of
proportional relations at all.
At this young age, children also show large differences in their language
abilities. The individual differences in proportional reasoning that Vanluydt et
al. (2019) found in young children may therefore be explained at least partly by
their language abilities. Language has been related to proportional reasoning
before; Cirino et al. (2016) found an association between general vocabulary
and proportional reasoning in sixth graders. We could not find studies on this
association at a younger age. Moreover, Cirino et al. (2016) used a general
vocabulary test. Recently, calls have been made to use more specific
mathematical language tests (Purpura & Reid, 2016; Purpura et al., 2017) that
address the terminology involved in the mathematical domain at stake instead of
general vocabulary tests.
Doing so for proportional reasoning would imply a test that heavily relies on the
language of comparison (Lamon, 2006). According to Staples and Truxaw
(2012), this includes (1) expressing a relative comparison between two
quantities, (2) expressing a comparison between two quantities which are
themselves relative comparisons of two quantities, (3) using language that
distinguishes a comparison of a proportion from a comparison of absolute
values.
RATIONALE AND RESEARCH QUESTIONS
Although several authors (Lamon, 2006; MacGregor, 2002; Staples & Truxaw,
2012) have reflected on the language that children need to reason about
proportional situations, we are not aware of empirical evidence linking people’s
knowledge of language (and specifically math language) related to
proportionality and their proportional reasoning ability. The present study aims
to address this gap, particularly in young children. We examined how
proportionality-related vocabulary in the first grade of elementary school
predicts proportional reasoning ability in the second year of elementary school.
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Since several studies show that the home situation of children (and particularly
their socio-economic status, SES) has a significant influence on their
vocabulary (e.g., Abedi & Lord, 2001; Purpura, 2019), we also investigated
whether the predictive relation between proportionality-related language and
proportional reasoning ability was still present when SES was included as a
control variable.
METHOD
Participants and Design
The study is part of a larger longitudinal research project that focuses on the
development of a number of early key mathematical competencies. A cohort of
410 children is followed from the age of 4 until 9. The sample comes from 17
schools (31 classrooms) and is representative for the range of socio-economic
backgrounds in Flanders, Belgium. For this study, complete data could be
collected from 343 children, of which 172 boys. Informed consents from
parents were obtained for all participants, and the study was approved by the
ethical committee of KU Leuven.
Proportionality related vocabulary data were collected in the first year of
primary school, while proportional reasoning ability was assessed in the second
year. All tasks were individually administered in a quiet room in the children’s
schools.
Instruments
For measuring proportionality-related vocabulary, we constructed a task that
aimed at measuring the receptive vocabulary knowledge that is important for
proportional reasoning. Five concepts were addressed: (1) “fair” (because the
proportional context of the ability task involved a fair assignment of food to a
number of children – see below), (2) “double”, (3) “half”, and (4) “three times
more” (which verbalize a multiplicative relation) and (5) “three more” (to assess
the difference between expressions on an additive relation –three more– and a
multiplicative relation –three times more). All items were kept as simple as
possible from a calculation point of view, so that the focus would be on
children’s understanding of the vocabulary involved. For each item, a statement
involving one of the five concepts was read aloud by the interviewer, while a
picture was shown. Children had to assess whether the statement was true or
false when looking at the picture. Each concept was measured by two items: one
with a true statement and one with a false statement, leading to a total of ten
items. Figure 1 gives examples of the two items for the concepts “half” and
“three times more”. Given the true/false nature of the task and the fact that we
expected children to recognize when a given concept was applicable and when
it was not applicable, we applied the following scoring rule: Only if children
correctly responded to both items of a concept, they received a score of one for
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that concept, otherwise (i.e., only one item of a concept correct or none of the
items of a concept correct) they received a score of zero for the concept.
To measure proportional reasoning ability, children completed a task consisting
of eight items involving two discrete quantities and eight items involving a
discrete and a continuous quantity. All items were missing-value problems,
involving the assignment of food (discrete: a number of grapes, continuous: a
chocolate bar of a certain length) to a number of children (represented by
puppets). Children had to construct a set B equivalent to a set A by putting the
elements in set B in the same ratio as the elements in set A. Figure 2 shows an
example item for both item types. See Vanluydt et al. (2019) for a more detailed
description of the proportional reasoning tasks, and for information on the
reliability and validity of this instrument. Given the young age of the children,
the items were offered orally, supported by concrete materials that children
could manipulate, and the need for complex calculations was avoided.

Figure 1. Example items for vocabulary task
(A: incorrect statement about “half”, B: correct statement about “three times
more”)
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“All puppets are equally hungry.

“All puppets are equally hungry.

If I give four grapes to these puppets,
how many grapes do you have to give to
these puppets for it to be fair?”

If I give this chocolate bar to these
puppets, which chocolate bar do you
have to give to these puppets for it to be
fair?”

Figure 2. Example items for proportional reasoning ability task (left: involving
two discrete quantities, right: involving a discrete and a continuous quantity)
(Adapted from Vanluydt et al., 2019)
Socio-economic status (SES) data was collected by means of a parent
questionnaire. In line with other research (e.g., Aaro et al., 2009), it was based
on the education level of the mother, which is considered a good indicator for
the construct at stake: (1) no education, elementary education or lower
secondary education; (2) higher secondary education; (3) professional bachelor;
(4) academic bachelor, master or PhD.
RESULTS
Table 1 gives an overview of the scores on the vocabulary task. The notion
“Fair” in the sharing situation seemed to be well understood by most children.
The notion “Double” and the (additive) notion “Three more” were understood
by a substantial number of children (but less than half), and “Half” and “Three
times more” seemed still quite difficult for more than 4/5 of the children. Still,
for each of the notions, there were children who showed an understanding of the
notions. Overall, about one third of the children got a score of 3 or more out of
5, while the other two thirds got scores of 2 out of 5 or less.
Fair

Double

Half

Three times more

Three more

81.9%

42.0%

18.7%

14.0%

37.3%

Table 1. Percentage of 1-scores answers on each concept of the vocabulary task
On average, children solved 8.65 (SD=3.53, range = 1-16) out of 16 items
correctly on the proportional reasoning ability task. As shown in Figure 3,
which provides the distribution of the scores on this task, some children already
obtained really high scores – solving all or nearly all items correctly – whereas
others managed to do well on only a few.
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Score on proportional reasoning abilities task

Figure 3. Distribution of scores on proportional reasoning ability task
Given these large interindividual differences on both instruments, it was
meaningful to relate the vocabulary scores to the proportional reasoning scores.
Table 2 provides a correlation matrix, involving scores on each of the notions
tested in the vocabulary task and the score on the proportional reasoning ability
task.
This correlation matrix indicates that the five concepts in the vocabulary task
are interrelated to some extent. More importantly, each of the concepts
correlates significantly with performance on the proportional reasoning ability
task, with the strongest correlations being observed for the notions “Double”
and “Three more”.
The question then remains whether these correlations with the scores on the
proportional reasoning ability task would persist when controlled for children’s
SES. Table 3 gives an overview of the partial correlations for each concept,
controlling for SES.
1
1.Proportional reasoning

--

2. Fair
3. Double
4. Half
5. Three times more
6. Three more

2

3

4

5

6

.235**

.110*

.336**

.139*

.108*

.037

.080

--

.320**

.168**

.272**

--

.066

.141**

--

-.068

.183** .365**
--

--

* Note * p < 0.05, ** p < 0.01.

Table 2. Correlation matrix for the vocabulary task and the proportional
reasoning ability task
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Fair

Double

Half

Three times more

Three more

.117**

.314**

.190**

.087

.280**

* Note * p < 0.05, ** p < 0.01.

Table 3. Partial correlations between the score on the proportional reasoning
ability task and the scores on each concept of the vocabulary task, taking into
account SES
Although all partial correlations are lower than the correlations reported in
Table 2, indicating that children’s SES indeed plays a role in explaining the link
between proportionality-related vocabulary and proportional reasoning ability,
all notions – except for “Three times more” – still significantly correlate with
proportional reasoning ability.
CONCLUSIONS AND DISCUSSION
Proportional reasoning is a pivotal concept in elementary mathematics, crucial
for more advanced mathematical skills, but hard to apprehend for children
(Resnick & Singer, 1993). More insight into early predictors of later
proportional reasoning might be useful to guide early interventions.
Theoretical and empirical research indicates that language - general as well as
specifically related to the mathematical concept at stake - is of major
importance for mathematical thinking and learning (e.g., Abedi & Lord, 2001;
Kleemans et al., 2011; LeFevre et al., 2010; McClelland et al., 2007; Purpura &
Reid, 2016; Seethaler et al., 2011; van der Walt, 2009; Zhang et al., 2017). The
present study, was the first to explicitly investigate the association between
vocabulary that is specific to proportional situations, on the one hand, and
children’s ability to reason about proportional situations, on the other hand. The
study was conducted in a large sample, and investigated this relationship
longitudinally, by measuring the understanding of the vocabulary in the first
grade of elementary school and the proportional reasoning ability in the second
year.
We observed that each of the five concepts that was involved in the vocabulary
task was indeed significantly correlated with proportional reasoning ability. We
additionally tested whether this correlation would persist after controlling for
children’s SES, which was indeed the case for 4 out of 5 concepts. In line with
previous research (e.g., Abedi & Lord, 2001; Purpura, 2019), we found
confirmation of the fact that SES is involved in the relation between children’s
proportionality-related vocabulary and reasoning ability, but even when
controlling for this variable a significant correlation persisted.
In contrast to previous research, our study did not involve a general language or
vocabulary test, but focused on the specific vocabulary that is involved in the
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mathematical task at hand. This was done in line with recent calls in the
literature (Purpura & Reid, 2016; Purpura et al., 2017). While general language
ability is of course important in children’s mathematical development, our study
may provide more concrete departure points for intervention. It points at the
central notions that children need to understand if one wants to involve them in
reasoning about proportional situations at a young age. Of course, care must be
taken in drawing conclusions about the causal relation between proportionalityrelated vocabulary and reasoning ability, given that our study was only
correlational in nature. Further research may look at the impact of interventions
paying particular attention to the relevant vocabulary.
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The tasks are fundamental elements in the process of teaching and learning of
Mathematics and consequently, the design and selection of these. The present
work focuses on characterizing a set of tasks proposed by teachers in training
and focused on the derivative of a function at one point, as part of a broader
investigation in which we address the meaning that teachers attribute to this
topic. We employ the method of content analysis provided with a system of
categories that allow us to analyze revealed elements of the meaning of the
derivative as well as the cognitive demand encouraged for each of the tasks. We
noticed a clear predominance of tasks with low cognitive demand in which the
most involved content is the calculation of maxima and minima of a function.
INTRODUCTION
The relationship between the type of homework tasks that students do and the
mathematics they learn has been a topic of research for many years (Breen &
O'Shea, 2010). Several studies claim that what students learn is highly
determined by the tasks assigned by teachers (Sullivan, Clarke, & Clarke,
2013). Concretely, tasks transmit messages about what mathematics is and what
it involves to know them, that is, its meaning. Moreover, it is considered that it
is through the tasks that students are really given learning opportunities
(Anthony & Walshaw, 2009). Some authors even think that posing tasks that
invite the student to think for himself is the main stimulus for learning, above
any other action in the classroom, (Sullivan, Clarke and Clarke, 2013). Hence,
the design and selection of tasks are essential for effective teaching (Watson et
al., 2014).
Due to its relevance, in recent years, there has been an increasing interest in
addressing investigations about school tasks (e.g. Lithner, 2017; Bobis, et al.,
2019). Other aspects also show its relevance: for example, in 2003, at the annual
meeting of the international group for the Psychology of Mathematics
Education (PME), the design and use of tasks were identified as the main topics
of the research reports. As well, in 2008, the International Congress of
Mathematical Education (ICME) organized a Topic Study Group (TSG), named
Research and development in task design and analysis, and even some journals,
such as the Journal of Mathematics Teacher Education (JMTE), have devoted a
special issue to this topic.
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Therefore, we believe that teachers should be able to pose tasks that promote
appropriate learning of their students (Lee, Lee, & Park, 2016). Both the design
and the selection of tasks are influenced by the teacher's goals, as well as by his
knowledge and beliefs about mathematics (Sullivan, Clarke, & Clarke, 2013).
Therefore, as part of a broader investigation in which we address the meaning of
the derivative expressed by math teachers, we focus the present work on
characterizing the derivative tasks proposed by teachers in training. In this way,
not only we approach the future teachers' perception of the derivative, but also,
we can also analyze the relevance of these tasks.
BACKGROUND
We understand ‘task’ in terms of Watson et al. (2014) “to mean a wider range of
‘things to do’ than this, and include repetitive exercises, constructing objects,
exemplifying definitions, solving single-stage and multi-stage problems,
deciding between two possibilities, or carrying out an experiment or
investigation” (p. 9-10). Indeed, a task is anything that a teacher uses to ask
students to do something.
Different models and approaches have been used for the analysis of
mathematics tasks. One widely used has to do with the level of cognitive
demand of the task, proposed by Stein, Grover, and Henningsen (1996), and
used in many investigations (e.g., Cai, Moyer, Nie, & Wang, 2009; TekkumruKisa, Stein, & Schunn, 2015). In our work we also consider the four levels of
cognitive demand raised there. However, since our goal is also related to the
meaning of the derivative for math teachers, we extend the analysis of the tasks
with a set of categories proposed by Moreno and Ramírez (2016) which have
been already used in Vargas, Fernández-Plaza, and Ruiz-Hidalgo (2018). These
categories can be organized in two groups:
•

•

Mathematical content and its meaning: considering the theoretical
framework based on the meaning of a school mathematical concept
developed by Rico (2013), we analyze some elements that make up the
meaning of the derivative: the content, the representation systems, the
transformation of representation systems that are requested, the context,
the situation and the type of function involved.
Learning or cognitive aspects: regarding this aspect we analyze (a) the
demand (Stein et al., 1996); and (b) the mathematical ability fostered by
the task.

METHOD
We conduct qualitative research of descriptive nature, which was carried out
with 55 Mathematics teachers in training in Spain. At the time of data
collection, they were studying for the University Master's Degree in Secondary
Education at the University of Granada, intended for graduate students with
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different academic backgrounds (Mathematics, Engineering, Physics, among
others) who wish to access to secondary teacher career. In this way, every
considered future teacher has passed at least two Calculus courses in their
training.
A survey composed of three questions was used for the data collection. From
the questions, we present here the one in which teachers in training were asked
to propose a task that was resolved involving the derivative. Through a content
analysis, we proceeded to study each of the proposed questions according to
each of the following categories.
System of Categories
In the group of Mathematics meanings, we considered the following categories:
1. Content: the mathematical content addressed in each task.
2. Representation systems: we pay attention to the different representation
systems that appear in the statement of the task. These can be: verbal, graphic,
numerical, symbolic and / or tabular.
3. Types of transformations: under the line of representation systems and
following Duval (2006), we analyze whether the proposed task encompasses in
its resolution transformations within the same system (treatments) or requires
translations from one system to another (conversion).
4. Situation: we identify the PISA situation (OECD, 2016) in which the
proposed tasks are presented: personal, occupational, societal, or scientific.
5. Context: based on our theoretical framework, we take into account the
different mathematical contexts or functions to which the derivative attends in
each one of the tasks.
From the group of cognitive aspects, we consider:
1. Cognitive demand: To analyze this aspect we use the taxonomy of Stein et al.
(1996), in which four types of tasks are considered, according to cognitive
demand. The characterization of these can be seen in Table 1.
Cognitive
demand

Description

Memorization Regarding those tasks that ask the student to remember facts, rules
or definitions. The answers imply an exact and memorized
reproduction. No type of procedure is used.
Procedures
without
connections
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The purpose of this kind of task is to apply some algorithm to solve
a problem. It is more about applying than understanding. These
tasks are characterized by not requiring explanations as well as
there is no ambiguity about what to do and how to do it.

Cognitive
demand

Description

Procedures
with
connections

Although these tasks have a procedure to be solved, their intention
goes beyond the process itself, trying to develop deeper levels of
understanding about mathematical concepts and ideas. Its main
feature is that they are not tasks that can be solved only by
knowing the algorithm, but they require some extra effort.

Doing
Mathematics

These are the tasks with the highest cognitive demand, since they
require non-algorithmic thinking and the solution path is not
predetermined. They require a true understanding of the concepts,
processes, properties and the establishment of relationships among
mathematics concepts.
Table 1: Taxonomy of Stein et al. (1996)

2. Mathematical capability: We adopt the seven Fundamental Mathematical
Capabilities from PISA framework (OECD, 2016): communication;
mathematising; representation; reasoning and argument; devising strategies for
solving problems; using symbolic, formal and technical language and
operations; and using mathematical tools.
RESULTS
One out of the 55 participants did not write any task, other six teachers in
training drew surfaces in which derivatives should be used, but they did not
actually pose a task. Although they were only asked to write a task that was
solved through the derivative, some of them posed two or three, so a total of 52
tasks were analyzed.
At first glance, we detected that nine out of the 52 tasks have no solution as they
were written, since either the necessary data were not presented, or the data
were not consistent. Despite this, these nine tasks took part of the analysis,
considering the intention with which they were posed.
To exemplify, we show the analysis we carry out for the task proposed in Figure 1.

Figure 1: Example of task posed
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The first step of the analysis was to identify optimization as the content that is
addressed in the task (Figure 1). This task is contextualized in an occupational
situation, in a context of applications of the derivative. Regarding the
representation system, both verbal and symbolic are used, where the
management required is a symbolic treatment of the given function.
Regarding the demand of the task, the resolution of a plain problem is
requested, in which there is already defined the function that models the
situation and could even be solved without using the notion of derivative (notice
the vertex of a quadratic function). Therefore, it could be solved using
procedures without connections. In fact, students usually learn to solve
automatically these types of tasks, without really needing the context to find the
correct answer. Finally, the capacity that it fosters is classified as the use of
operations and symbolic language.
In the following, we show the results obtained after the analysis of the 52 tasks,
for each of the categories considered.
Regarding the mathematical content addressed in the tasks, problem solving
predominated (26), mainly optimization, and particle speed and acceleration;
followed by tasks in which it is determined the extremes values of a function
and analyze its monotony (16).Other tasks also addressed: derivation rules (2),
differential equations (1), calculation of limits (2), tangent and normal lines (3);
and others (2). We have included the category 'others' for those tasks that did
not really address any content of the derivative, as is the case of a participant
who stated: “Indicate the intervals of increasing and decreasing for the function
shown [...]”. The solution does not require the notion of derivative. In this
regard, seven out of the 52 tasks that address relative extremes and monotony
do by using quadratic functions, for instance f (x ) = x 2 , so that knowing the
sketch of such a graph could determine the extrema without involving the
notion of derivative.
A plain function was involved in most tasks (in 33 tasks), mainly polynomials
of grade 2 or 3. Four of the tasks slightly suggest more complex functions, and
no specific function is proposed in the remaining 15 tasks, but in some cases the
solver is who may determine the function modelling the situation to answer the
task.
The representation system used in the statement and the types of
transformations that are requested of these can be seen in Table 2. The only
representation systems that emerged were verbal and symbolic, or both. The
management of representation systems mainly deals with a symbolic treatment.
In the case of conversion, it refers in all cases to the translation from the verbal
to the symbolic system.
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Representation system

Types of transformations

Frequency

Symbolic

Treatments

20

Verbal

Conversion

16

Verbal y symbolic

Treatments

16

Table 2: Representation systems used in tasks and types of transformations
Scientific situations predominate, specifically intra-mathematical situations. A
half of the tasks analyzed were contextualized in a strictly mathematical
situation (26), the second half were categorized in occupational situations (12),
mainly issues of business benefits), physics (9, speed and acceleration of
bodies), and personal (5). The context within which the tasks were proposed
was mainly applied (29), followed by geometric (16) and a few within an
algebraic-numerical context (7).
An interesting aspect of the tasks is the cognitive demand of each of them.
Table 3 shows what is requested in the tasks and the related demand.
Cognitive demand
Procedures without
connections

Procedures with
connections

Frequency
Direct Calculation

6

Indirect Calculation

19

Problem solving

15

Identifying

1

Problem solving

11

Table 3: Cognitive demand of the proposed tasks
We notice that the tasks mainly require procedures without connections to be
solved. The only task of identification is not really about derivation. In the same
way, the most of the 11 problems considered to have a higher level of demand
(procedures with connections) correspond to tasks that had no solution.
However, according to the intention of the proposal and the amount of data that
would be required for its solution, the demand is different from others problems
such as that shown in Figure 1 that can be solved more mechanically. In
addition, in these 11 problems the situation plays an important role, since the
task must be interpreted in order to find a modelling function.
In a similar way to the cognitive demand of each task, it is possible to analyze
the mathematical capacity that each one of them promotes. The most
encouraged capacity has to do with calculations and symbolic language (in 50
tasks), regardless of whether tasks are found in different contexts and situations.
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Since there are so many tasks in the form of contextualized problems, we can
also say that the design of strategies to solve problems is promoted and in some
of them, mathematising (11).
DISCUSSION
The goal of this work was to characterize tasks posed by teachers in training, for
the topic of derivative. The analysis showed that the tasks proposed mainly
addressed the content of finding maxima and minima, as well as problem
solving. Although many future teachers submitted task in an applied context,
the most of them were placed in mathematical situations. We also identified that
the tasks were formulated using mainly verbal and symbolic representation
systems, and what is requested is essentially a procedure without connections
that only requires symbolic transformations (treatments).
This is a noteworthy result since it has been found that tasks should lead to
more rigorous ways of thinking. In fact, it has been determined that students
learn best when they attend lesson in which they maintain a high level of
cognitive demand (Kessler, Stein, & Shunn, 2015), i.e., the tasks proposed must
demand a procedure with connections or doing Mathematics. However, we
realize that teachers in training essentially propose tasks that promote the
handling of quick procedures. Thus, according to Sangwin (2003), it is clear
that routine tasks that solve without the use of superior skills predominate. We
believe that, regardless of the context, for a task to be worthwhile, it must be
interesting and provide a level of challenge that invites reflection and hard work
(Cai, Moyer, Nie and Wang, 2009). Even though students prefer simple tasks,
they consider that they learn more with demanding tasks (Sullivan, Clarke and
Clarke, 2013).
The Stein et al. 's (1996) claim about the tendency of the teacher to reduce the
level of potential demand of the task is related to the result of this paper.
Although an effort is made to contextualize the task, they are finally very simple
problems that are solved by applying a routine procedure. Charalambous (2008)
argues that a factor in this is the teacher knowledge. Also, we think the posing
of tasks is also related to the content is understood, i.e. to the meaning given to
the notion of derivative.
A synthesis of the tasks analyzed shows that the derivative is perceived as an
algebraic tool to determine the extremes of a function. Certainly, this is a fairly
limited view of what this concept encompasses. We believe that the results
obtained can be used as input in the training of teachers in order to enrich the
meaning of the concept of derivative, and that in this way teachers can in the
future select and design varied tasks that enrich the meaning of this concept in
their students.
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INDIRECT LEARNING PROCESSES AS KEY VARIABLE IN
EARLY MATHEMATICS LEARNING
Anna-Marietha Vogler
Goethe University Frankfurt am Main
For children, the first mathematical learning does not only take place when they
enter school. It is rather the preschool or the family context in which children
have their first encounter with mathematics. The following contribution focuses
on such early mathematics learning processes in German preschools
(Kindergärten) and highlights especially the role so-called indirect learning,
whereby mathematical content is not explicitly negotiated but implicitly
involved within adult-child-interactions and a kind of ‘learning over time’ takes
place. It is pointed out that these indirect leaning processes are essential for
fundamental mathematical learning. Therefore, two paradigmatic examples of
situations with preschool teachers form the erStMaL-study (early Steps in
Mathematics Learning) are interpretatively analyzed.
INTRODUCTION
There is no doubt that the development of mathematical thinking already takes
place in early childhood and has many sensitive phases during this time (Sarama
& Clements, 2009). However, it remains much discussed how, especially at this
early age, the best possible support for first mathematical learning can be found.
In Germany, in the centre of this discussion is above all the first institutional
learning in kindergarten and the support of this learning by preschool teachers.
Besides the early learning of mathematics at home with parents and siblings, the
preschool is the first place where children encounter mathematics. Although
Germany has established different ‘curricula’ for “Kindergärten” (meaning:
preschool) and “Kindertagesstätten” (meaning: day care centres) for children 0
to 10 years old in each of its states since early 2000s, concerning mathematics,
there is more or less concrete advice for preschool teachers regarding how to
‘teach’ different mathematical contents. Only co-constructive learning is picked
out as a central theme for all contents in all these curricula. As in classroom
learning, the question arises how direct and explicit support by preschool
teachers should be, especially in mathematics. On the basis of a (co)constructivist perspective on early mathematical learning in interaction, the
following article takes a closer look at this question and highlights the role of
so-called indirect learning processes (Bauersfeld, 1995, p. 281) as a possible
'key variable' of early mathematic learning and as a pivot element in the
discussion presented above.
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THEORETICAL BACKGROUND
Early Mathematics Learning in Adult-child-interactions within Preschool
Several studies could prove, that preschool improves children’s school readiness
especially in Mathematics (Melhuish, Quinn, Sylva, Sammons, SirajBlatchford, & Taggart, 2010). While learning at home with parents and siblings
is surely a formative learning context, learning in kindergarten is also an
important factor for children’s learning biographies: it is the first time of
institutional learning for young children and it, therefore, builds a crucial basis
for future schooling (Claesens & Engel, 2013). From a (co-)constructivist
perspective on early learning mathematics, the interactions between children
and ‘more competent others’ (Chaiklin, 2003, p. 41; Vygotsky, 1978), such as
preschool teachers, are an important parameter. In such interactions (initial)
learning processes take place when the children - with the support of the
preschool teachers - participate increasingly autonomously in negotiating
processes of the mathematical discourse. According to Bauersfeld (1988), for
such an increase in autonomy it is necessary that existing “Domains of
Subjective Experiences” (in the following called: DSE) of the child, which
represent a context-bound knowledge that is activated to cope with situations,
are changed or newly formed through processes of negotiation of meaning with
other interactants or through interacting with materials. Increasing autonomy in
the participation in mathematical discourse is thus conditioned by a (formally)
mathematically oriented DSE-formation. Concerning the learning of
mathematics, the children should, therefore, participate in interactions that can
be characterized as ‘mathematically rich’ to develop mathematical meaning that
is full of relations and outlives the situational context.
Indirect Leaning Processes
Especially in interactions in the kindergarten context, however, mathematics
cannot necessarily be experienced and negotiated directly and immediately. On
the one hand, this is due to the fact that mathematics “is, as knowledge of
abstract relations, not directly accessible” (Steinbring, 2015, p. 281), on the
other hand, it is due to the fact that the main focus of the interactants is initially
on the effort to maintain the interaction (Krummheuer, 1997) and less on an
explicit negotiation of elementary mathematical concepts (Vogler, 2020). Early
mathematical negotiations can, therefore, be primarily concerned with more
(informal) everyday topics, which are overlapping a mathematical content that
can be interpreted - but does not have to be interpreted in order to participate in
the interaction (Vogler, 2020). For mathematics, this conclusion seems to be
obvious because, in some cases in mathematics, the concrete and every day
meaning already contain the general and abstract mathematical meaning. The
result is a “double-layer structure” (Vogler, 2020) where learners can participate
on both levels of the interaction – the concrete situational and the abstract
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mathematical meaning. Bauersfeld (1995, p. 281) and Krummheuer (1997, p. 9)
characterize these learning processes as “indirect learning”. Hence, the concrete
meaning superimposes the abstract. However, successful mathematical learning
can be regarded as increasing participation on the (latent) abstract level of
meaning – only, of course, when there is mathematical content contained on this
level. According to Krummheuer (1997, p. 9) and Bruner (1990, p. 34), this is
not explicitly negotiated but latently involved mathematical content, that
underlies the informal interactive process, is called “plot”. While more
competent members of a discourse know about the plot of a situation, the
newcomers become familiar with it, while the participants within interactions
that latently involve in this plot. So, they learn it actively over time. Whether a
plot of a situation and its latent meaning is accessible for the learner depends on
her or his existing or interactively acquired DSEs. Like Bauersfeld (1995) and
Krummheuer (1997) consider this indirect learning as a 'key variable' for
“fundamental learning” (Miller, 1986, p. 20–21; e.g. Steinbring, 2006, p. 194)
in Mathematics. At this point, it remains questionable whether indirect learning
processes afford all children’s development of (formal) mathematical DSE out
of their possibly informal contextualization of the situation. This will be
discussed in the following empirically substantiated based on analysed
situations with preschool teachers in German kindergartens.
METHODOLOGY AND METHOD
Empirical Data – Mathematical Situations with Preschool Teachers
The analyzed situations come from the empirical data of the erStMaL-study
(early Steps in Mathematics Learning), whereby early mathematics learning is
longitudinally researched. Therefore, 12 German kindergartens consisted of 37
preschool teachers and 144 children were observed over an interval of three
years. Besides, situations that are developed and realized by the research team,
also self-designed mathematical situations of preschool teachers from the five
mathematical domains ‘Numbers and Quantitative Thinking’, ‘Geometry and
Spatial Thinking’, ‘Patterns and Algebraic Thinking’, ‘Measurement’ and ‘Data
Analysis’ (e.g. Sarama & Clements, 2009) were observed. Two of the 37
mcompiled situations from the mathematical domain of Measurement, which
are paradigmatic examples, are presented in the analysis.
Methodology – Reconstruction of Indirect Learning Processes
To analyze the indirect learning processes and the latent plot of the interactions,
a two-step analysis is necessarily implemented. To carve out the explicit
processes of negotiation of meaning and the included opportunities of the
children to participate in this process, (1) the Analysis of Interaction in
Mathematics Education is used (e.g. Krummheuer, 2002). For the not explicitly
negotiated but latently involved meanings, an extension of this analysis is
needed because interactional analyses mainly take situational processes into
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account which generate “taken as shared meanings” (Krummheuer, 2002;
Vogler, 2020). Therefore, (2) the method is enlarged by elements from the
objective hermeneutical approach as developed by Oevermann et al. (1979).
This approach focuses on the “latent rules of the interactional system” that are
characteristics of the indirect learning processes on which this paper is focused.
Hence, the enlargement also provides the opportunity to even reconstruct
meanings that originate from individual “Domains of Subjective Experiences”
(Bauersfeld, 1988). By this means, it is possible to reconstruct the ‘hidden’
meaning of the interaction that originates from one of the participants of the
interaction as well as the plot of a situation. For this purpose, “markers” within
the interaction are taken into view. These markers are words, phrases, specific
(diagrammatic) actions or gestures that are ‘produced’ by one participant to
communicate and used by another to interpret the meaning of communication
(e.g. Heller, 2015). In this way, the meanings can also be reconstructed by the
researcher.
COMPARATIVE EMPIRICAL ANALYSES
With the help of the briefly described method of analysis, it is possible to
confirm the theoretically developed assumption that early learning situations in
kindergarten are characterised by interactions in which the learning processes
can be described as indirect. In these situations, sense structures rich in
elementary mathematics emerge initially on a level of meaning that can be
described empirical hermeneutically as latent. What is negotiated are rather
everyday meanings which overlap latent mathematically rich attributions of
meaning. It is remarkable in the comparison of different situations with different
preschool teachers that in some situations the previously latent mathematical
meanings are manifested by the children in the course of time, while in other
situations these manifestations are realized by the teachers.
Situation 1 – “Which are belonging together?”
One of the situations in which the children manifests latent mathematical
meanings is described in Vogler (2020). In this situation, four children from a
kindergarten in Germany (Hannah (3.3 years), Michael (3.7 years), Bettina (4.7
years) and Martha (5.3 years)) and their preschool teacher Nicola interact with
materials on a carpet. The materials which are used include two green paper
circles with different diameters (0.5m and 1.0m) and a burlap sack which is
filled with ten different yet pairwise similar objects - in each case in two
different sizes. The pairwise similar objects are lying on the two paper circles
(e.g. Figure 1).
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Figure 1: Arrangement of the objects on the paper circles
At the beginning of the scene, the preschool teacher Nicola asks the children to
find two things that belong together. She asks: “Which are belonging
together?”. After a girl, Bettina, pointed at two building blocks, Nicola
continues with her instructions.
456 Nicola:
line.
457:
459:
460:

Take a look [Bettina put two things together], here we make a
[…pointing with her finger in a line right beside the paper circles
parallel to the edge of the carpet]
Start right here.
[pointing at one point near the edge of the carpet].

She instructs Bettina to locate the objects on the edge of the carpet where they
are separated from the paper circles. After a short interplay, Bettina places the
two pins on the place marked by Nicola and Nicola confirms the successful
ending of the task and evaluates Bettina’s action in the following line #470:
470 Nicola:
471:

472:

Exactly! This way.
[…adjusts the pins on the carpet the way that they are lying
parallel to the edge of the carpet and the heads of the pins are
abreast].
Who wants to search for two things that belong together now?

In line #471, the teacher corrects the arrangement by putting the nails side by
side until the nails are parallel to each other with the carpet’s edge. She asks the
kids who would like to find the next objects that belong together in #472. In the
next scenes, the kids position all pairs of objects on the carpet in a line with the
first two nails. The next scene follows this ‘routine’:
583 Nicola:
584 Martha:
585 Nicola:

What else can we do with it? Does anybody have an idea?
Compare.
Compare! How would you do that, Martha?

In that scene, Nicola asks the children about the use of the two ‘lines’ of objects
lying on the carpet. Martha specifies the use as ‘comparing’ #584. After this
scene, an interaction can be observed wherein Nicola asks for the way to
compare and the girl astonishingly replies that one can see it because it is
‘beautiful’. The last utterances of the children in line #584, as well as the
following interaction, can be seen as a manifestation of the latent mathematical
plot of the situation: Two objects of similar shape and different size are building
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a pair and should be placed to visualize the exact geometrical difference in size
in order to enable a direct mathematical comparison. Especially the ‘marker’ in
line #598, provides evidence that there is this plot underlying the following
interactional routine of putting all pairs of objects in a line on the carpet. On the
surface, the situation 1 deal with is putting nails on a carpet, but, on the latent
level of the interaction, the preschool teacher Nicola introduces an early concept
of ‘size’ by directly comparing objects of equal shapes and different sizes
(Vogler, 2020).
Situation 2 – “Are these all the same building blocks?”
While in situation 1 the children realize the manifestation of the plot, in the
following situation (2), the preschool teacher (Doris) explicates the plot herself.
This situation also takes place in a Germen kindergarten with four children:
Nina (4;3 years), Belina (4;8 years), Nuem (4;7 years), and Mario (4;2 years).
The four children and Doris are sitting on a table at the beginning of the scene.
Doris presents a wooden box with rectangular prisms to the children. The
‘blocks’ are all similar concerning the material and the color but only pairwise
similar in size. The preschool teacher puts the box on the table (e.g. Figure 2).

Figure 2: Illustration of the arrangement in Situation 2
001 Doris:
002 Nina:
003 Doris:
004:

“What is in it?
Building blocks
Building blocks. Have a look!
[The wooden box with the wooden cuboids light tilting towards
Mario and Nuem, then slightly tilting towards Nina].

In the following she requested an answer for the question “Are these all the
same building blocks?” and the children reply simultaneously.
006 Nina:
007 Belina:
008 Doris:
010 Doris:

Yes
Yes
Yes? Have a look, Mario!
Are these all the same?

The contributions of Doris in line #008 and #010 is considered as an implicit
rejection of Nina’s and Belina’s answer in lines #006 and #007. It can be
interpreted that Doris focuses on the different sizes of the wooden cuboids,
while the children may look at the informal categorization of the wooden
cuboids as “building blocks” #002. After none of the children presents the
adequate answer (“No”), Doris asks again, while holding a cube and a narrow
cuboid in her hand:
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029 Doris:
030:
031 Belina:
032 Nina:

Look at that. What does that look like?
[Holding a wooden cube a little further up and moving it towards
Nina].
They do not look the same.
Square and two corners.

Although Nina's answer contains a distinguishing feature for the building blocks
which can be classified as quite mathematically rich in its meaning, Doris also
rejects this answer. Only much later the children answer a similarly asked
question as in line #010 with “No” and Doris concludes: “They all look
different! Various!” (#057). In doing so, the preschool teacher, Doris, is
manifesting the latent plot of the situation.
Comparison and Analytical Results
In the comparison of the two situations, it can be carved out, that in the
Situation 1, an increase in autonomy for most of the children can be observed
because the interaction is based on a homogeneous, mathematically rich plot
that is a kind of "ostinato" (Vogler, 2020) of the manifest negotiation. In
addition, at the manifest level of interaction in this situation, a routine of action
can be reconstructed in which the latent structures of meaning endure and are in
turn present as latent argumentation routines - here, following Krummheuer
(1997), one can speak of double formatting of the interaction. This structure
seems to enable the children to first 'bite down' on the everyday manifest level
of interaction, in order to then gradually participate in the latent sense structures
on the basis of this (informal-level) participation (Vogler, 2019). In this way,
the children seem to succeed in making the transition from an everyday
contextualization of the situation to a formal mathematical one. This can be
identified based on their contextualization (e.g. line #584). In Situations 2 in
which the preschool teacher, in turn, explicates the initially latent mathematical
plot, this transition does not seem to succeed for the children. Obviously, the
informal attribution of the cuboids as building blocks does not change among
the children in the course of time. Sometimes this is also because of the
contributions that do not correspond to the 'desired' plots of the teachers are
rejected (see interaction from #029 to #032). In such situation, the patterns of
interaction resemble a question-developing (classroom) conversation.
CONCLUSION
The analysis outlined here give a first impression of how central indirect
learning processes seem to be in the field of early mathematical learning and
how important and indispensable they are for fundamental learning in their
interactional form as 'double formatting'. For, even though it is quite possible
that a learning process emerges from interaction patterns such as a questionand-answer conversation through explications, the routinization and the
'indirect' seems to be of particular importance for the 'first' and fundamental
645

learning of mathematical contexts. This form of learning seems, from the
perspective of the outlined results, to be almost inevitable to enable sustainable
mathematical meaning on the part of the children. The analysis suggests that the
increasing autonomy of children in mathematical content stems from the fact
that the interaction between the existing informal DSEs and the formal
mathematical experience of the situation itself is linked through a routine. It is
not only the transition does succeed, but also a certain network of DSEs
develops. In the comparison of the two situations, it can be assumed that an
explication does not necessarily lead to such networking of the child's DSEs if
they are realized by the preschool teachers and not by the children themselves.
Indirect learning, therefore, seems to be a key variable for sustainable and
networked learning of mathematical content. This also corresponds to the idea
of mathematical learning as an enculturation process.
Notes
1. In the transcribed sequence all specialities of the spoken language (mistakes,
grammar etc.) are mentioned in the translation of the transcribed sequence.
Pauses within the speech are coded by a dot for every second in round brackets.
2. It can be assumed that Nina takes the spatial expansion of the cuboids into
account and calls the cuboid with the smaller spatial expansion in one direction
a “two corners”, while she calls the cube a square (literally translated from
German into English: “four corners”). The new word is thus based on the
German term for square.
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SPECIALIZED FRACTIONS DIVISION KNOWLEDGE: A
PROPOSED MODEL
Kamirsyah Wahyu
Universitas Islam Negeri Mataram, Jln. Gajah Mada 100 – Mataram 83117 Indonesia
This paper aims to propose a model of specialized fractions division knowledge
(SFDK). The model is drawn from specialized content knowledge (SCK)
subdomain (Ball et al., 2008) and a synthesis of prior related works which
examine the natures of prospective primary teachers’ (PTs) specialized
knowledge on fractions division. With respect to preceding relevant studies, the
proposed model is more comprehensive since it fully considers translating
across representations and different conceptualizations of fractions division.
Moreover, it has double functions; to examine and develop PTs' SFDK in the
teacher education program.
INTRODUCTION
Having a robust understanding of fractions division (FD) is a major challenge
for PTs since, unlike other primary mathematics topics, its characteristics are
problematic (Prediger, 2006; Ma, 2010). Researches in the last decades (e.g.,
Simon, 1993; Li & Kulm, 2008; Olanoff, Lo, & Tobias, 2014) reveal that a
multitude of PTs have not fulfilled that challenge. For example, when PTs were
asked to create a word problem of the division with fractions, most of them
either presented fraction multiplication problem or not able at all to come with
the answers (Simon, 1993). Studies, with prior (e.g., Jansen & Hohensee, 2016)
and after instruction design (e.g., Adu-Gyamfi et al., 2019) unravel quite similar
results regarding the low achievement of PTs' specialized knowledge on the
topic.
To help prospective teachers develop such kind of knowledge through a wellprepared design of instructions in the teacher education courses, the information
on the nature of their knowledge on fractions division is required (Lo & Luo,
2012; Jansen & Hohensee, 2016). Similarly, that information is vital to examine
the effectivity of an instructional design which aims to develop PTs’ SFDK.
Thus, in order to thoroughly understand such knowledge, a model is definitely
needed. This paper attempts to address that need by proposing a model of
specialized fractions division knowledge.
PRIOR STUDIES ON SFDK
Olanoff, Lo, and Tobias (2014) extensively reviewed a number of studies which
focus on mathematical knowledge for teaching fractions from pre-1998 to 2013.
Several studies included in the review (e.g., Tirosh & Graeber, 1990; Rizvi,
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2004; McAllister & Beaver, 2012; Lo and Luo, 2012) examined the participants’
SFDK through tasks which ask them to (1) write words problems from a given
number sentences or otherwise, and (2) use pictorial representations to solve
word problems. However, the researchers were not concerned about the
different conceptualizations of fractions division. For instance, Lo and Luo
(2012) examined PTs’ specialized fractions division knowledge using a task that
asks the subjects to write a word problem which represents 8 2/3 ÷ 1/4 = ? and
use drawing to solve it. Three representations are involved in solving the
problem.
Two related studies are found after Olanoff’s et al. (2014) review. Jansen and
Hohensee (2016) examined the nature of PTs' conceptions of a partitive division
with fractions prior to the instruction. Referring to the notion of productive
conceptions (Llyoid & Wilson, 1998), they set two criteria of conceptions,
namely connected and flexible. Translating between representations and being
aware that partitive fractions division generate unit rate are the indicators of
connected conception. Flexible conception is defined as becoming aware that
division can involve partitioning, iterating, or both. The results of the study
reveal that none of the participants has fully connected conceptions and flexible
connection. Within the same objectives to examine PTs’ content knowledge and
different context, the subjects have participated in the related fractions division
course, Adu-Gyamfi et al. (2019) presented three tasks to examine PTs’
knowledge regarding conceptualizations and connections the subjects made
among diagrammatic, verbal, and algebraic representations. The study did not
only cover SCK but also knowledge of content and students (Ball, Thames, &
Phelps, 2008) since two items of the tasks present example of students’ works to
be analysed, whether or not it is a correct solution to the first task.
On the whole, aforementioned studies (e.g., Simon, 1993; Li & Kulm, 2008;
McAllister & Beaver, 2012; Lo & Luo, 2012) mostly examined how prospective
(elementary or middle school) teachers move from one representation to
another, for example from symbolic (number sentences) to words or story
problem and different interpretations of fractions division was not its concern.
Jansen and Hohensee (2016) focus specifically on one conceptualization of
fraction division (partitive) but provide a significant tool to examine specialized
content knowledge on partitive fraction division. Adu-Gyamfi et al., (2019)
studied the PTs' knowledge which refers to the conceptualizations of fraction
division, and connections between verbal, diagrammatic, and algebraic
representations but the focus were split to another subdomain of MKT. With
respect to the researchers, I argue that the PTs’ specialized fraction division
knowledge needs to be further comprehensively examined with respect to
translating across representations used in solving fractions division problems
and different conceptualization of fractions division.
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THEORETICAL REVIEW
To strengthen the idea of the model, it is imperative to provide a theoretical
review about representation systems of fraction division, different
conceptualizations of fractions division, and SCK as follows.
Conceptualization of Fractions Division
The literature agrees that fractions division has diverse conceptualizations
(Sinicrope, Mick, & Kolb, 2002; Gregg & Gregg, 2007; Lamon, 2012).
Sinicrope et al. (2002) conceptualize fractions division into five; measurement,
partitive, unit rate, the inverse of an operator multiplication, and the inverse of a
Cartesian product. Some authors (e.g., Gregg & Gregg, 2007; Lamon, 2012)
include and use unit rate as part of the partitive division with fractions. The
model adopts the five categories but includes only three common
conceptualizations; measurement, partitive, and unit rate since they are mostly
taught in the classrooms and presented in the textbook (Wahyu & Mahfudy,
2018).
Measurement, partitive, and unit rate interpretations of FD have unique features
(Gregg & Gregg, 2007; van de Walle, Karp, & Bay-Williams, 2012; Petit et al.,
2016; Jansen & Hohensee, 2016; Shin & Lee, 2018) with respect to components
(dividend and divisor), typical situation (e.g., fair-sharing), solution process
(iterating or partitioning), and developed algorithm. I argue that the ability to
differentiate each conceptualization is definitely necessary for PTs. For
example, when 3/4 ÷ 1/2 is given, two distinct story problems (measurement or
unit rate) could be made, or when given two story problems, they could identify
which one is for 2 ÷ 3/4 (measurement) and 3/4 ÷ 2 (partitive). After all, this
process also associates with translating across representations and thus result in
a comprehensive SFDK.
Representations of Fractions Division
External representations are visible productions such as diagrams, graphs,
manipulatives, formulas and equations, or mathematical expressions which
stand for mathematical ideas or relationships (Goldin, 2014). There are three
common external representations widely used and referred to fractions division;
concrete (e.g., fraction bars), semi-concrete (e.g., number lines), and abstract
such as numerical, verbal or symbolic/algebraic (Adu-Gyamfi et al., 2019).
These representations have been deploying to develop students’ understanding
(Gregg & Gregg, 2007; Wahyu, Amin, & Lukito, 2017) and examine
(prospective) teachers’ FD knowledge (Lo & Luo, 2012). Solving FD problems
involves the translation between verbal representation (word problems),
pictorial representations (number lines, area model, or sets of objects model),
symbolic representation (number sentences), and algebraic representation which
are depicted by the proposed model. In Adu-Gyamfi et al. (2019), algorithm
algebraic representation is the algebraic representation of procedures to operate
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fractions division. In this model, the algebraic representation is the procedures
and rationales behind it as well.
One of the key aspects of SCK related to fraction divisions is understanding
different representations (Ball et al., 2008). For example, when the PTs is asked
to solve a story problem on fractions operations (verbal representations), they
are certainly demanded to differentiate which operation fits the story problem,
what number sentence (symbolic representation) stands for the problem, what
appropriate models (number lines or area model) to construct, what algorithm
(algebraic representations) to use and how it relates developed models, and
finally all of which lead to correct solution. These processes denote linking
across representations.
Specialized Content Knowledge
SCK is one of the knowledge components under subject matter knowledge that
the teachers should possess. It is defined as mathematical knowledge and skill
that is peculiar in teaching (Ball et al., 2008). Referring to the description of
SCK presented by Ball et al. (2008), the competencies related to fractions
division are (1) differentiating the conceptualization of FD, for example, the
difference between measurement and partitive interpretation, (2) linking across
various representations in solving FD problems, for instance, write a correct
number sentence from a FD story problem, and (3) holding decompressed
mathematical knowledge such as explaining why invert and multiply or equalize
the denominators to divide fractions. The proposed model is built up by these
points. The last point is placed in algebraic representation in the model.
THE PROPOSED MODEL
Drawing from aforementioned components of SCK, prior studies (Jansen &
Hohensee, 2016; Adu-Gyamfi et al., 2019), and theoretical reviews on
conceptualizations and representations of fractions division, this paper proposes
a model of SFDK (Figure 1) which can be utilized to examine PTs’ SFDK and
prepare an instructional design in a mathematics course to develop such
knowledge. I introduce the term connected and flexible SFDK adapted from
Jansen and Hohensee (2016). Connected SFDK is PTs’ ability to translate
across various representations, not only from verbal to pictorial representations
or one direction translation. Flexible SFDK is PTs’ capability of differentiating
measurement, partitive, and unit rate interpretation of fractions division which
affect their works on the representations.
The model represents two main components of SFDK, i.e., linking across
representations and differentiating conceptualizations of fractions division.
There are two parts of Figure 1. Firstly, diagram inside the large rectangle
which denote the first component. Secondly, the rectangle itself that indicates
the second component that ‘guide’ the representations. 'Guide' means that each
conceptualization uniquely determines the process of moving from one
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representation to others. I call it unique since measurement FD has distinct
features, e.g., repeated subtraction situation, compared to a fair-sharing situation
(partitive FD) which affect the approach students or (prospective) teachers used
to solve the FD problems. Two-direction arrow denotes the link of various
representations meanwhile the one-direction dashed line denotes the process of
solving FD problems. The solution process is included since it entails the way
PTs develop decompressed mathematical knowledge as part of SCK.
One example is presented to explicate how the model works. Given this word
problem of measurement FD: Ana is making a flower decoration from 2 1/5
metres ribbon. Each decoration requires 3/5 metre ribbon. How many
decorations can Ana make?
Generally, to solve the problem, PTs could begin by either drawing pictorial
representations, for example, number lines or determining number sentence. Let
us focus on the first starting point. The problem-context (verbal representation)
is translated into number lines (pictorial representation). With the number line,
PTs can find the number of decorations (model-based solutions) by partitioning
and iterating it. The 3 2/3 decorations are the results of counting how many 3/5s
are in 2 1/5 (verbal representation ↔ pictorial representation) [1]. However, the
process does not stop here since teachers will introduce fraction division to the
students.

Figure 1: A model of specialized fraction division knowledge
PTs determine number sentence (symbolic representation, 2 1/5÷3/5), or also
called as mathematics problem model (verbal representation ↔ symbolic
representation) [2] which depart from episodic situation comprehension and
problem model (Staub & Reusser, 1995). The number sentence is meaningful if
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PTs could relate it to the number line. Indeed, the number line represents 2
1/5÷3/5 (pictorial representation ↔
symbolic
representation) [3]. The result of 2 1/5÷3/5 could be determined by using the
common-denominator algorithm. In this model, the algebraic representation is
not only the algorithm or procedure to calculate the quotient as part of common
content knowledge (Ball et al., 2008) but also justification why the procedure
could be used to divide. The quotient 3 2/3 and the algorithm are meaningful if
PTs could link them to the model-based solutions. 2 1/5÷3/5 = 3 2/3 is similar
to determining how many 3/5 metres ribbons are in 2 1/5 metres ribbon. It is
the reason why 2 1/5 divided by 3/5 results in 3 2/3. The procedure, 2 1/5 ÷ 3/5
= 11/5 ÷ 3/5 = 11 ÷ 3 = 3 2/3, refers to a number of partitions made in the
number line for dividend directly divided by the numerator of divisor or number
of iterations based on the divisor. It is the argument why common-denominator
algorithm could be used (pictorial representation ↔ symbolic representation ↔
algebraic representation ↔ pictorial representation) [4]. At last, the process [1]
to [4] is also linked back to verbal representation and otherwise (linking across
representations) [5].
These processes, in my perspective, reflect connected SFDK. When PTs are
able to translate across representations, from [1] to [5], no doubt that they will
teach FD conceptually. I also argue that linking across the representations
depends on the FD conceptualizations. If the problem is partitive FD, the way
PTs do [3] is different from measurement since both conceptualizations have
distinct situation; repeated subtraction and fair-sharing. Likewise, the unit rate
conceptualization is not the same as partitive and measurement when PTs do [4]
since it uses the invert-multiply algorithm. For this reason, moving across
representations is not enough, and that is why differentiating each
conceptualization flexible SFDK is needed.
Using the model, one could design fraction division tasks to reveal PTs’
connected and flexible SFDK. Table 1 shows the exemplary tasks which I am
using to test the model empirically. The tasks below can also be utilized to
develop PTs' SFDK.
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No.
Task
1* Match the following word problems with the given number sentences! You
may use one number sentence for more than one word problem.
(1) Dwi has 4 kg of flour to be put in a box. One box contains 2/3 kg of flour,
how many boxes does she need?
(2) … (7)
Number sentences
3
1
2
1
3
2
1
2
3
1
1
2
(a) ÷ ; (b) ÷ 4 (c) ÷ ; (d) 1 ÷ ; (e) 4÷ ; (f) × ; (g) ÷ 1
4

2
3

4
5

2

3

2

4

3

4

3

4

2

4

3

Use only drawings or models to solve the word problems in number 1! Also,
determine the quotient of its number sentence through an algorithm!
After solving word problems and determine the quotient in number 2, do
you get a similar answer for each pair? If NO, which one is correct? If YES,
how your models and algorithm are related? Explain your answer!
2 2
3
1
2
1
Write a different word problem for 4 ÷ ; ÷ 4 ; ÷ ; and 1 ÷ !
3

3

4
2

2

2

3

4

What is the difference in words problems for 4 ÷ and ÷ 4? Hint: Use
3
3
contextual problems in number 1. You can compare it to your contextual
problems in number 4.

*There are seven word problems in number 1
Table 1: Fraction division task to examine and develop PTs’ connected and
flexible SFDK
CONCLUSION
This paper explicates the proposed model, which can be used to examine PTs'
SFDK and entry point for instructional design to develop such knowledge. It
represents a connected and flexible SFDK for which PTs should hold in order to
teach fractions division conceptually. Prior studies (e.g., Rizvi, 2004; McAllister
& Beaver, 2012; Lo and Luo, 2012; Jansen & Hohensee, 2016) which examine
PTs’ specialized content knowledge on the topic were limited to one direction
of translating between representations and had not fully considered the different
conceptualizations of fraction divisions. Nevertheless, SCK (Ball et al., 2008)
includes three major components, namely (1) differentiating the
conceptualization of FD, (2) linking across various representations, and (3)
holding decompressed mathematical knowledge. The proposed model extends
the foregoing works and covers all the components.
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WHAT ARE PARENTAL CONTROLS AND HOW CAN THEY
AFFECT CHILDREN’S MATHEMATICS ACHIEVEMENT?
Daya Weerasinghe
Federation University Australia
This paper focuses on the implementation of parental controls as a result of
parental involvement in children’s mathematics education. The data used were
responses from secondary school students (N=128) and their parents (N=85)
who live in Melbourne, Australia. The data collection process involved online
questionnaires and semi structured face-to-face interviews. A conceptual
framework was designed to guide the study. Parental perceptions together with
parental controls and students’ mathematics outcomes are discussed with
respect to culture, gender, and year level.
INTRODUCTION
Parental involvement in their children’s education has captivated the attention
of the world for some time. The impetus for this research and my motivation to
conduct it emerged from readings as well as my life experiences as a student in
Sri Lanka – an Asian country, a mathematics teacher, and an immigrant parent
in Australia. Different parents may involve themselves differently with their
children for numerous reasons. Within the same family, the parenting styles of
mother and father may not be the same. Several decades of research have
demonstrated that parental controls in children’s education are associated with a
variety of positive and negative academic and motivational outcomes. Yet, there
is no universal pattern of parent controls that results in higher achievement, nor
do all forms of involvement enhance learning outcomes (Jeynes, 2011). This
paper aims to elucidate the impact of parental involvement in mathematics
education resulting in either positive or negative outcomes, which may be
perceived by children as support or pressure.
It is argued as well that parental controls may matter more for some children
than for others. There are Asian parents, for example, who are often reported to
spend time each day in monitoring the academic activities of their children (Fu
& Markus, 2014). In her controversial memoir entitled Battle hymn of the tiger
mother, Chua (2011) depicted a Chinese model of parenting. The term “Tiger
mother” self-proclaimed by Chua is sometimes used to describe an authoritarian
parenting style in which parents give their children few choices and seldom ask
children for opinions (Baumrind, 1967). It is not only Chinese mothers who act
as “Tiger mothers”, for example, it seems that some non-Chinese parents from
other Asian countries such as Korea, Vietnam, India, Bangladesh, and Sri Lanka
have similar mindsets. The well-prepared offspring of these “Tiger mothers”
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seem to be outperforming non-Asian counterparts at schools where both Asian
and non-Asian ethnic background students study together (Fu & Markus, 2014).
CONCEPTUAL FRAMEWORK
While reviewing research on parental involvement factors and parenting styles,
it was found that the theories and concepts employed in previous studies are
inter-related and parental involvement factors are directly or indirectly related to
the academic achievement of the parents’ children. Because of such
complexities in the concepts in literature, the methodology of this research
involved a conceptual framework and a sequential explanatory mixed methods
design to analyse and interpret the data gathered.
In previous research, family rules at home, perceived parental control, and
material deprivation were found to be both positive and negative predictors in
relation to parental controls (Baxter, Bylund, Imes, & Routsong, 2009).
Material deprivation experienced by the child at home is lack of material
benefits that are considered to be basic necessities. With regard to parents and
children in the study of this digital era, for the appositeness to the study,
material deprivation was modified and used as digital deprivation which is
defined as inaccessibility to social media and equipment such as computer
games, television, and mobile phones due to non-availability within premises or
prohibition by parents.
In the conceptual framework, parental attributes such as attitudes, beliefs,
expectations, aspirations, values, and academic standards are collectively
considered as parental perceptions, which seem to be varied among parents and
their cultures. These attributes may influence family rules, perceived parental
control, and digital deprivation combined as parental control, and children’s
perceptions in mathematics achievement. Children’s perceptions due to parental
control factors may also be divided into positives and negatives depending on
how these factors influence children. The possible connections among parental
perceptions and control factors together with children’s achievement are
displayed in the conceptual framework in Figure 1, which shows how these
factors may be related.
Family rules

Parental
perceptions

Perceived parental
control

Children’s
achievement in
Mathematics

Digital deprivation

Figure 1: Conceptual framework of parental perceptions, parental controls, and
mathematics achievement of children
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Even though the conceptual framework guides and shapes the study, initial
quantitative results may be inadequate by themselves to describe positive and
negative outcomes of students. Therefore, qualitative data are used to explain
quantitative results. As a result, the study involves a mixed methods approach.
The following are the formulated research questions.
What are the relations among parents’ perceptions, parental controls, and
children’s mathematics achievement in relation to culture, gender, and year
level? How do parental controls affect mathematics achievement of children?
METHOD
Questions in both parent and student surveys were based on mathematics
education of children. With the permission of education authorities and
principals, the consent forms and invitation letters were sent to schools and hard
copies of the student questionnaire were distributed to secondary students in
three different schools in Melbourne, Australia without being selective
regarding their ethnic background, gender, or secondary year level. The schools
have a multicultural population of students. There were different groups or
clusters of participants in this study. They were both male or female secondary
students from Year 7 to Year 12 and their male or female parents from the sets
of Asian and European backgrounds who live in Australia. Students were asked
to take a copy of the parental questionnaire home and hand it back to their
teacher with at least one of the parents’ responses. The length of each
questionnaire was kept to 20 minutes approximately and they were similar. In
addition, it was possible to get permission from school principals to upload the
questionnaires and make them available on school websites. This was
convenient and enabled students and parents to respond to the questionnaires
whenever it suited them.
After the survey using both student and parent questionnaires, from the
participants who completed the survey I interviewed a purposefully selected
sample of four families (parent and child separately) from each group of
European–Australian and Asian–Australian backgrounds. Hence, there were
sixteen interviews in total. Interviews were the main means of collecting
qualitative data though it was of interest to use responses to the descriptive
questions in the questionnaires too. The interviewed participants were also
participants in the surveyed sample. This ensured comparison between similar
categories of data from both qualitative and quantitative types (Creswell, 2014).
Interview questions for parents and children were also similar.
To analyse quantitative data, descriptive and statistical analysis techniques such
as correlation, cross-tabulation, independent samples t-test, and analysis of
variance (ANOVA) were used. Further, Confirmatory Factor Analysis (CFA)
and structural equation modelling (SEM) were involved using the IBM SPSS
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AMOS Graphics [Version 22.0.0] software package. With the qualitative data,
interviews were transcribed and content analysis techniques were employed
using the QSR NVivo for Windows [Version 10.0.138.0]. Finally, the results of
both quantitative and qualitative analyses were integrated together and
interpretations were given to answer research questions. In the analysis,
calculations were based on mean values, thus minimising the possible effects on
results due to group differences in size. As observed in Year 7 to Year 12
classrooms and experienced with those students, it was evident that the learning
needs and methods differed with age. Hence, it was appropriate to split them as
junior secondary and senior secondary students to reduce the threats to validity
and reliability. As a result, the participants selected for interviews were senior
secondary students and their parents.
RESULTS
In quantitative data analysis of parents’ data using CFA, final fit indices (n = 85,
χ2 value = 78.66, df = 67, p-value = .16, RMSEA = .05, GFI = .90, RMR = .04,
and CFI = .97) have satisfied the requirements of an appropriate CFA model.
Composite factor scores found using the model were involved in comparisons in
Table 1 show that there is a small positive correlation between parental
perceptions and parental controls and a large positive correlation between
parental perceptions and children’s perceptions in mathematics achievement.
Hence, an increase in parental perceptions results in an increase in both parental
control and children’s perceptions. There is no significant relation between
parental controls and children’s perceptions at the 0.05 level. Children’s data
show large, positive correlations between parental perceptions and children’s
perceptions, parental perceptions and parental controls, and parental controls
and children’s perceptions. This implies that children felt that they were
controlled by their parents more than parents thought they controlled their
children.

Parental
perceptions
Parental control
Children’s
perceptions

M

SD

Parental
Parental
perceptions controls

1.924

.497

-

2.332

.555

.236

-

2.028

.542

.740

.108

Children’s
perceptions

-

Table 1: Correlations among parental perceptions, parental controls, and
children’s perceptions in mathematics achievement
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Independent samples t-tests were used to compare differences between the two
ethnic groups in relation to parental perceptions, parental control, and children’s
perceptions using parents’ data. According to the Likert scale used a lower
mean value means stronger agreement with the questions asked. Lower mean
value in parental control of Asian–Australian parents in Table 2, indicated more
control on their children. From the p - values, parental controls showed a
significant difference between European–Australian and Asian–Australian
participants at the 0.05 level. There was no significant difference between
parental perceptions or children’s perceptions in the two groups.

European–
Australian (n =30)

Asian–Australian
(n =55)

M

SD

M

SD

t(83)

p

η2

Parental
perceptions

1.833

.522

1.973

.480

-1.240

.219

.018

Parental
control

2.560

.537

2.207

.529

2.918

.005

.093

Children’s
perceptions

1.886

.558

2.106

.522

-1.818

.073

.038

Table 2: Comparison of ethnic group differences in parental control
The p - values in Table 3 for children’s data indicate a significant difference in
parental control between the two gender groups but related parental perceptions
and children’s perceptions do not show a significant difference. Further,
parents’ data do not show a significant difference in any of the three factors.
This implies that parents felt that there were no differences in gender when
controlling children but their children felt the opposite.
Male (n = 57)
M
SD

Female (n = 67)
M
SD

t(122)

p

η2

Parental
perceptions
Parental control

2.061

.589

1.993

.572

.657

.513

.005

2.406

.628

2.660

.732

-2.060

.042

.049

Children’s
perceptions

2.246

.566

2.206

.617

.372

.711

.002

Table 3: Comparison of gender differences in parental control
Using parents’ data, the output from one-way ANOVA across years levels with
parental perceptions, parental controls, and children’s perceptions show a
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statistically significant difference among Year 7 to Year 12 groups at the p <
0.05 level as shown in Table 4. Although there are some fluctuations in mean
values, there was an overall upward trend or an increase in each of the three
factors. Likewise, children’s data show an upward trend and significant
differences in all three factors across year levels. Higher mean values indicate
that parental control as well as parents’ and children’s perceptions of control
decreased with the increase in year level.

Parental
perceptions
Parental
control
Children’s
perceptions

Sum of Mean
Squares Square
Between Groups 3.228
.646
Within Groups
17.525
.222
Between Groups 4.367
.873
Within Groups
21.530
.273
Between Groups 4.739
.948
Within Groups
19.921
.252

F(5, 79)

p

η2

2.910

.018

.156

3.205

.011

.169

3.759

.004

.192

Table 4: One-way ANOVA for parental control among year levels
While some of the families interviewed had rules which were not particularly
strict, others reported quite strict rules. The different levels of rules within and
among families and the ways of implementing such rules imply that there are
more general rules for Asian–Australian children than for their European–
Australian counterparts. Furthermore, some families seemed to have unspoken
rules, which were expected to be followed by children every day as a standard
within the family. By comparing general rules and unspoken rules within
families, it was concluded that Asian–Australian families have stricter general
rules than European–Australian families. Warnings are another type of parental
involvement used to control children. However, Some parent–child dyads did
not seem to have rules because they did not require them.
Both parents’ and children’s data showed that the activities involved in
perceptions of control included: assertive involvement, reluctance to grant
permission, keeping tracking, limiting socialisation, and punishment. Some
parents become too involved in their children’s mathematics education, which
seems to put pressure on parents and children, creating negative effects on both.
Parents’ actions could be different when they grant permission to their children.
After granting permission, some parents assigned another task for themselves.
That is to keep track on the whereabouts of their children. However, keeping
track was unnecessary for some students in this study, who were self-disciplined
and able to take responsibility for their own actions. Some students gave
priority to studies and limited socialising. In addition, some parents punished
their children when they neglected their studies. It seems that the type of
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punishment could be different and varied among families. None of the
participants reported hitting with a cane or stick as a punishment.
At present, digital technology has become inseparable from human beings, but
sometimes parents find it a disruption to the learning of their children. While the
use of digital equipment can enhance teaching and learning mathematics, the
addiction to such items seems to be a matter of concern for parents. Data
gathered in this study showed that parents confiscate items, cut-off
entertainment, or limit entertainment in order to push their children towards
academic activities. However, there were some indulgent or permissive parents
who did not have concerns about the excessive use of technology. Hence, they
did not restrict their children’s interests in digital devices. Some parents would
limit entertainment to control their children but it seems that further action was
regarded as necessary in some cases. Confiscating digital equipment is one such
parental action as mentioned by participants.
CONCLUSION
Results indicated a strong and positive espousal of parental controls in both
parents’ and children’s perceptions. Hence, it can be concluded that an increase
of parental perceptions such as attitudes, beliefs, expectations, aspirations,
values, and academic standards in mathematics education and controlling their
children would cause an increase in children’s positive or negative perceptions
in mathematics achievement. However, when parental aspirations exceeded
their children’s expectations (Rutherford, 2015) children seemed to have a high
level of anxiety, emotional and behavioural difficulties, and lower wellbeing
due to perceived pressure, as seen in the interview data. Parental over-aspiration
can be detrimental for children’s achievement as described by Murayama,
Pekrun, Suzuki, Marsh, and Lichtenfeld (2016). Hence, a key implication
resulting a positive outcome was the flexibility of parental perceptions, so that
parents do not put pressure on children when the latter are seeking to achieve
goals. Willingness to change or compromise in parenting was evident in some
of the interviews in this study. The findings of this research provide insights on
how parental controls can make a difference and why excessive involvement of
parents is not always better for children.
Both parents and children reported that the three parental control factors, family
rules, perceived parental control, and digital deprivation, differed between the
two cultural groups. One of the commonly offered explanations of the
differences is based on people from different ethnic backgrounds having
different perceptions regarding the parental role in children’s education (Wilder,
2014). The process of acculturation over the years, as explained by Sue and
Okazaki (1990) can diminish these differences between ethnic groups. Further,
it was found that there were no significant differences in the gender of parents
when they were involved with children’s mathematics education. However,
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children thought that there were differences in gender when controlling children
but parents did not see any difference. Parental perceptions on their involvement
in mathematics education of their children and parental control were
significantly different across secondary year levels.
The current study, however, affirmed that when children were not doing what
they were supposed to do with their studies, parents considered controlling
children. As a consequence parents would limit their children’s entertainment
by reducing TV time, limiting internet usage, or not allowing them to use other
digital equipment for a certain period. If there were too many distractions via
social media, parents tended to confiscate digital equipment to facilitate their
children’s engagement in academic activities such as homework. However,
some electronic equipment was needed for mathematics and it was impossible
to confiscate such items. In this situation some parents implemented ground
rules so that children were not able to use digital equipment or the internet after
a given time at night. As corporal punishment or hitting with a cane was rare
and did not seem to exist anymore the participants reported other types of
punishment such as cutting off freedom, grounding, or forcing them to keep
studying. Hence, it was clear that if children know their limits in everything
they do and obey general rules, parents may not need to place any other
restrictions on them or their activities. However, excessively high parental
aspirations or unrealistically positive perceptions can lead to over-involvement,
resulting in high levels of parental control and excessive pressure on children,
which may increase the risk of negative outcomes (Murayama et al., 2016) such
as being overwhelmed with worries, depression, and anxiety. As Blondal and
Adalbjamardottir (2009) concluded, adolescents who experienced their parents
as providers of warmth, trust, and respect while setting fair limits and
demanding mature behaviour were more receptive to parental controls. The
current study was also in line with the self-determination theory (Deci & Ryan,
1987), which states that children’s innate needs for competence, autonomy, and
relatedness are undermined when parents are intrusive and controlling.
Nevertheless, an appropriate level of parental control is desirable. This study
has been able to confirm that children are differentially responsive to how
parents become involved and the benefits of such involvement depend on what
children themselves bring to their interactions with parents. Importantly, higher
parental perceptions can cause higher children’s perceptions regarding
mathematics achievement and it is a two-way relationship.
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What conceptions, besides the prevalent, part-of-whole conception, may
underlie Chinese students’ solutions to fractional tasks? To address this
question, we draw on a constructivist line of work in western countries that
articulated conceptual progressions about fractions as measures (multiplicative
relations). We analyze data from two lessons, co-taught by Chinese speaking
and English speaking researcher- teachers, which were part of a classroom
teaching experiment with 4th graders at a large, urban school in northeast
China (N=44). Initially, their reasoning seemed rooted in a conception of
fractions we distinguished from part-of-whole, termed “Result of Dividing.”
Later, they shifted to a conception that involves unit iteration. We discuss
implications of these distinctions for theory building and for practice.
INTRODUCTION
Teaching and learning fractions continue to be a great challenge (Beckmann,
2019). Much research has been conducted to study, and promote, students’
fractional conceptions (Charalambous & Pitta-Pantazi, 2005; Steffe & Olive,
2010). One prevalent conception, fractions as part(s)-of-whole, has been pointed
to as an impediment for deeper understanding and use of fractions (Tzur, 2019).
Our work with Chinese students (and teachers) led us to make a subtle, novel
distinction of a conception that we could not find in our scrutiny of the
literature. In line with the international interest in Chinese students’ top-rate
outcomes (Tonga et al., 2019), we address the question: What conceptions,
besides the prevalent, part-of-whole conception, may underlie Chinese students’
solutions to fractional tasks?
To illustrate the newly distinguished conception and issues related with it, we
present (Figure 1) the three-phase problem used in a 4th grade class during one
of the lessons analyzed in this study. Firstly (Figure 1a), the researcher-teacher
presented students with a sequence of actions on the projected computer screen.
He drew an unpartitioned (given) whole, then repeated one piece 7 times to
show a 7-part whole equal in length to the given whole, colored the first part in
blue, pulled out a copy of that blue part, and asked: What fraction is that single
blue piece of the given whole? All students answered 1/7, reasoning it is equal
to the blue part within the 7-part whole, which is also 1/7 of the given whole.
Secondly (Figure 1b), he removed the 7-part whole and asked the same
question. This time, students could not figure out what fraction the blue part is
666
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of the whole. Thirdly (Figure 1c), he gave students a prompt by copying the
blue part (1/7) above the given whole and repeating it only 6 times to produce
another unit that is one part (1/7) short of the given whole. Students could still
not solve the problem about the blue part below the given whole in spite of the
fact it was the piece copied and repeated 6 times. What, we pondered (and invite
the reader to ponder with us), could be the conception underlying their
reasoning about the “same” unit fraction (1/7) in those three different
appearances? And what affordances/limitations it bestows that differ from the
part-of-whole or measure (multiplicative relations) conceptions? We address
these issues in the Results section.

Figure 1: Screens with different appearances of 1/7 of an unpartitioned whole
CONSTRUCTIVIST CONCEPTUAL FRAMEWORK
This study draws on Steffe’s (2010) mental action lens, which articulates
partitioning and iterating as inversed operations underlying children’s reasoning
about whole numbers and fractions. Partitioning refers to a mental action
students use to conceive of a whole composed of equal parts while exhausting
the whole. It results in equal-size unit fractions (e.g., conceiving the
unpartitioned whole in Figure 1a as made of 7 equal parts, 1/7 of that whole).
Iterating refers to an action by which a part can be iterated to produce the
original whole or parts of that whole (e.g., the iterated whole in Figure 1a).
Coordinating both operations into a single way of reasoning, termed splitting
(Olive & Steffe, 2010) is a foundation for constructing multiplicative operations
on fractions.
Concerning multiplicative operations, researchers stressed that the prevalent
part-of-whole conception is deficient, as it hinders students’ understanding of
fractions and related operations (Simon et al., 2018; Tzur, 1999). Instead, they
argued for fostering a conception of fractions as multiplicative relations, or
measurement. With such a conception, all a person would need to do for solving
any of the tasks in Figure 1 would be to determine the 1-to-7 relation between
the blue part and the unpartitioned whole (e.g., reasoning why it would be
iterated 7 times to fit within the whole, and thus the whole is 7 times as much as
the part). Given a unit fraction (e.g., 1/7), the learner could also produce not
only the 7/7 whole but also non-unit fractions (e.g., 6/7, 8/7, 14/7).
Adults might take for granted that a partitioned and an iterated whole are a one
and the same entity. For students, however, coordinating those two operations is
challenging (Steffe, 2010). In our example (Figure 1), if a child has not seen
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how the 7-part iterated whole was produced she may only ‘see’ it as a whole
equally partitioned into 7 parts.
METHODS
As part of a larger, cross-culture project1, we conducted a 6-lesson classroom
teaching experiment (Cobb, 2000), two weeks apart, in a grade-4 classroom
(N=44) at a mid-size, urban school in northeast China. The larger project used
theories and conceptual progressions developed in western countries to study
Chinese elementary students’ mathematical reasoning. The second author, not
speaking Chinese, was the lead teacher-researcher. The first and third authors
(Chinese and English) were co-investigators while also serving as real-time
translators.
Most fractional tasks were presented/solved using the JavaBars software
(Biddlecomb, 1994). This software was developed along with teaching
experiments (in the US) that articulated children’s fractional conceptions, using
physical actions postulated to promote the desired mental actions (e.g., iteration,
partitioning). As shown in Figure 1, in JavaBars one could produce bars of
various lengths and colors, duplicate (using Copy) and iterate (using Repeat)
any such bar as many times as desired, as well as partition any such bar into a
desired number of equal pieces (using Parts and Break).
For this paper, we collected and analyzed data from two lessons during the
second week of the classroom teaching experiment. During the first week, the
researcher-teacher led work on tasks, both with paper strips and with JavaBars,
that promoted students’ use of iteration to conceptualize unit and non-unit
fractions as multiplicative relations (including proper and improper fractions).
Two weeks later, we began a lesson with the goal for students to begin
partitioning unit fractions. Their inability to solve the 3-phase task (Figures 1a1b-1c) during the first lesson of the second week led the team to refocus on
iteration, this time building on students’ available conception, namely, fractions
as a result of dividing actions. We thus selected that lesson, and the following
one, because they help comparing and contrasting that conception with the more
advanced conception in which iteration is used along with partitioning.
We analyzed data in three iterations. First, during the teaching experiment, we
conducted ongoing analyses before and after each lesson. In each ongoing
session we generated conjectures about students’ understanding (e.g., “result of
dividing?”) and planned the following lesson. Second, the first author observed
video records of the two lessons, jotted down logs of main events, and shared
those logs with the team. Third, the team identified key indicators of Chinese
students’ fractional understanding, scrutinized and transcribed relevant video
segments, and inferred student conceptions.
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RESULTS
We analyze data that help distinguish two conceptions of fractions underlying
solutions to fractional tasks by Chinese 4th graders. We believe the first —
fraction as a result of dividing—is a novel, subtle distinction from part-ofwhole. We realized the need to distinguish it during the first lesson, in which
students could not solve the last two of the 3-phase problem (Figures 1b-1c).
The second conception—fraction as a multiplicative relation—has been a
primary goal of our project, and particularly in the second lesson presented here,
because our work with Chinese teachers and students indicated it was novel for
them. Our analysis does not focus on the change process or the teaching that
promoted it but rather on its manifestation in the Chinese students.
Conception of Fractions as Results of Dividing.
We begin by analyzing the students’ work on the 3-phase problem (Figures 1a1b-1c). Two key aspects here are that (a) in all three figures the whole is not
partitioned and (b) the blue piece in question is not a part of that whole. Thus, a
person whose conception of fractions is limited to part-of-whole is not likely to
successfully solve any of these tasks (see also Tzur, 2019). Our participants
could solve the first task (Fig. 1a) but not the second or third (Figs. 1b-1c). We
infer their solution to 1a is rooted in the following line of mental actions
(reasoning): (a) the 7-part whole was produced through iterating the first piece
and is equal to the unpartitioned (given) whole; (b) the given whole could be
imagined (anticipated) as being partitioned similarly; (c) the first (blue) part on
the iterated whole would then be equal to any of the parts resulting from the
imaginary (mental) action of dividing the unpartitioned whole into 7 equal parts
and is thus 1/7 of either the given or the iterated wholes; and (d) the pulled-out
(blue) part in question is equal to the blue (hence any) part in the iterated whole
and, by way of transitivity, is also 1/7 of the given whole. This line of mental
actions constitutes a conception of fractions as results of equally partitioning a
given whole. Unlike in part-of-whole, where the focus is on an idle state with
all parts in a partitioned whole showing (and likely highlighting one of them), in
fractions as results of dividing the focus is on the dynamic, mental actions
yielding that state. While both conceptions involve a part and a whole, the latter
supports mental processing leading from an unpartitioned whole to a part that
may be embedded in or disembedded from the whole.
Our participants’ inability to solve the other tasks indicated a critical limitation
of this conception. For them to initiate the sequence of mental actions leading to
determining the fractional size of a disembedded part – a partitioned whole
equal in size to the given whole seems necessary. In our first task (Figure 1a),
that partitioned whole was created by iterating one piece. However, our second
task (Figure 1b) included no such partitioned whole (it was removed). The third
task (Figure 1c) provided an image of an iterated whole that was not equal to
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the given whole, apparently requiring a prior mental action of (step) of
imagining one more iteration of the same part. Combined, those three tasks
highlight the nature of fractions as results of dividing actions: a part does not
have to be in the whole, but a completed mental sequence of partitioning actions
is needed to make sense of parts (embedded or disembedded) as fractions.
Excerpt 1 below, from students’ solutions to a problem we presented at the
beginning of the second lesson, further illustrates this limitation (S stands for
student, R for researcher-teacher; students’ responses were translated to
English).
Excerpt 1
R: (Draws a bar on the computer screen, partitions is into 5 equal parts, colors
each part, copies the partitioned whole and clears the marks, pulls
out one (pink) piece from the partitioned whole (Figure 2a), breaks
the partitioned whole and relocates each of the (1/5) colored parts on
the screen (Figure 2b), erases those 5 parts (Figure 2c), and asks):
What fraction of the [purple] unpartitioned whole is the pink part?

Figure 2: Computer screenshot leading to the first task in the second lesson
S1: The original whole was partitioned into 5 parts. The [purple] bar was not
partitioned. However, R copied it from the original [whole]. So [this
bar] could be partitioned into 5 parts equally. So, [the pink part] is
one-fifth of the whole.
R: Anyone who has a different explanation than S1?
S2: Teacher R made an exact same copy of the purple piece. [It] could be
partitioned into five parts. Four of them were erased, and the pink
piece was left. So the pink piece is one-fifth of the purple bar.
R: [Asks the class, after paraphrasing the explanations] Do you all agree with
this? Thumbs up if you agree. [All students showed “thumbs up.”]

Data in Excerpt 1 provided further evidence to our articulation of the conception
of fractions as a result of dividing actions. The students all agreed that the result
of quite a complex sequence of actions would be 1/5, because the part in
question could have been imagined to be produced through partitioning the
given whole into 5 equal parts. Having witnessed the steps of this conception as
listed above allowed them to reason about the disembedded (pink) part as a
fraction (1/5) of the unpartitioned whole. Again, we emphasize that such a
conception affords what a part-of-whole conception would likely not – the pink
piece is not part of (in) the given, unpartitioned whole.
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Possible Conception: Fractions as Multiplicative Relations.
Having brought forth students’ conception of fractions as a result of dividing
actions, the researcher-teacher turned to promoting their use of iteration to
determine a relation between two units, one being the unpartitioned whole. We
remind the reader that, in previous lessons, students have played a game
involving iteration for estimating (then confirming) how many times a smaller
unit would fit within the given whole. He thus told them to work in pairs,
presented a new screen (Figure 3), emphasized the (purple) whole was never
partitioned and will not be partitioned, the pink piece is not part of it, and asked
them: Is the pink piece a fraction of the whole, and if so – what fraction? The
video shows the vast majority of students began, from their position in the
room, using their fingers to estimate the number of times the pink piece could
be iterated to fit within the given whole (the answer is 9, so 1/9). Students then
shared various answers (1/7, 1/8, 1/9, 1/10, or 1/11), and the researcher-teacher
asked for a few explanations.

Figure 3: Screenshot of task leading to students’ use of iteration
Excerpt 2
R: How did you find one-eighth? Did you do this (moves his fingers)? What did
you do?
S3: (Shows the action of moving fingers.)
R: Could you show to all of us on the screen?
S3: (Goes to the screen and uses her thumb and forefinger to measure the length
of the pink piece, then, keeping that measure, moves both fingers
along the purple bar while counting the number of repeats (ending
with 8).
R: Ok. One thing I heard … was a way of thinking. That’s what really matters in
math. It may not be exactly eight, or nine, or ten. [It is] your FangFa
(Chinese for method). How many times does it fit in the whole? I
don’t need parts; I don’t need to divide a whole. I just need to find
how many times it fits in the whole. That’s what I heard you [S3]
saying. It fits 8 times, so 1/8.
R: (to S4) You said it is 1/11, right? How did you get 1/11? What did you do?
S4: (Uses his thumb and forefinger to show a small length) I just counted it oneby-one like this (moving fingers along the purple bar), until I got to
the end.
R: (To the class) Do you think what S3 and S4 said is the FangFa? They got
different answers ... Thumbs up if you think they did it in the same
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way. Thumbs up if you did it in the same way. [All students give
thumbs up to both questions.]

Excerpt 2 provides a glimpse into students’ use of a conception of fractions that
includes unit iteration. Based on the purposeful way they engaged in various
actions of iteration, we conjecture some students have possibly been using a
conception of a fraction as a measure. Being constrained to operate on an
unpartitioned whole, they independently initiated iteration as a way to determine
a possible (anticipated) partition by operating on the given part so they could
relate it to the whole. We are careful not to attribute to all (or most students) a
conception of a fraction as a multiplicative relation, because they might have
slightly extended their conception of fractions as a result of dividing actions by
iteration to attain the first step in the dividing actions conception. However,
some of the students might have set as a goal to determine a relationship
between the unpartitioned whole and the part, in the sense of the whole being n
times as much as the part. In either of those cases, the crucial inference we
make is that these Chinese students began coordinating partitioning with
iteration as a means to determine fractional relationships between two given
units. Such coordination would serve as a basis for conceptualizing fractions
(1/n, m/n) as multiplicative relations, and allow students to solve tasks like
those shown in Figures 1b-1c.
DISCUSSION
We articulated a fraction conception that has not yet been documented in
research literature. Indeed, teaching practices often pertain to such a conception.
This study provides further details of the mental actions that constitute it, and
highlights some of its affordances and limitations. We point out two key
implications of this distinction. First, for theory building, this study broadens
findings of western students’ fractional understanding (Charalambous & PittaPantazi, 2005; Simon et al., 2018; Tzur, 2019). Specifically, in the context of
fractions, we corroborated Steffe’s (2010) argument of levels of fragmenting an
unpartitioned whole – a less advanced one based only on partitioning and a
more advanced one based also on iteration. In addition, we corroborated the
need for students to construct both iterating and partitioning to deal with
problem situations in which nothing is being partitioned. Constructing a
conception that includes iteration opens the way to establishing more advanced
understanding of fractions as multiplicative relations (Norton and Wilkins,
2012).
For practice, this exploratory study demonstrates the importance of viably
modeling students’ mental actions as a basis for promoting their learning of
fractions. Here, we showed that a conception of fractions as a result of dividing,
common in China, could serve as a good starting point for shifting to reasoning
that involves unit iteration, and ultimately to fractions as multiplicative
relations. The tasks we used may serve both as tools for teachers to assess their
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students’ reasoning and thus to also promote their advancement to iterationbased conceptions. Future studies could examine how the conception of
fractions as results of dividing actions may evolve and be expounded on.
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OPPORTUNITIES FOR EXPLORATIVE PARTICIPATION IN
DIFFERENT ACHIEVEMENT GROUPS
Merav Weingarden, Einat Heyd-Metzuyanim
Technion – Israel Institute of Technology
Evidence that grouping students based on their mathematical achievements is
detrimental for low achieving students has been accumulating. However, little is
known about the opportunities given to students to same different realizations of
mathematical objects and to author narratives in different achievement level
groups. The purpose of this study is to examine the differences between the
opportunities given to students to talk about mathematical objects in different
tracks. 34 videotaped mathematics lessons, implementing one identical task (the
hexagons task), were analyzed using the Realization Tree Assessment tool
(RTA). Results show that the opportunities for explorative participation in lowachievement groups were significantly lower than the opportunities in highachievement groups.
INTRODUCTION
Tracking, streaming and learning mathematics in achievement groups (AGs)
have been some of the most controversial issues in the field of educational
research for over 70 years (Gamoran, 2010). Many studies show that there is no
significant positive effect on student achievement while learning in AGs
(Linchevski & Kutscher, 1998; Slavin, 1990). This may be due to the
differences in the curriculum, mathematical content, opportunities to learn and
teaching practices between different AGs (Oakes, 1990). Mathematics lessons
in low-AGs are characterized by teachers asking closed and simple questions,
focus on drill and practice, much time allocated to classroom management, lack
of curriculum coverage and diminution of the opportunities to learn (Boaler et
al., 2000; Zevenbergen, 2005). However, although these studies refer to
mathematics lessons in different AGs, they did so in a general way. They did
not focus on the mathematics itself that students are exposed to but rather on
more general pedagogical actions such as teacher questioning and classroom
management practices. Therefore, it is unclear whether the differences in
opportunities to learn (OTLs) are a result of general differences in pedagogical
practices and different tasks, or whether, given a potentially rich task, students
in different AGs still would receive different OTLs. Therefore, the purpose of
this study is to examine the differences in the access given to students from
different AGs to engage with mathematical objects, given an identical task.
THEORETICAL BACKGROUND
Our conceptualization of opportunities for meaningful participation in
mathematical learning rests on the commognitive theory. According to this
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theory (Lavie et al., 2019; Sfard, 2008) students' explorative participation in
mathematics lessons is characterized by routines of participation, where
narratives about mathematical objects are produced agentively by students.
This, in contrast to ritual participation, in which students mainly reproduce
procedures exemplified by an authority (usually the teacher) and their
participation in the discourse is for the sake of pleasing others.
A major part of participating exploratively in the mathematical discourse is
based on talking about mathematical signifiers as objects – as entities that exist
in the world regardless of actions, humans and time. In the ritual phase of
learning, mathematical objects are often mentioned in the novice learner's
utterances as detached signifiers. "Two", "function", "triangle" etc. are all
keywords that learners can use without relating them to a mathematical object,
but rather as signifiers of only one particular realization. For example,
"function" can be signified by y=3x+5 but not by the graph of this function.
When students become explorative in the discourse on functions, they refer to
this object through its multiple different realizations: the algebraic realizations
(e.g. y=5+3x), the verbal realizations ("I had 5 dollars to begin with, and each
day I earned 3 dollars"), the table-of-values realization, the graphic realization,
as well as various visual realizations. What makes these different realizations be
treated as "the same" object is the fact that every endorsed narrative about one
realization can be translated, according to well defined rules, into an endorsed
narrative about another realization (Sfard, 2008, p. 154). This process, in which
the learner comes to talk about the different realizations of the mathematical
object as "the same" is defined by Sfard as "saming".
Advancement in mathematical learning rests on successfully moving from ritual
to explorative phases in a hierarchical fashion. When this process fails to occur,
students encounter difficulties and low achievements (Ben-Yehuda et al., 2005;
Heyd-Metzuyanim, 2013). When tracking is practiced in schools, they may
quite quickly find themselves in low-achievement tracks, where they may
receive less opportunities to learn.
EXPLORATIVE VS. RITUAL OPPORTUNITIEIS TO LEARN
The term Opportunities-To-Learn (OTLs) includes the teaching practices that
afford or constrain student engagement in the process of learning mathematics
(Heyd-Metzuyanim, Tabach, & Nachlieli, 2016). Nachlieli & Tabach (2019)
theorized the OTLs as types of routines which the students are expected to
engage with. They refer to two types of routines: ritual-enabling OTLs which
enable students to participate ritually and exploration-requiring OTLs which
afford students' explorative participation (ibid, p. 257). In ritual-enabling OTLs,
the teachers' questions focus on 'how' to solve the problem and the students are
expected to apply a rigid procedure that had been previously demonstrated. In
contrast, in exploration-requiring OTLs the students are expected to choose
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alternative procedures while stating the new narrative produced based on
mathematical reasoning (ibid, p. 258).
Previous studies examining differences between AGs point to the possibility
that students in low AGs receive restricted opportunities to learn meaningful
and interesting mathematics. For example, Boaler and colleagues (2000) found
that low-AGs are characterized by low-level work that students find too easy
and by much time allocated to coping worked examples off the board rather
than solving problems. Similarly, Oakes (1990) found that teaching in low-AGs
was characterized by "drill and practice" approaches, whereas the high-AGs
included more challenging and open-ended mathematical tasks. Yet the precise
differences in the mathematical OTLs that students get exposed to in different
AGs are have not yet been sufficiently illuminated.
In the present study, we focus on the differences in mathematical OTLs given to
students in high vs. low AGs as evidenced from the Realization Tree
Assessment (RTA) tool (Weingarden, Heyd-Metzuyanim, & Nachlieli, 2019).
The RTA has been previously shown to be a useful tool for describing different
implementations of identical mathematical tasks (Weingarden & HeydMetzuyanim, 2019). For example, it showed that lessons can differ widely in
the number of realizations of a mathematical object that students get exposed to,
the links made between these realizations and who authors these realizations
and links – the teacher or the students. However, so far we have not
systematically investigated the differences in implementing identical tasks
between different AGs. In this study we ask: what are the differences in
opportunities to same and link different realizations that students receive in low
vs. high AGs?
METHOD
The study was performed as part of the TEAMS (Teaching Exploratively for All
Mathematics Students) project. The aim of this professional development
program was to expose teachers to various teaching practices that encourage
students' explorative participation (Heyd-Metzuyanim, Nachlieli, Weingarden,
& Baor, 2018). As part of the professional development program, teachers were
asked to implement in their classrooms tasks that can afford explorative
participation. These lessons were videotaped by a stationary video camera.
Since our goal in the current study was to compare between the implementation
of tasks in different AGs (rather than simply the usage of different tasks), we
chose to compare only lessons based on one identical task- the hexagons task.
This task asks students to describe the perimeter of any train in the hexagons
pattern (see Figure 1).
Throughout the TEAMS project, 34 teachers implemented the hexagons task.
These teachers taught 7th – 9th grades, in different AGs. Since grouping in
middle schools in Israel is very diverse (ranging from no grouping to 5 or even
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more AGs per grade), the AG category was determined according to the median
of all the tracks in that grade. AGs above the median were categorized as 'highAG' and the others as 'low-AG'. This produced the following division: low-AGs
(N = 13), high-AGs (N = 17) and heterogeneous classes- without grouping (N =
4).
Write a description that could be used to compute the perimeter of any train in the pattern.

Figure 4 – The hexagons task
The 34 lessons were analysed using the Realization Tree Assessment (RTA)
tool (Weingarden et al., 2019) which is presented in Figure 2. The potential
mathematical object that can be richly discussed through the hexagons task
appears at the top of the tree – "The perimeter of the nth hexagon train". All its
various realizations appear below it. For each lesson, the different realizations
mentioned in the lesson were shaded according to who articulated them (the
students or the teacher) and the links between the different realizations were
marked according to who made them (the students or the teacher). Therefore,
the RTA examines the extent to which opportunities for explorative
participation are given to students by graphically illustrating the different
realizations of the mathematical objects mentioned during the lesson, the extent
to which links between realizations were made and the extent of student
authority.
In addition to the received snapshot image of a lesson, the RTA images were
quantified (see Figure 3). This was done by two types of calculations, Saming
Realizations (SR) and Students' Authority (SA). The SR measure was calculated
by the ratio of the number of realizations and links that appeared in each lesson
to the maximum number of links and realizations that appeared in any lesson in
the sample. The rationale behind this calculation is that a reasonable assessment
of the maximum potential of a task in terms of realizations can be obtain by
picking the maximum number of realizations discusses in a wide enough sample
of lessons (here- 34). The SA measure was calculated by the ratio of the number
of realizations and links authored by students in each lesson to the total number
of links and realizations mentioned in the lesson. The rationale here is to
quantify the ratio of student authority in relation to the total number of
mathematical narratives mentioned in the lesson (by the teacher and the
students). Analysis of Variances (One-way ANOVA) was conducted to examine
whether there were differences between these two measures in the different
AGs.
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FINDINGS
Our analysis, based on the RTA, revealed that in high-AGs more opportunities
were given to students for explorative participation – namely authoring
narratives about different realizations and making links between them, than in
low-AGs. Before we move to show this quantitatively, let us first illustrate how
the difference between lessons in low and high-AG may look like.

Figure 2 depicts the RTA images of two lessons. The teachers in both lessons
opened their lesson by launching the hexagon task, explaining the problem
briefly and then sending the students to work in groups of 2-4 students. After
the group work, they gathered the classroom for discussion, inviting students to
present on the overhead board. The RTA images describe the whole-classroom
discussion of the two lessons.
The first lesson (Figure 2.a) was videotaped in a high-AG of 8th grade. During
the discussion of this lesson, the students with the aid of the teacher, presented
their solutions, justified them and linked between different solutions. Through
this discussion, multiple algebraic expressions that illustrated the perimeter of
the nth hexagon train were produced and justified by linking between the
expressions and the visual hexagons' pattern. In addition, some of the algebraic
expressions were linked while students produced narratives about the
equivalency between the algebraic expressions (for example, that 4x+2 is "the
same" as 4x+5-4+1).
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In contrast, in the second lesson (Figure 2.b) that took place in a low-AG of 9th
grade, the various descriptions that can describe the perimeter of the hexagons
train were not mentioned and discussed. The students produced the table-ofvalues regarding the perimeter of the hexagons train and produced the algebraic
expression: n*4+2. The teacher then made the connection between the algebraic
expressions n*4+2 and 4n+2, linking them to the different representation of a
linear function. In general, only 7 realizations (out of the potential 27 and
compared to the 20 of the high-AG lesson) were mentioned, few links were
made and most of them were established by the teacher. Therefore, students in
the low-AG were getting less access to different realizations and to
opportunities for saming these realizations.
Figure 3 exemplifies the quantification of the RTA by showing the calculation
of the SR and SA scores of the low-AG lesson.
No. of
realizations

No. of
vertical links

No. of
horizontal links

7 1 4
𝑆𝑅𝑙𝑜𝑤−𝐴𝐺 = ( + + )/3 = 0.172 Average
27 9 27
Max
realizations

Max vertical
links

Max horizontal
links

Students'
realizations

Students'
vertical links

𝑆𝐴𝑙𝑜𝑤−𝐴𝐺 =
Total no. of
realizations

students'
horizontal links

2+0+1
= 0.25
7+1+4

Total no. of
vertical links

Total no. of
horizontal links

Figure 3 – The calculation of the SR and SA scores
The calculated saming realizations (SR) score of the high-AG lesson was 0.543
(compared to 0.172 of the low-AG) and the calculated students' authority (SA)
score for the high-AG lesson was 0.775 (compared to 0.25 of the low-AG).
These numbers thus capture (although reductively) the difference between the
two lessons in terms of student authority and opportunities for saming
realizations.
The above described quantification was performed on all 34 lessons, and
comparison of the SR and SA scores over all 34 lessons was examined by a
one-way ANOVA test. Results show a significant difference in the
opportunities for explorative participation between AGs of different levels, both
in the opportunities for saming realizations (SR) (F (2,31) = 3.456, p <0.05) and
the level of student authority (SA) (F (2,31) = 16.055, p <0.001). The results are
presented in Table 1. As can be seen in Table 1, in general, students in low-AGs
were getting less access to different realizations and links between them than
students in high-AGs. These differences were found to be significant according
to Tukey HSD post hoc tests.
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Achievement group

N

MeanSR

SDSR

MeanSA

SDSA

Low-AG

13

0.292

0.189

0.419

0.227

Heterogeneous

4

0.308

0.161

0.785

0.091

High-AG

17

0.469

0.200

0.753

0.125

Table 1 – The SR and SA acores in the different AGs
The situation with the students in the heterogeneous classrooms is somewhat
more complex. First, the small number of these lessons (N = 4) limits the
statistical power of the analysis. However, despite this limitation, a significant
difference involving the heterogeneous classes was found. According to Tukey
HSD post hoc tests, the level of students' authority (SA) in the heterogeneous
classes was significantly different than the level of SA in low-AGs and was
found to be similar to the level of students' authority in high-AGs.
DISCUSSION AND CONCLUSIONS
Our goal for this paper was to examine the differences between the
opportunities for explorative participation given to students in different AGs,
given an identical task. Our findings show that in high-AGs, compared to lowAGs, more realizations were authored, more links were made and most of them
were established by students. In addition, the level of student authority in the
heterogeneous classes, was found to be significantly higher than the low AGs.
These finding are preliminary due to the limited number of classrooms,
especially heterogeneous ones. Moreover, we cannot derive any causal
relationship between grouping students based on their achievements and the
OTLs seen in the RTA. It may be, for example, that the fact that several strong
students sit in a heterogeneous class is responsible for the high SA seen in these
classrooms. However, given previous works that showed the benefits of
learning in heterogeneous classrooms (e.g. Slavin, 1990), our findings may
strenghten the understanding of how low-achieving students may benefit from
sitting in heterogeneous classrooms, and the price of sitting in low-achievments
tracks.
From the difference in the opportunities for saming realizations between low
and high AGs we can conclude that for students sitting in a low-AG class, the
chances they will hear or construct multiple realizations of the mathematical
object and same them are probably lower than if they would sit in a high-AG
class, even given an identical task. This conclusion strengthens previous studies
that found discrepancies between low and high AGs with regards to the
mathematical content and the opportunities to learn (e.g. Boaler et al., 2000).
Future studies will be necessary in order to (a) understand whether our findings
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can be generalized, and (b) better understand how the exposure to mathematical
objects plays out differently in low vs. high AGs and heterogeneous classrooms.
Given the growing achievement gaps in Israeli mathematics tests (Linchevski &
Kutscher, 1998; Razer et al., 2018), and the concern worldwide that
marginalized populations may get limited access to mathematical content
through grouping practices (Boaler et al., 2000), it is imperative that we better
understand the processes of marginalization. This study takes one step forward
in this process.
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COMPARING THE PREDICTIVE POWER OF FIRST
GRADERS’ GENERAL COGNITIVE SKILLS AND PRIOR
KNOWLEDGE ON LATER ACHIEVEMENT
Kirsten Winkel, Kristina Müller, Eva Berger
University of Mainz, Germany
Knowing more about the early predictors of mathematics achievement is a
fundamental prerequisite for targeted learning interventions. We compare the
extent to which some of the most discussed sets of predictors – (i) working
memory capacity and attention (ii) personality, and (iii) prior mathematics
knowledge – predict mathematics achievement in Grade 2 beyond fluid
intelligence. We have collected a rich dataset of about 500 children, including
information on various subcomponents of these sets of predictors, thus our
regression framework is able to shed light on these subcomponents. Including
all sets of predictors within the same regression reveals two verbal working
memory tests, the personality trait “openness” and all prior knowledge subtests
as significant predictors for mathematics achievement.
INTRODUCTION
Early skills are strong determinants of later school achievement, and later
deficit-compensatory programs are much less promising than early interventions
(Heckman 2007). Therefore, knowing the main predictors for school success is
of great value for developing targeted early childhood interventions. Moreover,
since disadvantaged children benefit most from early interventions (Heckman
2007), knowledge of these main predictors can help to identify students at risk
and to decrease the educational achievement gap at early stages. Indisputably,
fluid intelligence is a strong predictor for later school success. However, for
educational research and practice, those predictors that are malleable by
teaching are of relevance. Among the most discussed predictors for
mathematics achievement, students’ working memory (WM) capacity, their
personality and their prior knowledge are frequently reported (e.g. Watts et al.
2014). However, most of the present studies have a quite small selection of
predictors and the results are hardly comparable across studies, because of
different data and methodologies used. Thus, we need to include several of the
most discussed predictor sets within the framework of one research to be able to
compare the explanatory power of the different predictors.
Even though the relationship between working memory capacity and
mathematics achievement is well established (e.g. Menon 2010; Raghubar et al.
2010), it is not clear which WM components are generally most predictive of
mathematics achievement (Friso-van den Bos et al., 2013). Hence, it is useful to
provide more evidence on different WM tasks. Furthermore, there is a strong
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link between working memory and attention: It has been shown that attention
control and working memory capacity are separate, yet correlated factors and
there is only little knowledge about the overlap between them (Raghubar et al.
2010, Winkel et al. 2018).
In another strand of literature, different personality traits have been found to be
associated with mathematics achievement at different ages (Laidra et al. 2007),
but previous research mainly focused on older children and adolescents. It is not
clear, to what extend these results can be transferred to primary school children
(see e.g. Poropat, 2009). Among the few existing studies with primary school
children, the personality trait “openness” seems to be the strongest predictor
(e.g. Allik et al. 2007, Neuenschwander et al. 2013). Neuenschwander and her
colleagues demand: “Thus, more empirical results are needed within younger
age groups in order to integrate these results into a developmental framework.”
(2013, p. 118).
Finally, prior mathematics knowledge is assumed to predict later mathematics
achievement (e.g. Hemmings et al., 2011). Even though this relation between
school-entry mathematics skills and later mathematics achievement (Duncan et
al., 2007) might seem obvious, it remains to be shown how strong it is
compared to the other discussed predictors. Firstly, many studies control for
prior achievement when predicting school achievement, but they do not discuss
the predictive power of prior knowledge compared to other psychometric
measures. Secondly, in some cases, prior knowledge is assessed by tests and in
others, it is assessed by teacher questionnaires or grades. Since these
perspectives might complement each other, it might be revealing to include
both, precise test measures as well as a more holistic teacher rating.
To be able to compare the predictive power of all predictor sets mentioned
above – i.e. WM & attention, personality, and prior mathematics knowledge –
in this paper we first regress mathematics achievement on each of these
predictor sets and finally we include them all in one regression model. Based on
early data from first grade (as predictors) as well as data collected one year
later, we investigate the following research question:
To which extent do first graders’ working memory capacity, their attention
control, their personality, and their prior knowledge predict later mathematics
achievement (beyond fluid intelligence and further control measures)?
THEORETICAL BACKGROUND
Since we will combine predictor sets from quite different fields of research, we
will give a brief insight to all three predictor sets before we describe our
research design.
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Working Memory and Attention
According to Baddeley and Hitch (1974), WM is a cognitive system that
provides temporary storage and manipulation of information. For example,
mental arithmetic problems require students to store several numbers and
interim results in mind while manipulating and combining them with prior
knowledge. WM capacity is a theoretical construct that is not easy to measure.
The storage component characterizes an amount of information that is
temporarily in a very accessible state. This memory has proven to be further
separable into a verbal and a visuo-spatial component (confirming Baddeley and
Hitch’s (1974) model of the “phonological loop” and the “visuo-spatial
sketchpad”). Tests should account for this complexity, so that both simple as
well as more complex tasks are needed to include both the storage and the
processing component.
Besides the typical aspect of attention as focusing on relevant information, a
second aspect of attention is inhibition control – the mental ability to ignore
distracting information or to inhibit unwanted responses. Especially this second
component of inhibition is found to be correlated to mathematics achievement
as well as to verbal and visuo-spatial WM. Thus, both subcomponents should be
considered.
Personality
Another strand of literature assumes students’ personality to be predictive of
mathematics achievement. The five-factor model, also known as the "Big Five",
is a psychological concept that is used to model personality. It assumes that
differences in people’s personalities can be traced back to five personality traits:
openness to experience, conscientiousness, extraversion, agreeableness, and
neuroticism. Personality is assumed to be related to academic performance in
two ways: Firstly, personality is closely linked to motivational constructs that
are in turn related to school achievement. Secondly, personality and academic
performance are thought to be associated due to common links between
intelligence and the personality trait openness (Poropat, 2009).
Prior Mathematics Knowledge
When assessing prior knowledge, it is of great importance to have detailed
knowledge about the curriculum, the mathematical concepts, specific
difficulties, and the expected skill levels at the specific times of measurement.
At the beginning of the second half of Grade 1 children deal with whole
numbers up to 20 and begin to add and subtract them more and more in mind.
15 months later in Grade 2, the children add or subtract in the number range up
to 100. Yet, they are generally more confident if one of the numbers is single
digit. Beside this computational perspective, the literature reveals evidence for
the predictive power of further conceptual numeracy skills specifically for the
first school years: the development of number sense (e.g. Jordan et al., 2010).
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Thus, a test with visual number representations must be included beside tests
about formal computations.
RESEARCH DESIGN
Participants and Data Collection
In our research, we focus on a sample of more than 500 typically developing
primary school children from an own field experimental research. While our
main research (Schunk et al., 2018) was a randomized controlled trial, the
present paper does not analyze the intervention, but controls for it instead. Here
we focus on test data from the first evaluation wave and from a 1-year followup as well as on questionnaire data from teachers. The attrition rate within this
year was very low (7%) and the teacher response rate was 100%. For the
selected variables, we obtain a sample of 493 children without any missing data.
Mean age at test in Grade 1 was 7.0 years, mean age at test in Grade 2 was 8.3
years; 51% were female. The first graders completed highly standardized digital
school achievement tests (see below), using touchscreens, and standardized
auditory instructions via headphones. Furthermore, teachers completed a digital
questionnaire on children’s skills and some background characteristics. All data
was collected by a professional data collection service provider on our behalf.
Main Variables
Here we just give a brief overview on the main variables. More detailed
descriptions and test-specific references are documented in our main research
(Schunk et al., 2018).
Grade 2 mathematics performance (outcome variable): Mathematics
performance was assessed by a number sense task, tasks about addition and
subtraction (with auditory and written problems) and a geometry task.
Grade 1 working memory and attention control: We used three subtests in
verbal and visuo-spatial working memory. We used a digit span task for a
verbal simple span, an object span task for the verbal complex span, and a
location span task for the visuo-spatial complex span. In the area of attention
control, we employ a “GoNoGo test” and the “bp-test” to measure inhibition
and concentration.
Grade 1 prior mathematics knowledge: The subtests were parallel to our
outcome variable but with different items and adapted difficulties. To
complement these specific test measures with a more holistic view we asked
teachers for an overall rating of their students’ mathematical skills.
Grade 1 personality: Teacher-rated personality questionnaire, covering the “Big
Five” personality traits: openness to experience, conscientiousness,
extraversion, agreeableness, and neuroticism.
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Control variables: Age, gender, IQ (subset of Raven’s Progressive Matrices,
included due to high correlations to WM, attention, and achievement), and
dummies due to the nested structure of the data (class-fixed effects).
METHODS
We use linear regression models (with school-fixed effects, estimated by OLS)
and regress Grade 2 mathematics achievement on each of the three outlined
predictor sets. We begin the analysis with a baseline model including IQ, age,
gender, and class fixed effects to control for unobserved differences between the
classes and schools. By adding each predictor set of our Grade 1 measures
individually (i.e. set by set), and finally combining all predictor sets within the
framework of one single regression model, we are able to compare effect sizes
and changes in the coefficient of determination R² relative to the baseline model
to assess the relative explanatory power of each predictor. Importantly, to
facilitate the comparison of effect sizes, the scores for all measures have been zstandardized to mean of 0 and standard deviation of 1. Beyond the results
reported in this regression table, we also checked descriptive statistics,
correlations, and more detailed or stepwise regressions with the same variables
on the same sample.
RESULTS
Our baseline model (column 0 of Table 1) – including fluid intelligence, age,
gender, and the other listed control variables – explains already 34.1% of the
variance mathematics achievement one year later. In contrast, the same model
without fluid intelligence explains 12.5% of the variance.
Model (1) Working Memory and Attention
By adding a set of three different working memory measures, R² increases from
34.1% to 47.3%. All three working memory tests contribute significantly (p<
.01) to this increase of 13.2 percentage points of overall variance. Without the
WM measures included in the regression, one of our attention measures has a
small, but significant effect size (not shown in the regression table), but in
combination, the WM measures dominate the effect of attentional control
(column 2 of Table 1).
Model (2) Personality
By including the five personality traits to the baseline model, the explanatory
power of the model increases by 18 percentage points of overall variance
(compared to the baseline model). The driving force is the personality trait
“openness to experiences”, whose contribution is highly significant (p< .01):
When openness increases by one standard deviation, Grade 2 mathematics
achievement increases by about 0.46 standard deviations. The personality trait
“conscientiousness” contributes a bit, but the other three personality traits do
not seem to play a major role in our model.
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Model (3) Prior Mathematics Performance
By including our Grade 1 measures for prior mathematics knowledge and the
more holistic teacher-rated mathematics skills, we can explain an additional
20.6 percentage points relative to our baseline model. Each of the three subtests
as well as the overall teacher rating contribute significantly to the increase in R²
(column 3 of Table 1).
IQ (Control measure)

(0)

(1)

(2)

0.487**
*

0.309***

0.278***

WM: Digit Span
WM: Object Span
WM: Location Span
Attention: Attention Errors
Attention: Inhibition Errors
Attention: bp-Test Errors

(3)
0.204**

0.176***
0.118*
0.187***
-0.099
0.036
-0.077

(4)
0.161**
0.080*
0.079*
0.072
-0.064
0.063
0.020

Personality: Openness

0.462***

Pers.: Conscientiousness
Personality: Extraversion
Personality: Agreeableness
Personality: Neuroticism

0.075
-0.094
-0.052
-0.059

Math: Number Sense
Math: Add & Subtract
Math: Geometry
Math: Teacher Rating

0.244**
*
0.038
-0.073
-0.009
0.038
0.104*
0.197***
0.138**
0.284***

0.085
0.082*
0.094*
0.124*

(further control measures including age, gender and class fixed effects are not listed
here)
Constant
Observations
R²
Adjusted R²

3.413
493
0.341
0.294

2.609
493
0.473
0.428

1.684
493
0.521
0.481

1.615
493
0.547
0.510

1.517
493
0.594
0.550

Table 1: Results from linear regression of Grade 2 mathematics achievement on
Grade 1 measures for (i) WM & attention, (ii) personality, (iii) prior knowledge,
and (4) all three predictor sets (M=0, SD=1, robust standard errors)
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Overall model (4)
The rightmost column shows which predictors remain dominant if all predictors
are included in the regression: The three documented predictor sets are able to
explain an additional 25.3 percentage points of the overall variance beyond IQ
and all other control measures. Interestingly none of the three predictor sets
dominates another one substantially: Beyond IQ (i) the two verbal WM tasks;
(ii) the personality trait openness, and (iii) all prior mathematics tests remain
significant in our overall model.
DISCUSSION
Our regressions reveal that beyond IQ, prior mathematics knowledge, openness
to experience, as well as verbal working memory are all strong predictors of
mathematics performance, also when simultaneously included in the regression.
Despite the large proportion of shared variance with IQ, in the WM model each
of our three working memory tests itself has a significant effect size. The two
verbal memory tests even remain significant in the last overall model. Since it is
not clear from the literature, which WM components are generally most
predictive of mathematics achievement (Friso-van den Bos et al., 2013), this
result further emphasizes the importance of verbal WM for typical mathematics
skills in this age group. Our attention measures do not seem to play a major role
beyond WM and IQ.
Also, in line with the existing literature, we find the personality trait openness to
be a strong predictor in this age group. Openness even remains significant in our
overall model. This result adds to findings by Neuenschwander et al. (2013),
underlining the relevance of this personality trait in this age group.
Finally, all subtests for prior knowledge are significant predictors for
mathematics achievement one year later. This result confirms for example
results from Jordan et al. (2010) and Watts et al. (2014).
Our contribution to the literature – above the already mentioned aspects – is that
we compare the magnitude between different predictor sets within the same
dataset. This result complements existing results and helps to complete the
complex mosaic of predictors of mathematics achievement. Since these
predictors can only be interpreted in a correlational way and since the results
always depend on the concrete tests, more studies with diverse predictor sets,
similar highly standardized test measures and even longer time spans are needed
before clear practical conclusions for school practice can be drawn. Moreover,
in the context of future work, we want to study the role of moderators and
mediators for the association between the detected early predictors and later
mathematics achievement. Nevertheless, even without this further work, the
results presented and discussed here clearly emphasize the relevance of early
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interventions (see Heckman 2007) for improving malleable predictors, such as
early mathematics skills and WM capacity.
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TRACING LEARNERS’ GROWTH OF MATHEMATICAL
UNDERSTANDING IN A DYNAMIC GEOMETRY
ENVIRONMENT: NETWORKING MULTIPLE THEORIES
Xiangquan Yao
The Pennsylvania State University
This research coordinated the Pirie-Kieren theory and instrumental genesis to
examine learner’s growth of mathematical understanding in a dynamic
geometry environment. Data analysis suggested that coordinating the two
theoretical approaches provided a productive means to capture learner’s
growth of geometry understanding in a dynamic geometry environment. By
networking the two theoretical approaches, this paper presents a model for
studying learner's growth of mathematical understanding in a dynamic learning
environment while accounting for interaction with digital tools.
INTRODUCTION
One of the most widely accepted ideas in mathematics education is that learners
should understand mathematics. Over the past a few decades, mathematics
education researchers have categorized understanding into different types (e.g.,
instrumental vs. relational, conceptual vs. procedure, concrete vs. symbolic,
intuitive vs. formal) and developed theories to capture the process of coming to
understand (see Meel (2003) for a brief history of searching for the meaning of
“understanding” in mathematics education). Meanwhile, with the emergence of
interactive mathematics software in the early 1990s, a large body of research in
mathematics education has considered ways that dynamic geometry
environments (DGEs) might influence the learning of geometry among learners
of all ages. Current research on DGEs has documented ways learners interact
with DGEs and the impact of these interactions on their understanding (e.g.,
Barabash, 2019; Baccaglini-Frank & Mariotti, 2010; González & Herbst, 2009;
Olivero & Robutti, 2007). This body of literature provides compelling evidence
that features of DGEs contribute to learners’ understanding of geometry.
Indeed, researchers have argued eloquently that DGEs provide a productive
means for allowing students to model both mathematical and real-life situations,
to connect multiple representations of mathematical ideas, to formulate
conjectures about geometric relationships, to generalize geometric properties,
and to justify and explain geometry theorems. Although these technologymediated activities and processes have been extensively studied, much of the
literature concerning DGEs focuses on specific activities and processes that are
not linked to form characterization of the overall growth of a learner’s
mathematical understanding in DGEs. This research aimed to capture the
evolution of individual learner’s growth of mathematical understanding in a
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dynamic geometry environment through coordinating multiple theoretical
approaches.
CONCEPTUAL FRAMEWORK: NETWORKING THE PIRIE-KIEREN
THEORY AND INSTRUMENTAL GENESIS
This research coordinated the Pirie-Kieren theory for the growth of
mathematical understanding and instrumental genesis to examine learner’s
growth of geometric understanding in a dynamic geometry environment. This
allowed the research to trace learner’s growth of geometric understanding while
identifying how interactions with technology contribute to such growth.
The Pirie–Kieren Theory
Adopting Glasersfeld’s conceptualization of understanding as a continuing
process of organizing one’s knowledge structures, the Pirie–Kieren theory
(1994) perceives learner understanding as a dynamic, leveled but nonlinear,
recursive process and describes eight potential levels of actions for
mathematical understanding (Figure 1). According to this model, the process of
coming to understand starts with Primitive Knowing, which includes all the
knowledge brought to the learning situation by a learner. At the second level,
called Image Making, the learner engages in specific physical actions that aim at
helping him/her to gain an image of the concept under exploration. Images of
the concept developed at this level cannot be separated from the specific actions
that produce them. By the level of Image Having, images associated with
activities are replaced by mental pictures. The learner at this level can imagine a
concept unconstrained by the physical processes that produced the image and to
carry out specific mathematical actions with a general mental plan. At the level
of Property Noticing, the learner can reflect on his mental image and recognize
attributes and features of it. When Formalizing, the learner abstracts a method
or common quality from classes of mental images and develops class-like
mental objects built from the noticed properties. Description of these class-like
mental objects results in the production of mathematical definitions or
algorithms. The level of Observing entails the ability to observe, structure, and
organize personal thought processes and recognize the ramifications of the
thought processes. Structuring occurs when the learner is aware of how a
collection of theorems is connected and seeks justification of statements through
logical or meta-mathematical argument. At the outermost level is Inventing. A
person at this level can break free of structured knowledge and create new
questions that go beyond the initial domain of inquiry.
The Pirie-Kieren theory has been used by many researchers to study the growth
of mathematical understanding at different grade levels within various
mathematical contexts (e.g., Gülkilika, Ugurlu, & Yürük, 2015; Gokalp &
Bulut, 2018). Although recognizing the importance of social interactions and
tools in learner’s growth of mathematical understanding, the theory did not
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further elaborate on the impact of learner’s interaction with tools on the growth
of mathematical understanding.
Instrumental Genesis
Drawing on Vygotsky’s central concept of object-oriented, tool-mediated
activity and Piaget’s notion of schema, the theory of instrument (Rabardel &
Beguin, 2005) considers situations in which an instrument mediates actions
between a subject and an object. An instrument is a mixed entity, consisting of
both an artifact and the associated utilization schemes that a user develops to
use the artifact for accomplishing specific tasks. An artifact becomes an
instrument when its user is aware of how the artifact can extend one’s capacities
for accomplishing a task and has developed means of using a tool for specific
purposes. Instrumental genesis describes the process of appropriation and
elaboration of an instrument throughout the interaction between a subject and an
artifact. Two sub-processes jointly contribute to instrumental genesis. The
instrumentalization process concerns the emergence and evolution of the artifact
side of the instrument. It is a process in which a learner enriches the artifact’s
properties in his interactions with it. Instrumentation is relative to the
emergence and evolution of the user’s utilization schemes and instrumented
actions. A utilization scheme has three main functions: A pragmatic function as
it allows the agent to do something, a heuristic function as it enables the agent
to anticipate and plan actions, and an epistemic function as it allows the agent to
understand something. During instrumentation, techniques for tool usage and
insights into concepts interweave and co-evolve in a close relationship. This
makes the instrumental approach particularly well adapted for investigating the
relationship between tool usage and learning in technology-enriched
environments.
GSP contains various tools such as dragging, measuring, locus of points, and
various primitive construction commands that enable learners to take actions on
mathematical entities and explore the properties of these entities. Through
instrumental genesis, a user develops utilization schemes for these tools.
Dragging is an essential feature of dynamic geometry software and a conceptual
tool for exploring properties and relationships of geometric objects. BaccagliniFrank and Mariotti (2010) developed a model to explain the cognitive processes
behind different types of dragging and differentiated four different types of
dragging. Wandering dragging is dragging that aims to look for regularities.
Maintaining dragging is dragging elements of a dynamic diagram so that it
maintains certain properties. Dragging with trace activated is dragging a point
or its parent point with its trace activated. Dragging test is dragging elements to
test whether certain properties will hold under certain conditions. Measuring is
another important feature of GSP. Olivero and Robutti (2007) identified
different measuring modalities in a dynamic geometry environment. Wandering
measuring is measuring some elements of the configuration to identify
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quantitative relations, invariants, congruencies, etc. Guided measuring is
measuring to obtain a configuration from a generic diagram that contains free or
semi-free elements. Perceptual measuring is measuring to check the validity of
a perceptual observation. Validation measuring is measuring to check a
conjecture within a dynamic geometry environment to accept it or refute it.
Proof measuring is measuring to get a better explanation or understanding of a
proof that students have already constructed. These dragging and measuring
modalities be utilization scheme users develop while using dragging and
measuring tools. When studying construction in dynamic geometry
environments, researchers introduced the notion of “soft” and “robust”
constructions (Laborde, 2005). A robust construction is a construction that
passes the dragging test. It is obtained by using geometrical objects and
relationships characterizing the construction. In contrast, a soft construction is a
partial construction in which variation is part of the construction itself, and a
mathematical property becomes evident only at the point in which another
property is satisfied. Both soft and robust constructions are shaped by utilization
schemes developing from invariant use of one or multiple tools within a specific
dynamic geometry environment.
METHODOLOGY
Data for this paper came from a research project that aimed to examine the
relationship between Geometer’s Sketchpad (GSP) usage and the development
of mathematical understanding around various geometry topics (e.g., centers of
triangle, quadrilaterals, and geometric transformations) through a series of taskbased interviews. Task-based interview was chosen because it allowed the
researcher to gain knowledge about learner’s existing and developing
mathematical knowledge and problem-solving behaviors. A carefully
constructed task is essential to a task-based interview. In this research,
researcher selected tasks for which GSP could potentially facilitate exploration
and analysis of mathematical relationships, provide alternative approaches for
problem-solving, or generate new problems that otherwise could not be posed.
The participants were three undergraduate preservice teachers enrolled in a
secondary mathematics education program. The participants were selected
based on voluntary participation. All the participants reported that they had not
completed any geometry course after high school. None of the participants had
been introduced to Geometer’s Sketchpad (GSP) prior to the study. Therefore, a
60-minute tutorial session was held for each participant prior to the interviews.
The goal was to get participants familiar with what tools are available in GSP,
focusing on tools under the “construct” menu, “transform” menu, and
“measure” menu. However, the participants were not taught ways of using these
tools.
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Each participant spent eight sessions exploring geometry problems around
various geometric topics. Each session lasted approximately two hours.
Participants’ interactions with GSP were screen-recorded. Interactions between
the interviewer and the participant were recorded. The GSP files produced
during each interview were collected. Data analysis consisted of several stages.
Video of each participant in each interview session was first segmented into
episodes according to the transition of mathematical tasks. Each episode was
then transcribed, focusing on both what was said and what was done with GSP
tools. In the second stage, the participant’s growth of geometric understanding
in each episode was analyzed using the Pirie-Kieren theory. It involved
associating each understanding activity, as manifested both in words and
actions, with a specific level of understanding described in the Pirie-Kieren
theory. The analysis at this stage resulted in a diagram that provided a global
picture of a participant's growth of understanding in the Pirie-Kieren model. The
third stage of analysis involved zooming into each level of understanding to
examine participant’s interaction with GSP. Specific dragging/measuring
modalities (see the instrumental genesis section) and invariant use of one or
multiple construction tools were identified. The analysis at this stage enabled
me to examine the relationship between the development of utilization schemes
and the emergence of new geometric knowledge at each level of understanding
in the Pirie-Kieren model. The fourth stage involved synthesizing the analysis in
the second and third stages.
RESULTS
Analysis of the participants’ GSP-mediated understanding activities suggests
that integrating the Pirie-Kieren theory and instrumental genesis provides a
productive means to capture learner’s growth of mathematical understanding
within the dynamic geometry environment. Due to space limitation, this paper
shares analysis of only one participant’s growth of understanding of inscribing a
square of each given square to demonstrate the descriptive power of the
integrated framework.
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Figure 1: Chen’s growth of understanding of inscribing a given square
In one interview, Chen was given a square and asked to inscribe a square such
that all its four vertices lie on a side of the given square. Through investigation,
Chen developed a formal construction for the inscribed square. Figure 1
represents Chen’s process of gaining this understanding. As a start, Chen relied
on his Primitive Knowing to solve the problem. He used the "midpoint" tool to
find the midpoints of four sides of the parent square, connected the four
midpoints, and stated that the inscribed quadrilateral was a square (Figure 2a).
His justification was the following: Its four sides were congruent since the four
triangles at the corners were congruent and all its angles were 90° since the four
triangles were 45°-45°-90° triangles. By asking Chen whether that was the only
inscribed square, the interviewer moved Chen to Image Making since he
became uncertain. He drew a line segment ̅̅̅̅
𝐹𝐸 from ̅̅̅̅
𝐴𝐵 to ̅̅̅̅
𝐴𝐷, rotated ̅̅̅̅
𝐹𝐸 90°
about 𝐹, then dragged 𝐸 (90° rotation + maintaining dragging scheme) to move
̅̅̅̅ (Figure 2a). Chen created different configurations by changing the
𝐸’ to 𝐵𝐶
̅̅̅̅ . As a
location of F and dragging 𝐸 (maintaining dragging) to move 𝐸’ to 𝐵𝐶
result, he observed that for every fixed point on ̅̅̅̅
𝐴𝐵 there was only one location
for 𝐸 that would yield the desired configuration. This indicates that Chen
advanced to Image Having and started to form a refined mental image about the
inscribed square.
Guided by this mental image, Chen started to explore how to create the
inscribed square. He deleted 𝐸 and its dependent elements, left on the screen the
parent square, the inscribed midpoint square, and point F. Using the “circle by
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center + point” tool, he constructed a circle with 𝐹 on ̅̅̅̅
𝐴𝐵 as the center and 𝐺 on
̅̅̅̅
𝐴𝐷 as a point on the circle, and labeled 𝐻 as the point of intersection of the
̅̅̅̅ . However, when dragging F (dragging test), he realized the circle
circle and 𝐵𝐶
did not always intersect with ̅̅̅̅
𝐵𝐶 and the two radii were not constructed to be
perpendicular. He then rotated ̅̅̅̅
𝐹𝐺 90° around F and then dragged 𝐹
(maintaining dragging) such that 𝐺’ and 𝐻 coincided. After that, Chen reflected
̅̅̅̅
𝐹𝐺 and ̅̅̅̅̅
𝐹𝐺’ over line 𝐺𝐺’ to complete the square (Figure 2b). He stated that he
could use the above procedure to find an inscribed square for every point on
̅̅̅̅ . Meanwhile, Chen was aware that his procedure did not pass the dragging
𝐴𝐵
test since he relied on visual image to find where 𝐺′ and 𝐻 coincided. When he
dragged 𝐹 (dragging test), the construction indeed collapsed. Here, Chen
attempted to develop a construction for the inscribed square but did not succeed.
He relied on soft construction and maintaining dragging to obtain the inscribed
square.
F
A

B

E'

E

D

C

Figure 2: Screenshots of Chen’s work
The interviewer then asked Chen what he noticed about the diagram,
particularly the triangles at the corners. This moved Chen to Property Noticing.
Chen stated that the two triangles (∆𝐴𝐹𝐺 and ∆𝐵𝐺’𝐹) were congruent and
̅̅̅̅̅′ , ∠𝐴 =
justified his observation by triangle congruency theorem (i.e., ̅̅̅̅
𝐹𝐺 = 𝐹𝐺
∠𝐵 = 90°, ∠𝐴𝐹𝐺 = ∠𝐵𝐺′𝐹, perceptual measuring was used to confirm
∠𝐴𝐹𝐺 = ∠𝐵𝐺′𝐹). He then started to think about how to construct the inscribed
square, which led him to move toward Formalizing. After about one minute of
silence, Chen shared that he was thinking about constructing congruent triangles
at each corner through transformations. He achieved this goal by transforming a
given point on one side of the square to the other three sides through a sequence
of compositions of a 90° rotation followed by a reflection. After deleting his
previous work (left only the parent square and point 𝐹), Chen brought back all
the midpoints and drew one line passing through the midpoints of ̅̅̅̅
𝐴𝐵 and ̅̅̅̅
𝐶𝐷
̅̅̅̅
̅̅̅̅
and another line passing through midpoints of 𝐴𝐷 and 𝐵𝐶 . He rotated 𝐹 90°
around 𝐵 and then reflected 𝐹’ over the line connecting the midpoints of ̅̅̅̅
𝐴𝐷 and
̅̅̅̅ to get 𝐹”, rotated 𝐹” 90° about 𝐶 to get 𝐹”’ and then reflected 𝐹”’ across the
𝐵𝐶
line connecting midpoints of ̅̅̅̅
𝐴𝐵 and ̅̅̅̅
𝐷𝐶 , rotated 𝐹”” 90° around 𝐷 to get 𝐹’””
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and reflected 𝐹’”” across the line connecting midpoints of ̅̅̅̅
𝐴𝐷 and ̅̅̅̅
𝐵𝐶 to get
𝐹””” (90° rotation + reflection scheme, Figure 2c). After finishing the
construction, Chen claimed that the figure 𝐹𝐹”𝐹””𝐹””” is a square and measured
∠𝐹”””𝐹𝐹” (validation measuring) to confirm his claim. As a result, Chen
developed a formal construction for inscribing a given square. Here, the
invariant use of a 90° rotation followed by a reflection indicated the formation
of a utilization scheme that allowed Chen to develop a formal construction for
inscribing a dynamic square of a given square.
DISCUSSION
During the past decade mathematics education researchers have devoted efforts
to understand how theories can be connected successfully while recognizing
their underlying conceptual and methodological assumptions, a process called
“networking theories”. Exploring ways of connecting theories may help
researchers to better grasp the complexity of learning and teaching processes.
Radford (2008) argued that networking theories can happen at the level of
principles, at the level of methodologies, at the level of questions, or as
combinations of these. Prediger, Bikner-Ahsbahs, and Arzarello (2008)
described different strategies for networking multiple theoretical approaches,
including making one's own theory understandable, understanding others,
comparing, contrasting, combining, coordinating, integrating locally,
synthesizing, and unifying globally. The conceptual framework in this research
is built by well-fitting elements from the Pirie-Kieren theory and instrumental
genesis to capture learner’s growth of geometric understanding in a dynamic
geometry environment. It provides an example of networking by coordinating
principles of two theoretical approaches. More specifically, while the PirieKieren theory served as a conceptual tool for tracing learner’s growth of
mathematical understanding, instrumental genesis acts as an analytical tool at
the microlevel for describing instrument-mediated actions at each level of
understanding in the Pirie-Kieren theory.
The coordination enriched the Pirie-Kieren theory. Although the original theory
recognizes the importance of tools in learner’s growth of mathematical
understanding, learner's interaction with tools and its impact on the growth of
mathematical understanding was not further elaborated. The coordination makes
the Pirie-Kieren a more viable tool to capture learner’s growth of mathematical
understanding in a dynamic geometry environment while accounting for in
detail the impact of technology on such growth. Moreover, the coordination
suggested that the study of utilization scheme in a dynamic geometry
environment should go beyond the study of various dragging/measuring
modalities, an area that has been studied for two decades and accumulated a
significant amount of research. The study of geometric understanding requires
researchers to attend to the synergy of features of dynamic geometry software
because a learner might use multiple digital tools in the process of creating and
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transforming geometric objects and discovering new geometric properties. This
was indeed the case in the episode shared in this paper. The utilization schemes
(i.e. 90° rotation+ maintaining dragging and 90° rotation + reflection) for
inscribing a given square require the integration of multiple DGE features.
Further research is needed to examine the various utilization schemes learners
might develop when using multiple tools available in a dynamic geometry
environment to solve mathematical problems and their impact on the growth of
mathematical understanding.
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